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PREFACE. 



It will, we believe, be nniyersallj admitted that there is 
no easier meaiiB CFf becoming acquaiBted with any branch of 
Mathematics, than the stadj of Examples iUastratiye of its 
principles. It is also indispensably necessary that the ingenuity 
of the Stadent be tiiorooghly exercised in attempting to dis- 
cover for himself the solntion of any problem which may be 
pat before him : it is by no means onr object, in publishing 
this book, to save him the trouble of doing so. But we believe 
that if, after having done his best to master a problem for 
himself, he is still unsuccessful, he will then derive great benefit 
from referring to the solution obtained by another person. It 
is for this purpose that we hope the present collection will be 
foond of service. 

Of the intrinsic value of these Problems we could have no 
doubt, even if we knew less of them, coming as they do from 
sadi high authorities. We have as little doubt that they are 
on aQ accounts the best problems that we could have chosen 
for solution for the benefit of the Student, for their general 
value, their variety, and because they shew what Senate- 
house Problems are, and are likely to be in coming years. 



IV PREFACE. 

Part I. contains the solutions of those proposed in the first 
three days of examination: they are of a simpler kind than 
those proposed in the remaining five days, the solutions of which 
form Part IE. The solutions of many problems have been 
kindly furnished by the Moderators by whom they were pro- 
posed: we take this opportunity of returning our acknowledg- 
ments to them and others of our friends who have assisted 
us in the progress of the work. We shall also feel much 
obliged to any of our readers who will send us either correct 
tions of our solutions or improTements upon them. 

Some difficulty, it will easily be understood, has been found 
in bringing all the problems to appear ia their right places: 
any problems, however, which have been omitted in the body 
of the work, will be found in the Appendix. The problems 
on pp. 226} 241y should have been placed among the Trigo- 
nometry of 1850, and the Geometry of Three Dimensions of 
1851, respectively. 
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PART I. 



SOLUTIONS OF THE SENATE-HOUSE PBOBLEMS. 



EUCLTD. 

1848. 

1. If the hypothennse AB (fig. 1) of a right-angled triangle 
ABC he bisected in D, and EDF drawn perpendicular to AB, 
and DE, DF cut off each equal to DA, and CE, CF joined ; 
prove that the last two lines will bisect the angle at C and its 
sapplement respectively. 

Join CD, then shall CD be equal to half the hjpothenuse 
AB, that is, to DE or DF; therefore a circle described from 
centre D, with radius DC, will pass through B, E, A, F. Let 
this circle be described, then the angle ECB, at the circum- 
ference, is equal to half the angle EDB at the centre, that is 
to half a right angle, and therefore to half the angle ACB ; 
that is, CTB bisects the angle ACB. 

Again, because EF is a diameter of the circle, therefore the 
angle FC£ is a right angle. But CE bisects the right angle 
ACB, therefore ACE is half a right angle, therefore also FCA 
is half a right angle ; that is, FC bisects the supplement of the 
right angle ACB. 

2. A, B, C, (fig. 2) are three given points in the circum- 
ference of a circle ; find a point P, such that if AP, BP, CP 
meet the circumference in D, E, F, the arcs DE, EF, may be 
equal to given arcs. 

Join AB, and on it describe a segment of a circle, containing 
an angle equal to the sum of those subtended at the circiun- 

B 



2 SOLUTION OF SENATE-HOUSE PROBLEMS. [1849. 

ference by the arcs AB and DE. Also join BC, and on it 
describe a segment of a circle containing an angle equal to the 
sum of those subtended at the circumference by the ares BC 
and EF. These segments shall intersect in the required point P. 
For join AP, BP, CP, and produce them to meet the cir- 
cumference in D, E, F, respectively. Join AE, then the angle 
EAD is equal to the difference of the angles APB, AJEP, 
that is, to the angle required to be subtended by the arc DE. 
Therefore DE is equal to the arc required. Similarly it may be 
shewn that EF is equal to the arc required, and therefore P is 
the required point. 

1849. 

1. Through a point C (fig. 3) in the circumference of a circle, 
two straight lines ACB, DCE, are drawn, cutting the circle in 
B and E ; prove that the straight line which bisects the angles 
ACE, DCB, meets the circle in a point equidistant from B 
and E. 

Let CP be the line bisecting the angles ACE, BCD ; P the 
point in which it meets the circle. Join PB, PE, BE; then 
because the angles PBE, PCE are in the same segment, there- 
fore they are equal to one another. 

Again, because the angles BCP, BEP are opposite angles 
of a quadrilateral inscribed in a circle, therefore they are 
together equal to two right angles, that is to ACP and BCP. 
Therefore, taking away the common angle BCP, ACP is equal 
to BEP. But ACP is equal to ECP by construction, therefore 
from above ACP is equal to EBP : and it has been shewn to be 
equal to BEP, therefore the angles EBP, BEP are equal to 
one another, therefore PE is equal to PB. That is, the point P 
in which the bisecting line CP meets the circle is equidistant 
from B and E. 

2. Two circles intersect in A and B (fig. 4). At A, the 
tangents AC, AD are drawn to each circle and terminated by 
the circumference of the other. If BC, BD be joined, shew 
that AB, or AB produced if necessary, bisects the angle CBD. 
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Produce CA, DA, to E, F. Then the angle CAF is equal 
to the angle DAK : but the angle CAF is equal to the angle 
ABO in the alternate segment, also the angle DAE is equal to 
the angle ABD in the alternate segment. Therefore the angles 
ABC, ABD are equal to one another, and AB, produced if 
necessaiy, bisects the angle CBD. 

3. Draw a line to touch one ^ven circle, so that the part 
of it contained by another given circle may be equal to a given 
straight line, not greater than the diameter of this latter circle. 

Let ABC, DEF (fig. 5) be two given circles ; it is required 
to draw a straight line touching the circle ABC, so that the 
part of it contained by DEF may be equal to a ^ven straight 
line, not greater than the diameter of DEF. 

In the circle DEF place the straight line DE, equal to the 
given straight line. Find G the centre of this circle, and with 
G as centre describe a circle touching DE. Draw AFH a 
common tangent to this latter circle and ABC, cutting DEF 
m F, H, this shall be the line required. 

For since FH, DE each touch a circle whose centre is G, 
therefore they are equidistant from G, the centre of the circle 
DEF. Therefore FH is equal to DK 

Hence AFH is drawn touching the circle ABC, and the 
part of it contained by DEF b equal to the given straight line. 

4. A quadrilateral figure possesses the following property : 
any point bemg taken, and four triangles formed by joining this 
point with the angular points of the figure, the centres of 
gravity of these triangles lie in the circumference of a circle ; 
prove that the diagonals of this quadrilateral are at right angles 
to each other. 

Let ABCD (fig. 6) be the quadrilateral, P any point within 
it : E, F, H, K, the middle points of the sides. Join PE, PF, 
PH, PK. And in them take PG^, PG„ PG„ PG„ respectively 
eqaal to two-thirds of PE, PF, PH, PK. G,G,G3G, shall be 
the centres of gravity of the triangles PAB, PBC, PCD, PDA. 
Job EF, FH, HK, KE, these lines are evidently parallel to 

b2 



4 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1850. 

G,G„ G.G,, G3G,, G,G, ; and therefore E, F, H, K, lie in the 
circumference of the same circle. But EF, HK are each 
parallel to the diagonal AC, therefore also to each other. 
Similarly FH, EK are parallel to each other, therefore EFHK 
is a parallelogram. And since it is inscribable in a circle, each 
of its angles is a right angle. Therefore also the diagonals 
AC, BD, which are respectively parallel to the sides of the 
parallelogram, are at right angles to each other. 

1850. 

1. If ABCD (fig. 7) be a parallelogram, and P, Q two 
points in a line parallel to AB, and if PA, QB meet in R, 
and PD, QC in S, prove that RS is parallel to AD. 

Because CD is parallel to QP, therefore SD is to SP as CD 
to PQ. And because AB is parallel to PQ, therefore KA is to 
RP as AB to PQ. But AB is equal to CD, therefore RA is to 
RP as SD to SP, therefore RP is to AP as SP to DP, there- 
fore RS is parallel to AD. 

2. Two sides of a triangle, whose perimeter is constant, are 
given in position; shew that the third side always touches a 
certain circle. 

Let ABC (fig. 8) represent the triangle ; AB, AC being the 
sides given in position. Describe a circle DEF touching BC 
« and AB, AC produced. The side BC shall always touch the 
circle DEF. 

For since BD, BF both touch the same circle, therefore BD 
is equal to BF. Hence AD is equal to AB, BF together. 

Similarly AE is equal to AC, CF together. 

Therefore AD, AE together are equal to AB, AC, BC 
together ; that is, to the perimeter of the triangle ABC, which 
is constant. But since AD, AE touch the same circle, therefore 
AD is equal to AE, and their sum has been shewn to be con- 
stant; therefore AD, AE are each constant, that is, the circle 
touching BC, and AB, AC produced, touches AB, AC in fixed 
points; that is, it is a fixed circle. Therefore BC always 
touches a fixed circle. 



1851.] EUCLID. 5 

1851. 

1. In AB, the diameter of a circle, take two points C, D, 
eqnaQj distant from the centre, and from any point E in the 
dnnonference draw EC, ED ; shew that 

EC + ED» = AC? + AD». 

Take O (fig. 9) the centre of the circle, and join EO, and 
draw EF perpendicular to AB. 

Then because CD is bisected in O, and produced to A, 

.-. AC* + AD* « 2 (AO* + OC') [Euc. ii. 10). 

Again, because EC is opposite to an acute angle O of a triangle 
ECO, therefore 

EC + 20C.0F = EO" + OC* {Euc. ii. 13). 

And because ED is opposite to the obtuse angle O of a triangle 
EOD, therefore 

ED* = E0» + 0D» + 20D.0F [Euc. ii. 12), 

= E0» + 0C» + 20C.0F ; 

/. EC* + ED» = 2 (EC + OC), 

= 2 (AC + OC), 

= AC + AD* from above. 

2. K through the fixed points P, Q, (fig. 10) parallel Imes be 
drawn meeting two fixed parallel lines in the points M, N; 
th»i the line through the points M, N, passes through a fixed 
point. 

Join PQ, and let it meet MN in O, and the given pair of 
parallels in It, S, O shall be a fixed point. 

For since QN is parallel to PM, therefore QO is to PQ as 
ON to N3i. And since NR is parallel to MS, therefore OR is 
to RS as ON to NM. Therefore OR is to RS as OQ to QP, 
or OB is to OQ as RS to QP; that is, QR is divided in a con- 
Btant ratio in O, and therefore O is a fixed point. 

3. In a ^ven circle it is required to inscribe a triangle, 
similar and similarly situated to a given triangle. 
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Let ABC (fig. 11) be a given triangle, DEF a given circle ; 
it is required to inscribe in DEF a triangle, similar and similarly 
situated to ABC. 

At the point A in the straight line AB, make the angle 
BAG equal to the angle ACB. Find H, the centre of the 
circle DEF, and draw HK parallel to AG, HD perpendicular 
to HK. Through D draw DE, DF parallel respectively to 
AB, AC, DEF shall be the triangle required. 

For draw DL parallel to HK or AG, and therefore touching 
the circle at D. Then the angle LDE is equal to the angle 
GAB. But GAB is by construction equal to ACB, and LDE 
is equal to DFE in the alternate segment. Therefore the angle 
DFE is equal to ACB. Similarly the angle DEF is equal to 
the angle ABC. Therefore the remaining angle EDF is equal 
to BAC, so that the triangles ABC, DEF are similar. And 
since the sides DE, DF are parallel respectively to AB, AC, 
therefore EF is parallel to BC, and they are similarly situated. 

4. Describe a circle which shall pass through two points, 
and cut off from a given straight line a chord of given 
length. 

Let A, B (fig. 12) be two given points, CX a given line, 
it is required to describe a circle passing through A, B, and 
cutting off frt)m CX a chord of given length. 

Join BA, and produce it to meet CX in C. Bisect AB in £, 
and draw EF perpendicular to AB. With A as centre, and 
radius equal to half the required chord, describe a circle FGH, 
cutting EF in F. Wiih F as centre, and FA as radius, describe 
a circle BAG. Join CF, and let it cut the circle BAG in K, L. 
From CX cut off CM, equal to CK. The circle described 
through A, B, M shall be the circle required ; that is, if N be 
the second point in which it meets CX, MN shall be equal to 
the required chord. 

For the rectangle CM.CN is equal to CA.CB by the pro- 
perty of the circle ABM. And the rectangle CA.CB is equal 
to CK.CL by the property of the circle KAB. Therefore the 
rectangle CK.CL is equal to CM.CN. 
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But CK is equal to CM, therefore CL is equal to CN, and 
therefore KL is equal to MN, and KL is equal to the required 
chord, therefore MN is so, and the circle ABNM is the circle 
required. 

5. Give a construction* for finding the conunon tangents of 
two Gtrdes, and shew that if through the intersection O of two 
cf the common tangents which meet in the line joining the 
oentres of the two circles, there be drawn a transversal meeting 
the circles in A, A', and B, B', respectiyely, then (the points 
denoted by B, B' being properly chosen) OA.OB' = OA'.OB is 
independent of the position of the transversal. 

Let ABC, DEF (fig. 13) be two circles, whereof DEF is the 
greater; find Gl, H, their centres, and with H as centre, and 
radios equal to the differencef of the radii of the given circles, 
deacribe a drcle. Through O draw OK, a tangent to this 
drcle; draw QA perpendicular to GK, and AD perpendicular 
to 6A, meeting DEF in D : AD shall be a common tangent. 

Let C, D (fig. 14) be the points of contact of one of the 
common tangents. Then we easily see that 
OA : OA' :: OB : OB', 
.-. OA.OB' = OA'.OB ; 
and also OA.OB' : OA.OA' :: OB.OB' : OA'.OB, 
or OA.OB' : 00' : : 0D» : OA'.OB, 

::OD»:OA.OB', 
.-. OA.OB' = OA'.OB = OC.OD, 

vfaich is independent of the position of the transversal. 

6. Shew that a triangle made to revolve in the same direc- 
tion about its three angular points in a proper order through 
angles double of the angles of the triangle at the same angular 
p(mits, will return to its original position. 

* A demonstration of this oonstruction is not required. 

t We might also take a radius equal to the sum of the radii of the given 
fsnktf in -which c^ase the common tangent would touch the two circles on 
oi^xi6ite sides of the line joining their centres. 
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Let ABC (fig. 15) denote the triangle in its first position. 
At the point A, in the straight line AB, make the angle BAG' 
equal to the angle BAC, and make AC equal to AC. Again, 
make the angle CAB' equal to the angle BAC, and AB' equal 
to AB. Join B'C ; then in the triangles CAB, CAB', the sides 
CA, AB are respectiyely equal to CA, AB', and the angle 
CAB is equal to the angle CAB' ; therefore the triangles are 
equal in all respects. And the angle B'AB is double of the 
angle CAB, therefore CAB' is the position of the triangle after 
revolving round A through an angle equal to 2.CAB. 

Again, join BC ; make the angle BCA' equal to the angle 
B'CA or BCA, and CA' equal to C A. Join A'B ; then in the 
triangles ACB', A'CB, the sides AC, CB' are respectively 
equal to AC, CB, and the angle ACB' is equal to A'CB. 
Therefore the triangle A'BC is equal in all respects to AB'C, 
and therefore to ABC. And the angles BCA', ACB are 
together double of B'CA or BCA, therefore A'BC is the posi- 
tion of the triangle after revolving round the angles A, C. 

Again, since the angles CBA', CBA, CBA, are all equal, 
CBC is double of A'BC or ABC. Therefore the triangle, after 
revolving round its three angular points in succession, through 
angles double of the angles of the triangle at those points, 
returns to its initial position ABC. 



( 9 ) 



ALGEBRA. 

1848. 

1. A ship Biuls with a supply of biscuit for 60 days, at a 
daflj allowance of 1 lb. a-head : after being at sea 20 days she 
QicounterB a storm, in which 5 men are washed overboard, and 
damage sustained that will cause a delay of 24 days, and it is 
found that each man's allowance must be reduced to ^ lb. Find 
the original number of the crew. 

Let X = the original number of the crew. 
Then %0x = number of lbs. of biscuit with which they started. 

40a;=s remaining after being at sea 

20 days. 
And the remainder of the crew = x -- 5, who have to remain at 
sea for 64 days, under a daily allowance of fib per man. 

.-. f 64 (a? - 5) = 40a;, 

.-. 64ar - 320 = 56aj, 

.-. 8a; = 320, 

and X s= 40, 

the original number of the crew. 

2. If a, by and x be positive, and a > i, prove that 

a? + a X -\- b ,. , ,. . 

T-i in > < 71 — Fia » according as a; > < (a6)*. 

«» , X -\' a X -{- b 

We have t-s sn > < 



[of + aj (x" + by ' 

a^ + 2aa; + a' a? + 2bx -\- V 

^ S^T^»"" ^ ^ a^ + i" ' 

2ax 2bx 



as - i 5 > < 



aj* + a" a;' + i" 
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as -^ 5 > < -ji — -n , since x is positive, 

as {a — b) a? > < a*b -- ab% 
as (a — 5) a^ > < oi (a — 6), 

as a? > <ab^ since a is greater than by 
or as a; > < (oJ)*. 

3. K a, i, c, be in harmonic progression, and n be a positive 
integer, shew that a"" + c"" > 2b*. 

Suppose a, &, c, all positive.* Then we have 

1 , i , i , in arithmetic progression, 

2ac 
.'. -r- = a + c, 

but a + o> 2Vac, 

or \/«c > 6j 
.-. a**a** > i", 
but a* + c*> 2a**c*", 
a fortiori a* + c* > 26*. 

1849. 

1. Reduce to its simplest form the expression 

(l^g') (l-y)(l~c^)-(a + ftc)(& + ca) (c-ha&) 

1 - a" - t« - c» - 2aic ' 

We have (1-a*) (1-J») (1-c^ 

= 1 - a* - 6» - c" + J V + cV + aW - a"6V 

(a + 6c) (6 + ca) (c + oJ) 

= aJc + 6V+ c^a* + a*ft» + (a" + 6' + c") oJc + a»iV; 



• If one of these three quantities were negatiye, the proposition enunciated 
would not be necessarily true. 



I 
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... {l-.a")(l-6») (l-.c")-(a + Jc)(A + ca) (c^-ah) 

= (1 - «• - i" - c" - 2abc) (1 + abc)^ 
. (1 -0^ (1 -y) (1 -c^  (g + ftc) [b-^ea) (c + ab) _ , ^ , 

2. Find a whole number which is greater than three times 
the integral part of its square root by unity. Shew that there 
are two solutions of the problem, and no more. 

Let X be the integral part of the square root, 
a^ + y the whole number. 
Then, by the conditions of the problem, 

a? + y = 3aj + 1, 

.-. a? — 3aj = 1 — y, 

.••«' = i ± (? - y)*. 

Now y is essentially positive, and in order that x may be 

real it is necessary that y be less than '9^. Also, in order that x 

may be an Integer, (!f — y)* must be of the form J(2m+ 1), 

m being some integer, such that (2m + 1)' is less than 13. 

Tha^ore the only admissible values of m are and 1. Hence 

fi^-y)*=-Jori, and 

a;=:| + 4orJ + g, 

= 2 or 3. 

Therefore 3a; + 1 = 7 or 10, 

and 7 and 10 are the only solutions of the problem. 

1850. 

1. A number of persons were engaged to do a piece of work 
which would have occupied them m hours if they had com- 
menced at the same time; but instead of doing so, they com- 
menced at equal intervals, and then continued to work till the 
whole was finished, the payment being proportional to the work 
done by each ; the first comer received r times as much as the 
last: find the time occupied. 
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Let X be the number of pereons employed, y the number of 

hours the last worked, e the interval, in hours, between the first 

and second person commencing work, which is also that between 

the second and third, and so on. Then, by the conditions of the 

problem, 

y + (»- 1) « = ry (1). 

Also, if PT be the work done in an hour, 

[y + (y+«) + (y +2a) -f . . . + {y + (a:- 1) z}] W= whole work done, 
•■• y + {y+^) + (y+2«) + ... + {y + {x-l) «} = mx^ 

or {2y H- (a?— 1) «} Ja? = wic, 
.•. 2y + (a; — 1) » = 2«i, 
and, by (1), y + (a; - 1) a = ry, 

.-. y = 2m-ry, 

2w ,^v 

^^ y^TTi ^ ^• 

Therefore whole time occupied = time from the first person 
beginning to work till the completion of the work 

= y + (a:-l)«, 

= ry by (1), 

= 7 hours by (2). 

2. Shew that the product of the terms of an arithmetical 
progression is greater than [aVj^ ; and that the sum of the terms 
of a geometrical progression is less than {a+l)^n] where in 
both cases a, Z, and n denote the first and last terms, and the 
number of terms respectively. 

(a) Let b be the common difference in the arithmetical 
progression, P the product of its terms, then 

P=^a{a-\-b) [a-^ 2b) ... {a-\-{n- 1) ft}, 

and Z = a 4- (n — 1) ft. 

Now (a + w»ft) {a + (n- w- 1) ft} = «» + (w-l) aft + (n-m-1) mft*. 
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This win be least when m ^ 0^ negative valnes of m being 
exduded; but in that case 

(a + wife) {a + (» — »i — 1) J} = al] 

therefore the prodact of any two terms equidistant from the 
mean is not less than al. 

The property enunciated follows at once from this when n is 
eTen. If n is odd, the middle tenn is 

n-1 , 

and (a + ^^ h) = a" + (n- 1) ab + (j^ h) , 

> a* H- (n — 1) aby 

> al] 

.*. a -\ 5— b > {aT)K 

Hence, in all cases, P > [aJ!f^. 

[ff] Let r be the common ratio in the geometrical pro- 
gression, 8 the sum of its terms ; then 

r — 1 ' 
and I = ar*"*, 

.-. o+Z = a(l+r""'). 
Now or* + ar-"^* - (o + = a (r* - 1) - a (r*"' - r""^'), 

= a(r«-l)(l-r— ^), 

which is negative for all positive values of m. 

Hence the sum of the first and last terms is greater than the 
som of any other two terms equidistant from the mean. 

The property enunciated follows at once from this when n is 
even. If n be odd, the middle term is 

1+r*-* 



and r*<*-*J< 



ar 



*(»-») 



2 



2 
Hence, in all cases, 8 < (a + Z) ^^ 
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1851. 

1. If , -T-7 7:n 7r\ be expanded in a series ascend- 

{x - 1) (a; - 2) (a; - 3) ^ 

ing by powers of Xj find the coefficient of x*. 

This is best effected by resolving the given expression into 
its partial fractions, and expanding each fraction separately. 
For this purpose, assume 

3a; -2 _ A B G 

(a;-l)(a;-2)(a;-3)""a;-l"^a:-2"*'a;-3' 

A^ Bj C being independent of x. 

Then3a;-2=^(aj-2)(a;-3)+5(a;-3)(aj-l)+(7(a;-l)(a;-2) 
Hence, putting a? = 1, identically. 

3.1 - 2 = ud (1 - 2) (1 - 3), 

or 1 = 2A (1). 

Similarly, putting a; == 2, 

3.2 -2 = 5(2-3) (2- 1), 

or 4 = - B (2), 

and putting a; = 3, 

3.3 -2 = 0(3-1) (3 -2), 

or 7 =2(7 (3); 

3a; - 2 ^ 1 £_ 7 

•'• (aj-1) (a;-2) (a;- 3) " 2 (a? - 1) a? - 2 "*" 2 (a; - 3) » 

2 1-ajl-Jaj 6 1-Jaj* 

= -i(l+a;+ ...+a;*+..,) 

+ 2{H-ia?+... + (ia;)*+...} 

- J {l + iaJ + ...+ (*»)*+...}, 
in which the coeffident of a;* 

2 2" 6 3*' 

« -L-1-.I 1 

2*-* 2 2 3^*' 
the required coeffici^t 
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2. Find the flum of the different nmnbers which can be 
fonned with m digits a, n digits )3, &c., the entire aeries of 
n + n + &c. digits being employed in the formation of each 
nmnber. 

The total number of nmnbers which can thns be formed, is 

equal to the nnmber of permutations of m + n+ things, 

wliereof tn are of one kind, n of another..., taken all together, 

1.2. ..(m + nH- ...) 
"~ (1.2. ..w) (1.2. ..n)... * 

Now, the nnmber of times a will be found in any assigned 
plaee:the number of times /8 will be found there: ... ::m:n: ... ; 
therefore the number of times a will be found there 



fn 



1.2...(»t-f-w-h>.0 _ 1.2...(w4-n4...— 1) 



= m 



in + n4-... (1.2...7n) (1.2...n)... (1.2...«i) (1.2...n)... ' 

Similar expressions holding for the number of times )3, 7,... will 
be found there : we have, if iS^ be the sum of the digits in any 
assigned place, 

^ ^ {ma + nfi+ ...) 1.2...(m + w+ ... — 1) ^ 

(1.2...m)(1.2...n)... ' 

therefore if 2 denote the sum of all the numbers, 
2 = /S(l + 10 + 10' + ... + lO"^-* '), 
_ 10**^-" -1 

_ 10**^— - 1 (ma + n/3+...) 1.2...(m4-n + ...-l) 
9 (1.2...w)(1.2...w)... ' 

the Bom required. 

3. The difference between the arithmetic and geometric 
means of two numbers is less than one-eighth of the squared 
difference of the numbers divided by the less number, but 
greater than one-eighth of such squared difference divided by 
flie greater nimiber. If a?, y be any two numbers, a;,, y, their 
arithmetic and geometric means, a;,, y, the arithmetic and geo- 
metric means of a;^, y^, and so on, find major and minor limits 
for the difference x^ — y^. 
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(a) Taking the notation of the latter part of the problem, 
we have 

_ a!-2(ay)* + y _ (a!*-y *)' ^ 
''- ^1 Ifi ~ 2 "" 2 * 

Now, one-eighth of the squared difference of the numbers 

= 8 ' 

= («i - yj — 4 — • 

And (a;* +y»)» lies between (2y»)* and (2a^)\ 

or > 4y, < 4a5 ; 

1 (x-y)' 

<y -8—' 
1 (x-y)' 

(/3) From above it appears that 

therefore, afortiori^ 

"^" 8y^ (8y^)' ' 8^-. (^^y ' 
< » > ;; > 

sy^lsy-J'-lsy)**"' ' 8a>^.(80'-(8a')*"' ' 

4. K all the sums of two letters that can be formed with 
any n letters be multiplied together, then in each term of the 
product, the sum of any r of the indices cannot exceed the 
number m — ^r(r + l). 



X 

n 
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Let a^, a^j a^, be the letters. 

Then the prodact will be of the form 

(«i+«J K+«t) («i+«J (««+«•) («-i+0- 

Xowy any one of the letters, as a^, only appears n — 1 times in 
this product, that is, once in each of the factors a^ + a^...a^ + a^, 
tfaerrfore in no term can its index be greater than n — 1. 

And in sach term, the index of a, cannot be greater than 
n-2, for a, can only enter n— 2 times as a factor of such a term, 
tibe fiictor a^ + a, being excluded. 

Similarly, in the term involving 

a^^a^ the index of a, cannot be > n — 3, 

flj a^ •••^r-i • ®r •.. >w — r, 

therefore &e sum of any r of the indices cannot be greater than 

(n-l) + (n-2)+... + (7i-r), 
= {2n-2-(r-l)}ir, 

the required limit, which the sum of the r indices cannot exceed. 

5. Eliminate x from the equations 

(« — a) (a; — i) = (a — c) (ar — rf) = (a? — «) (a;—/), 

and from the same equations with the additional relation e =/, 
find a quadratic equation for determining the quantity e or /. 
Shew also that if m', m" be the values of e or ^ then m" — m' is 
a harmonic mean between a — m^b — ni^ and between o — nt', 

(a) Since (a? — o) (a? — 6) = (aj — c) (a;— rf) = (a?— e) («—/), 

we get 

a^-(a + 6)a; + ai = a5"-(c + rf)a: + crf = a^-(e +/) a; + e/"; 

[e +/— c — d) a? = ef — erf, 
.-. (</- erf) (e +/- a - 6) = («/« oi) (e +/- e - rf)..,(l), 

c 
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an equation from which x is eliminated, and which may be put 
in the more symmetrical form 

aJ(c + rf-6-/)+orf(e+/-a-6) + 6/(a + ft-c-ci)=0..-(2). 

(13) Jf e =ff equation (1) becomes 

(6*-crf)(2e-a-6) = (e' - a&) (2e - c - <i), 
.-. (c + rf-a-J)6' + 2(a5-crf)6-f (o + i)crf-(c-l-d)a& = 0...(3), 
the quadratic for the determination of e orf. 

(y) If w , m" be the roots of equation (3), 

ab — cd 



m' + wi" = 2 



a + 5 — c — rf' 



^ ' a + i -c-rf ' 

= (a + &) (w' + m). 

Now 

2 (aft-f m V) - (a + J) (w' + w") = (J- w') (a- w") - (a - W) (w"- 6), 

whence (o — W) (w" — ft) = (J — m') (a — m"), 

.'. a — 7»' : ft — w' :: a — w" : W — ft, 

or a — w' : ft — m' :: a — w' — (w" — w') : W — m' — (ft — w'), 

whence W — m' is a harmonic mean between a — wi', ft — «i'. 
Similarly, it is a harmonic mean between c — w', e? — m*. 



I 

( 
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TRIGONOMETRY. 

1848. 

1. The angles of a quadrilateral inscribed in a circle taken 
in order, when multiplied by 1, 2, 2, 3, respectively, are in 
Arithmetical Progression; find their values. 

Let d, ^ be two adjacent angles of the quadrilateral, then 
T - ^, TT — ^, will be the angles respectively opposite to them ; 
and, by the conditions of the problem, 5, 20, 2(7r — ff)j 3(ir — 0), 
are in Arithmetical Progression. 

.-. 20- ^ = 2(7r-e)-20 = 3(7r-0) -2(7r-d), 

.-. 40 + ^ = 27r, 

4d - r= TT, 

.-. 17^ = 67r, 
170 = Ttt, 

^ llTT . IOtT 

the required values of the angles of the quadrilateral. 

2. Prove that sin3^ sin"^ + cos3tf cos'tf = cos'2^. 

We have cos 3tf = 4 cos'd — 3 cos ^, 

sin 3d = 3 sin ^ - 4 sb'd; 
/. sn3d sin'd + cob35 cos'd 

= 3 (sin*tf - cos*^ + 4 {co^0 - sin'd), 
= 3(cos'd + sm*tf) (sin^fl - cos*d) + 4(cofii*d-8in*d), 
= cos^tf - 3 cos*d sin'd 4 3 cos»^ sin*d - sin'd, 
= (cos*tf-sinV)', 

= C08'2d, 

the required result. 

C2 
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3. Having given the three right lines drawn from any point 
to the three angolar points of an equilateral triangle, determine 
a side of the triangle. 

Let ABC (fig. 16) be the triangle, the point from which 
the lines are di^wn, OA = a, OB = J, OG = c; also let the 
angle BA = 0, CA = if)^ and let a side of the triangle = x. 
Then, by the triangle BA 0, 

a? + a* - 2ax cos = i' (1). 

By the triangle CA 0, 

a^ + a* — 2ax cos^ = c" (2). 

Also 6 + 4> = ^ir. 

Adding (1) and (2), we get, observing that cos + cos ^ 
= 2 cos — 5-^ cos — — ^ , 

2(05^ + 0*) - 4aa? cos Jtt cos -— ^ = ft* + c" (3). 

Subtracting (2) from (1), and observing that cos ^ — cos 
= 2 «m ^-^ sin -y^ , 



Aax sin^ nn — 5-^ = V — & (4). 



By (3) and (4), 



COS Jtt sm"Jir ^ 

(6» + <?_2ay - 4a?(J» + c'- 2a» + 3a') + 3(J''-<?)' + 4a:* = 0, 
as* - (0-+ J» + c*) a? + a* + y + «« - (JV + c'o* + cfV) = 0, 

.-. a? = 2 ± ji 1 '- — {a*+ b* + c*) + hV+c*a'+a*b*V 

: . % i^±|±^ ± I {2 (5V + cV + a"*') - (a* + b* + c*)}i\ *> 
which determines a side of the triangle. 



. • 



• . 



• . 
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1849. 

1. If^ — a,^, ^ + a,be three angles whose ooones are in 
Harmonical Progression, prove that 

cos ^ » 2^ cos ^ 

Since cos(^ — a), cos^, cos (^4- a) are in Harmonical Pro- 
gression, we have 

2 1 1 



cos ^ cos {4> + o) COS (^ — a) ' 

2 cos6 cosa 
cos (^ — a) cos (^ + a) ' 

.•. cos*^ cosa = cos (^ — a) cos (^ 4- a), 

s= I (cos 2^ + cos 2a), 

= cos*^ — sin'O) 





• 
• 


. cos'^ = 


sin*a 






1 — cosa' 










4 sin* ^a cos' 


i« 








2sin'ia 


f 






= 


2 cos"^ 






• 


. cos^ = 


2^ cos ^3^ 




the 


required 


relation. 







2. A person wishing to ascertain his distance fix)m an in- 
accessible object, finds three points in the horizontal plane at 
which the angular elevation of the summit of the object is the 
same. Shew how the distance may be found. 

Let O (fig. 17) be the foot of the object; -4, By C the three 
pomts at which the angular elevation of the summit of the 
object is the same ; then they must all be at the same distance 
froai 0. Let x be this common distance. 

Let the angle AOB=0y the angle A0G^4^, Measure 
BC, GAj AB, and let their distances = a, 6, c, respectively ; 
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then a = 2a; Bin ^{0 + 0), 

b ^2x sin^^, 

c = 2a; sin ^0. 
Eliminate 5, ^, from these three equations, then x will be 
known and the distance of the person from the object deter- 
mined. 

1850. 

A person wishing to ascertain the distances between three 
inaccessible objects A^ 5, (7, (fig- 18), places himself in a line 
with A and B ; he then measures the distances along which he 
must walk in a direction at right angles to ABj until Aj (7, and 
5, Cy respectively, are in a line with him, and also observes in 
those positions dieir angular bearings: shew how he can find 
the distances between A^ Bj and C. 

Let DE and DF^ the measured distances, = d and e ; BEA 
and BFA the observed angles = a and /3. Let the sides of the 
triangle ABC = a, J, c, and BD =* x. 

Therefore tan DEA = ^^ , 

and i0jiDEB=2y 

.-. tan a = tBii{DEA - DES)y 

X -^ C X 

~d""d 

SB (a? -f c) ' 



1 + 



d^ 
cd 



rf* + a? (a; + c) 



ce 



(!)• 



SlmUarly, tan/9 = ^.^^(^^^) (2). 

From equations (1) and (2), x and c are known, and thence 

BAC^tsLu"-^, and CB^ = 180^-tan-^^, 

x-^-c^ x 

and thence the distances a and i. 



r 
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1851. 












1. If 






timfi: 


n fldnacosa 
~ 1 — n 8iB*a ' 




shew that tan 


(a- 


■0) 


= (1- 


-n) tana. 




We have 


tan 


(a- 


-/9) = 


tan a — tan/9 
1 + tan a tan)8 ' 

n sin a COB a 

tana — -^ r-i~ 

1 — n am a 






^ ^ n sm a 






11; • ]t 

1 — n 8in a 










= 


sin'a 

tan a - n n sm a cos a, 

cosa 








S 


sin a — w{sin'a + cos*a) 


sin a 




cosa 


J 








= 


(1 — n) tana. 





2. Two triangles stand on the same base, determine in terms 
of the base and of the tangents of the angles at the base, the 
distance between the vertices of the triangles. 

Let ABCj ABC (fig. 19) be the two triangles. Let BG the 
base = a, and let the angles ABC^ A CB = B^ C, respectively, 
and the angles A'BG^ A'CB^B\ C. Join AA\ and let 
AA' s r, then it is required to find the magnitude of r. 

Draw AD^ A'jy perpendicular to the base. Then 
f^^{AI)-A'D^y + Dir, 

= {AD - A'B^Y + {A'B cot B-- AD cot B)\ 
Now a = u42> (cot 5+ cot C), 

also = A'D (cot B' + cotC") ; 

''• ''"'** [cotB + cotC " cot^ + cotC'j 

, / cotjy cot^ Y 

■^^^ W^' + cotC cot^+cotCV ' 
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[( tanjBtanC tan^B'tanC" 



or r = 



^(Vtan^ + tanC tan^ + tanCV 



/ tanO^ tanC nV 

"^ ltan5' + tanO' tan5 + tanCJ J ' 

an expression of the required form. 



( 25 ) 



CONIC SECTIONS. 

1848. 

1. Given the lengths of the axes of an ellipse, and the 
positions of one focus, and of one point in the curve: give a 
geometrical construction for finding the centre. 

Let MN (fig. 20) be a line equal in leng^ to the axis-minor. 
With N as centre and a radius equal to the axis-major, describe 
an arc of a circle. From M draw MO perpendicular to MN^ 
and cutting the arc in 0, MO will be equal to the distance 
between the foci of the ellipse. 

Produce SP to Q (fig. 21) making BQ equal to NO. With 
P as centre, and PQ as radius, describe an arc of a circle, and 
with S as centre, and radius equal to MO^ describe another arc ; 
H the point of intersection of these arcs will be the other focus, 
for SlP, PH are together equal to the axis-major, and 8JI is 
equal to the distance between the foci. If therefore we bisect 
8H in Cj C will be the centre. 

Since the arcs described fi"om /S, P as centres will in general 
intersect in two points, it appears that there are two positions 
which the centre may have. 

2. P is any point in an ellipse (fig. 22), AA' its axis-major, 
NP an ordinate to the point P; to any point Q in the curve 
draw AQj A*Qj meeting ^Pin B and 8] shew that 

NRN8 == JVP". 

Draw the ordinate QM^ then by similar triangles ANB^ AMQj 

NB:NA::MQ:MA, 

and by similar triangles A'N8, AMQ, 

N8:NA'::MQ:MA'y 
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therefore NB.NS : NA.NA' :: MQ" : MA.MA' , 

iiBCiAC] 
alflo NP' : NA.NA :: BG^ : ACP, 

therefore NB.N8 = JVP*. 

3. Pi^ (fig. 23) is a focal chord of a parabola, RDr the 
directrix meeting the axis in i> ; Q is any point in the curve : 
prove that if PQ^pQ produced meet the directiix in Rj Vj half 
the latufr-rectum will be a mean proportional between X>J3, Ihr. 

Draw PN^ Qm perpendicular to the directiix, and join 
SB, 8r^ 8Q. 

Then 8inPB5 = sin P8B ^ 

PN 
= BuiPSB ^ 

= BmPSB.BmPBN : 
similarly sm QB8 = sm Q8B.Qm QRN^ 

.-. sinP/gfl = sin^fiH, 
.-. Q8B=p8Bi 
similarly QSr = P8r^ 

.•. B8r is a right angle, 
.-. 8D'^DB.Dr, 
or half the latus-rectum is a mean proportional between DR^ Dr. 

1849. 

1. Draw a parabola to touch a given circle in a given point, 
so that its axis may touch the same circle in another given 
point. 

Let PQR (fig. 24) be the given circle, P the point in which 
the parabola is to touch it, Q the point in which the axis is to 
touch It Draw Pr a tangent to the circle at P, this wiU also 
be a tangent to the parabola at P. Draw QT touching the 
cu-cle at (?, and at the point P in the straight line TP, make the 
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«Dgle TP8 equal to the angle PTQ; then 8^ the intenection 
of QT and P8^ will be the focus of the parabola. Biaect TP m 
K^ and draw KA perpendicular to 8T, A will be the vertex 
of the parabola, and the vertex and focus being found, the curve 
maj be conslructed. 

2. If a circle be described touching the axis-major of an 
eHipee in one of the foci, and passing through one extremity 
of the axis-minor, the semiaxis-major will be a mean propor- 
tional between the diameter of this circle and the semiaxis- 
minor. 

Let AA* (fig. 25) be the axifr-major of the ellipse, 8 the 
focoB, C the centre, B the extremity of the axis-minor. De- 
scribe the circle 8BP touching AA in 8^ and passing through 
fi, and draw the diameter 8P, 

Join 8B^ BP] then the angle 8BP^ being in a semicircle, is 
a right angle, also the angle 8CB is a right angle. And the 
angle BSP is equal to the angle SBC^ therefore the triangles 
PSBj SBC are similar. Hence 

BC: 8B:: SB: fiP, 

or SB IB a mean proportional between 8P and BC. But SB 
is eqnal to the semiaxis-major; therefore the semiaxis-major 
is a mean proportional between the diameter of the circle and 
the semiaxis-minor. 

3. If AB, CD^ two lines in an ellipse, not parallel to one 
soother, make equal angles with either axis ; the lines A (7, BD 
and AD, BG will also make equal angles with either axis. 

Let AECIf (fig. 26) be the points of intersection of the 
perpendiculars to the axis-major through the points ABGD with 
the auxiliary circle AB'CU. Then it is evident that a line 
joimng anj two of the above points as A'B' will intersect the 
aziB-major in the same point as AB does, and any two lines 
joming the above points as A'B\ G'U will be equsdlj inclined 
to the axis-major, and therefore to either axis, if AB^ CD are so, 
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and vice versd : hence we have to prove that if A'B'j G*U are 
equally inclined to the axis-inajor LFE^ the lines AG\ B'H 
mdA'B.B'C'ixreBo. 

Now LAaL^L A EL + L B'A G\ 

and lDHL = LlTFL ^-lB'DC-, 

also L A EL = L UFL, 

and lB'AG' ^lB'DG', 

therefore lAOL = lDHL = LB'HGy 

or AG\ B'D are equally inclined to LFE. 

Agam, L ALE = z LDH + z iffly , 

and LffKG = iiirO'(7 + lKGG :, 

also lLNH^lKGG, 

and lLHU ^lKGC'-, 

therefore Z ^'ZJ7 = Z jBXfl^, 

or AU and ^'C are also equally inclined to LFE'^ therefore 
also AG^ BD and AD^ BC Bxe equally inclined to either axis. 

Q. £. D. 

1850. 

1. K from any point P of a circle, PG be drawn to the 
centre £7, and a chord PQ be drawn parallel to the diameter 
A CB^ and bisected in R^ shew that the locus of the intersection 
of CP and AR is a parabola. 

Let (fig. 27) be the intersection of GP and AlR, Draw 
AM^ GN perpendicular to AB^ ONM parallel to AB. GN will 
pass through R. Then 

GO'.GPwAOiARy 

r.OMiMN. 

But CP^AG^MN, 

therefore GO = OM^ 

and the locus of is a parabola, of which G is the focus, AM 
the directrix. 



J 
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2. From the point P in the ellipse APB (fig. 28), lines are 
drawn to A^ J?, the extremities of the axis-major, and from 
A^ Bj lines are drawn perpendicular to AP^ BP\ shew that the 
locoB of their intersection will be another ellipse, and find its 
axes. 

Let Q be the intersection of the lines perpendicolar to 
AP^ BP. Draw PM, QN perpendictdar to the axis-major, then 
the tiangles PBAf, ^Q^ will be similar, therefore 

PMiBMiiBNiQN-, 
simikrly PM :AM::AN: QN^ 

therefore PJT : AM.BM : : AN.BN : QN\ 

But if 50 be the semiaxis-minor of the original ellipse, 

PM^ : AM.BM:: bCT : ACT", 
therefore AN.BN: QN^ :: hC : ^0"; 

therefore the locus of Q is an ellipse whose axes are to one 
anodier as hC : AC. 
And if we draw AJff^ BB' perpendicular to Ab^ Bb^ we have 

which is one axis, the other is equal to -j^ ^'0 or AC. 

3. If two ellipses ha^g the same major axes, can be 
ioscribed in a parallelogram, the foci of the ellipses will lie 
in the comers of an equiangular parallelogram. 

For it is evident that the centres of the ellipses must lie at the 
point of intersection of the diagonals of the parallelogram, that 
is, most be coincident, and their major axes are equal ; there- 
fore diey will have a conmion auxiliary circle. 

llie lines joining the points of intersection of this circle and 
the parallelogram, will, if the right points are joined, be perpen- 
dicolar to the sides of the parallelogram, and each of them will 
contain two foci : hence the four foci will be at their points of 
intersection, that is, at the comers of a parallelogram, equiangular 
with the circumscribing parallelogram. 



30 SOLUTIONS OF SENATE-HOUSE PKOBLEMS. [1851- 

4. If from the extremities of any diameter AB (fig. 29) o£ 
an equilateral hyperbola, lines be drawn to any point P in the 
curve, they will be equally inclined to the asymptotes. 

From A and P draw the perpendiculars A (7, AF^ PE^ PFj 
on the asymptotes, AF and PF intersecting in F\ from B dra^wr 
BD perpendicular to the asymptote Oq. Then, since PQ = Bq^ 
and the triangles QEP^ BDq are similar, they are also equal ; 
therefore PE = Bq and QE = jB2>, therefore 

AF= GO'\'EP:=OB + Bq = Oq, 
and PF^ OE+AG^OE+BD^OE^EQ^ OQ', 

therefore the right-angled triangles APF, qQO sre equal in 
all respects, and the chords PA, PB equally inclined to the 
asymptotes. 

1851. 

1. Given a pair of conjugate diameters of a conic section, 
find geometrically the position of the principle diameters, (1) 
in the case of the hyperbola, (2) in that of the ellipse. 

Let PPj DB^ (fig. 30) be the given conjugate diameters 
of an hyperbola intersecting in C. 

Join PB, Pn\ bisect them in j; and ^, draw GE, C^; 
bisect the angle EOF by the line A' GA, and through G draw 
BGB' perpendicular to AGA'] these will be the principal di- 
ameters required. For, by the property of the hyperbola, 
GE, GF are the asymptotes, and A GA', BGB', to which they 
are equally inclined, are the principal diameters. 

2.* The solution of iMs part of the problem depends upon 
the property of the ellipse, that if P (fig. 31] be any point in the 
ellipse, and GR, GN, two lines at right angles to each other, cut 
the straight line PBN in the points JB, N, such that PN is equal 
to the semiaxis-major, and PR to the semiaxisHninor, CR and 
GN will be the directions of the principal axes. 



* For this solution the authors are indebted to the kindness of the Mode- 
rator, Mr. Qaskin. 
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Let CP^ CD be the given semi-conjugate diameters; draw 
PF perpendicular to CD ; make PK equal to GD\ upon CK as 
diameter desoibe the circle CFK\ through its centre draw 
PRN'^ join CR^ CN: these will be the directions of the principal 



For PF. CD = PF.PK = PR.PN = A C.BG, 
and CP'-^- CD" = CF^ -k- PK^^^CCf -^^PC = 20i?-f 20P-, 

= Pi? + PN^ (Euc II. 10) ^AC*-^ BC, 
therefore PN^AO^ PR = BC^ 

and CR^ CN are the directions of the principal axes. 



( 32 ) 
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1849. 

1. Two forces F and F^ acting in the diagonals of a paral- 
lelogram, keep it at rest in such a position that one of its edges 
is horizontal; shew that i^seca = iTseca' = TFcosec(a 4- a'), 
where W is the weight of the parallelogram^ a and cl the angles 
between its diagonals and the horizontal side. 

Let AB (fig. 32] be &e horizontal side of the parallelogram. 

In order to preserve equilibrium, the directions of the forces 

-F, F* must meet in G^ the centre of gravity. Hence, by the 

triangle of force, 

F _ F' W 

voiBaW'' sin^GTT" miAGB' 
F F W 

or ^ := — : • 

cosa cosa' sin (a -f a') ' 

therefore i^seca = F'seca' = Trco8ec(a + a'). 

2. A cubical box is half-filled with water, and placed upon 
a rough rectangular board ; if the board be slowly inclined to the 
horizon, determine whether the box will slide down or topple 
over. 

Let fjL = the coefficient of friction. 

Then the box would begin to slide when the inclination of 

the board to the horizon = tajT^fi, 

It would begin to topple when the inclination = Jtt. 

Therefore it will begin to slide or topple over, according as 
A* < or > 1. 

1850. 

1. A heavy body is supported in a given position by means 
of a string which is fastened to two given points in the body, 
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and then pastes over a smooth peg: fiud the length of the 
atriug. 

Let G (fig. 33) be the given position of the centre of gravity, 
A and B those of the points of support The position of the 
peg P is determined by the conditions that it must lie in the 
verticai through G^ and that the angles APO^ BPO must be 
equal, each ^ suppose. 

Let AG^a^ BG^^by lAGP^^o, lBGP^^-, then 

PG mnPAG sin(^ + a) . ^^ 

-7-7= = -= — 1-757=7 = — ^^—5 — ' = cosa + sma cot^ : 
AG BUkAPG smO 

PG 

^™"^y "o^ "^ C08/8 + sin)8 cot5, 



therefore 



BG 
cosa + sina cotd BG b 



cos/S + siniS cot^ "" AG ~ a ' 
whence is known, and length of the string 

==AP+BPj 

sina sinyS, . . 

= -7—2 a + -r—r: O 18 kUOWl). 

sma sma 

2. Two spheres are supported by strings attached to a given 
fmty and rest against one another: find the tensions of the 
gtrings. 

Let A, Bj (fig. 34) be the centres of the spheres, and C the 
peg. Then, if the spheres are smooth, the strings must lie in 
fte Imes CAj GB] hence the parts of the triangle ABC are 
known. To determine its position. 

Let G he the centre of gravity of the spheres, CG must be 
rertical. Let TF,, TF, be the weights of the spheres A and B^ 

therefore AG : BG :: W*.W'j 

vA\S LACa^0, 

«m{G-'0) ^ BGanB ^ TT^sin^ ^ 
sin^ AGbiixA T^,8in-4' 

therefore sinOoottf — cos(7= — ^ 



TTsin^* 



whence is known. 



s 
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Let Tj, T^ be the tensions of the strings which supjiort 
A and B respectively; therefore resolving the forces on tlie 
sphere A perpendicular to AB^ 

T^^mA - W^vm[A + 5) = 0, 
* Bm-4 * 



and simdarly T^ = ^^j ^ TT,, 

_ Bin(^ + g) 
" 8in5 '^*' 

whence T, and T, are known. 

3. A cone of given weight W (fig. 35) is placed with its 
base on a smooth inclined plane, and supported by a weight 
W\ which hangs by a string fastened to the vertex of the 
cone, and passing over a pully in the inclined plane at the 
same height as the vertex. Find the angle of the cone w^hen 
the ratio of the weights is such that a small increase of W would 
cause the cone to turn about the highest point of the base, as 
well as slide. 

Let a ^ the angle of the plane, 

5 « the half-angle of the cone. 

Since the resolved parts, along the plane, of the tension W of 
the string and the weight TT just balance, we have 

TFsina = TF'cosa (1) ; 

and because the moments of the same forces about B are also 
equal, 

Wfsma.iAO+Wcoaa.BG= W'eosa,AC- WainauBG^ 

W cosa.f ^ = ( TT' ^ + W sma) BC, from (1), 

or -8(7 = fsina cosa -4C, 

or tan5 = f sin2a. 
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1851. 

1. A cone whose semi-vertical angle is tan'* -r is enclosed 

in the circumscribing spherical surface, shew that it will rest in 
any portion. 

Let ABC (fig. 35) represent a section of the cone made by 

a plane through its axis. Diiride the axis AD m (7, so that 

OD = \AD^ then O will be the centre of gravity of the cone. 

Join BO^ then 

BCP^BB^^ DCP. 

But tan£^i> = -i, 

therefore BD" = J^J?*, 

and DGP = ^AIT, 

therefore BCP = ^ABf, 

and BG = \AD, 

=^AG:, 

therefore O is the centre of the circumscribing sphere. 

Hence it appears that the height of the centre of gravity of 
the cone will be the same in whatever position it be placed, 
therefore it will rest in any position. 

2. A string ABGDEP (fig. 37) is attached to the centre 
A^ oS a pully whose radius is r, it then passes over a fixed point 
jS, and under the pully, which it touches in the points C and D ; 
it afterwards passes over a fixed point E^ and has a weight P 

attached to its extremity ; BE is horizontal and = — , and DE 

o 

is vertical : shew that if the system be in equilibrium the weight 

5P 
of the pully is -^ , and find the distance AB. 

Let W be the weight of the pully, and let d, ^ denote the 
reflective inclinations of AB^ BC to the horizon. The tension 
of the Bering will be throughout = P; hence resolving horizontally 

d2 
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and vertically, 

Pcos^ - PcoB<^ = (1), 

P(l + sin^ + sin^) = W. (2). 

Again, AB = r cosec (^ + ^), 

therefore JEB = — = r {1 + cosec(5 + ^) cos^}, 

3 

therefore ^em{0 + ^) = cos^ (3). 

By (1) = 4>, 

and by (3) |Bm2^ = cos 5, 

therefore sin ^ = I, 

5P 
therefore by (2) PT = — . 

Also AB = r cosec(^ + ^), 

r 
^ Bin2(9 ' 

_ 8r 
~3.7*' 

which gives the distance AB. 
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1848. 

1. Two bodies acted on bj gravity are projected obliquely 
from two given points in given directions and with given 
Telocities: determine their position when their distance is the 
least possible. 

Let the bodies Aj B he projected from the points Aj B 
(fig. 38) in directions AG^ BC intersecting in (7, and with 
velocities proportional to CE and (7Z>; upon both the bodies 
impress a velocity CE equal and opposite to ^^s velocity, and 
suppose gravity not to act, the relative motion of A and B will 
not be affected by either of these circumstances ; but A will now 
be reduced to rest, and B will move in a direction BO parallel 
to the diagonal CF of the parallelogram on CE^ CD. From A 
draw A O perpendicular to BO^ A O will be the shortest possible 
distance between A and B\ and A and B will be at that dis- 
tance at the time [t) after the instant of projection that it takes 
a body animated with the velocity CFtQ describe the space BO^ 
a known time therefore. Let AH and BK be the spaces due to 
A^% and ^^s velocity of projection in time t Through f and K 
draw TTTj and iOf, each equal to the space due to gravity in the 
time f ; L and M are the positions required. 

2. A railway train is going smoothly along a curve of 
500 yards' radius at the rate of 30 miles an hour ; find at what 
mgle a plumb-line hanging In one of the carriages will be in-^ 
dined to the vertical. 

liCt a denote the inclination of the plumb-line to the vertical, 
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Q) the angular velocity of the train per second, r the radius of 

the curve. 

Then the weight at the end of the plumb-line may be con- 
sidered to be in equlUbrium under the action of the centrifugal 
force, gravity, and the tension of the string. 

Hence (fig. 39), by the triangle of forces. 



a>V 



8in(7r-a) sm(i7r + a)' 
,V _ g 



tt) r 
or . 

sma cos a 

.•. tana = — 
9 



30 X 5280 _ _44_ , 
Now g = 32.2, r = 1500, a> = ^5^0 x 3600 " 1500' 

(44)« 
.*. tana = t^ — 



1500 X 32.2' 

48300 ' 

484 
"" 12075 ' 

which gives the inclination to the vertical. 

3. A number of balls of given elasticity -4, 5, C are 

placed in a line; A is projected with a gfiven velocity so as 
to impinge on 5; 5 then impinges on Gj and so on: find the 

masses of the balls B^ G , in order that each of the balki 

A^ B^ G. may be at rest after impinging on the next; 

and find the velocity of the n^ ball after its impact with the 
[n - I)'**. 

Let m : 1 be the ratio of the mass of n^ ball to that of the 
(n- !)*'», then the ratio of the velocity of the («- 1)**" ball after 
impact to its velocity before, would be, if the balls were inelastic, 

1 
"" 1 + w' 



184S.] DYNAMICS. 39 

Since they are elastic, the ratio is 

and since ^e (n — 1)^ ball is thus brought to rest, this must = 0, 

and w = - , 

80 that the masses of the balls from a geometrical progression, 
irhose commoii ratio lb -, and the ratio of the velocity of the 

1 + 6 
»* ball after impact to that of the (n — 1)*** before = = e : 

therefore if F be the initial velocity of Ay velocity of n^ ball 
after impact = e*^ V. 

4. An imperfectly elastic ball is projected in a given direction 
within a fixed horizontal hoop, so as to go on rebounding from 
ike surface of the hoop ; find the limit to which the velocity of 
the ball wiU approach, and shew that it will attain this limit at 
the end of a finite time. 

Let e be the modulus of elasticity, F, F^ F^ the velocities 

of the ball before the first, second, (n— 1)*^ impacts, ^, 0^...d^ 

the successive angles of incidence. Then 

FjCos^j = eFcos^, 

F,sin5, = Fsin^, 

.-. F,« = F»(8in«^ + e*cos*5), 

= 8in"5(l+e"cot"5)F»: 

similarly F/ = sin«<?, (1 + e» cot" 5 J V^\ 

1 1 



But 8in»<?, = 



9a 9 



l + cot'(?j H-e"cot'(? 
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therefore ' V* = rin'tf (1 4 e" cofd.) V*, 

= eai'0{l + e*coee)V*: 

and similarly it may be shewn that 

r* = sin'^ (1 + e" cofd) V* ; 

hence when n is indefinitely increased, 

V = FsinI?, 

the limit ta ^diich the velocity of the ball approaches. 

Now the distaDces between the successive pomts of incidence 
are 2r cob5,, 2r cos^, r being the radius of the circle ; there- 
fore the times of describing these spaces are 

2jW.^ 2rcme, ^^pectiyely, 



ecotg (1 + e' cot* 0)* j_ 
"^''(l+^cot'^)* sin^ F' 

e'cotg (l+e^cotf'g)* ^ 
^*'(l+e^cot^«)t sin^ V 

2r cos5 2r , costf 



5^ "TV 6 • on « -rr- ^ 



T sin*^' F sin'^d ' 

therefore the ball will attain its terminal velocity, after the time 

2r cos5 / . 2 , 8 . \ 

2r cos5 e 

1849. 

1. A body is projected from a given point in a horizontal 
direction with a given velocity, and moves upon an inclined 
plane passing through the point. If the inclination of the plane 
vary, find the locus of the directrix of the parabola which the 
body describes. 

Let a be the inclination of the plane to the horizon ; V the 
velocity of projection ; I the latus-rectum of the parabola de- 
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scribed; therefore 

I ; 

and csina = . 

But ^Zsma is the height of the directrix above the given 

point of projection ; therefore this height is constant, and the 

F' 
locus of the directrix is a horizontal plane at a distance --- above 

the given point. 

2. An imperfectly elastic ball A lies on a billiard-table, 
determine the direction in which an equal ball B must strike 
it in order that they may impinge upon a side of the table 
at equal given angles. 

The impact must be oblique and the impulse take place in 
the direction in which ^ is to go off. This direction makes 
with the side of the table the given angle a : let be the angle 
which J9's direction before impact makes this direction. 

V = B^s velocity before impact, 

6 = the modulus of elasticity. 

E*» velocity VemO perpendicular to the direction of the impulse 
will be unaltered by it : if there were no elasticity, its velocity 
in direction of the impulse after impact would be J F cos 5, since 
the balls are equal, and the impulse ^3/Fcos : hence the actual 
impulse will be J(l +e) if Fcos^, and the actual velocity in its 
direction after impact Fcos^ — ^(1 + e) Fcos^ or ^(1 — e) VcobO. 

Let <f> = the angle which J3's direction after impact makes 
widi the direction of the impulse, 

sin^ 1 /, 

tan^ = Yn ^ a = TTl n ^^^• 

^ ^(l-e)co8^ i(l-«) 

But 4) = 2a, 
.-. tan^ = i(l -e) tan 2a, 
whence is known. 
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3. A bead running upon a fine thread, the extremities of 
which are fixed, describes an ellipse in a plane passing through 
the extremities, under the action of no external force; prove 
that the tension of the thread for any given position of the bead 
is inversely proportional to the square of the conjugate diameter. 

Let the bead be at the point P of the ellipse. 

Since iih/Q tension of the string is the same throughout, the 

resultant force on the bead will bisect the angle SPHj and 

therefore be normal to the elliptic path. Consequently, as no 

force acts upon the bead in Ae direction of its motion, its 

velocity will be uniform. Now, considering the bead as moving^, 

for the instant, in the circle of curvature at the point P, normal 

vel.' 1 

force Qc — 5 — -^ a — 5 — -^ , since the velocity is imi- 

rad, of curv. rad. of curv. ' -^ 

form : but radius of curvature oc CD^^ therefore normal force 
1 

Now, adopting the usual notation, 
tension of the string : normal force : : PE: PF: : CD. A G : CD.PFj 

::GD:BC, 

therefore tension of the string ao -^^^^ . 

4. The centres of two equal spheres (elasticity e, radius r,) 
move in opposite directions in a circle (radius B) about a centre 
of force varying inversely as the square of the distance ; deter- 
mine the motion of the spheres after they have impinged, sup- 

posmg that e = jp _ ^ ] and prove that the latus-rectum of the 
conic section described after the second impact will be 2e"A 

Let (fig. 40) be the centre of force ; (7, C the centres of 
the spheres. Draw OPQ perpendicular to (7(7', such that CQ 
is perpendicular to OC, and consequently C'Q U> OC. Then 
if CQ represent in magnitude and direction the velocity of the 
sphere C before hnpact, GP, PQ will represent its resolved parts 
m directions CP, PQ. Now draw QB perpendicular to CQ, 
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ne^g CP in B: the triangle QPB is evidendj similar to 
C'PQ^ and thanefore to CPQ. Hence 

BP: PQ :: PQ : CP, 
/. RP: CPi: PQ" : CP" :: CP* : OP* :: r« : ^ - r» :: c : 1. 

Conseqnentlj JSP represents in magnitude and direction the 
resolved part, perpendicttlar to OQj of C's velocity after impact. 
The velocity PQ remains unaltered by the impact ; therefore 
the diagonal of the parallelogram PBQ drawn through P will 
r^resent in magnitude, and be parallel to the direction, of the 
whole velocity of C after impact. Now this diagonal makes 
with PQ an angle equal to BQP &r COP or COP, and is 
^erefore parallel to 00. Hence after impact the centres of 
the spheres will move directly from the centre in Ae lines 
0(7, DC. They will evidently return to the same positions 
Cand C\ and there impinge a second time. 

For the velocity of G after the second impact it is sufficient 
to observe that the velocity along OP will be unchanged, while 
that perpendicular to OP will be again diminished in the ratio 
ofe:l. Let PB ^ e.PB. Through C draw 08 equal and 
parallel to QB> ] join 08. Therefore the latera-recta of the 
first and third orbits will be to one another as (triangle OCQY 
: (triangle 08C)\ since these triangles represent upon equal 
scales, half the product velocity x perpendicular on the tangent ; 
Mid we may shew that (triangle OCQf : (triangle 080)* : : 1 : e* ; 
«nd the latos-rectimi of the first or circular orbit is 2B. There- 
fcre that of the third is 2^B. 

1850, 

1. 8hew that it is possible to project a ball on a smooth 
tiiUiard-table fi'om a given point in an infinite number of 
directi(Mi8, so as, after striking all the mdes in order once or 
oftener, to hit another given point; but that this number is 
limited if it have to return to the point from which it was 
projected. 

Let P (fig. 41) be the point of the table from which the ball 
ffl projected, PQB8TU its course once roimd the table. B8 



44 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1850. 

may be shewn to be parallel to QP] and if the elasticity be 
perfect, equidistant with it from the line AD dravm through the 
comer A of the table parallel to either of them. For the angle 
8BB = angle QRA = dOT - BQA = 90' - PQD^ therefore US 
is parallel to QP. Also if QR intersect AD in jP, 

BF:QF::RA miBAF: QA AnQAF^ 

:: BA smBBS : QA sbxDQP^ 

:: BA smABF: QA BmAQF. 

But BA smABF=:: QA sin^^jp; 

therefore BF= QF^ 

and B8j QP are equidistant from AD. 

Similarly, B8 and TV are equidistant from CE. Through 
P draw VDEPU perpendicular to the parallel lines. Then 
VD = DP and VE = EU^ therefore 

PU^ DE+EU-^ DP=DE^ EV - DV= 2DE. 

The same equation, PU=: 2DEy holds whether P and U be on 
the same side of D and E or on opposite sides of either or both. 
Hence it is evident that by choosing the direction PQ rightly 
we may make the ball hit the second given point, through 
which the line TV will pass, after striking all die sides once : 
and by lessening DE or projecting the ball more nearly in the 
direction of the diagonal CA^ we may make it strike the second 
point after striking all the sides twice, when PU will = 4J)Ey 
and so on ; there being thus an infinite number of directions of 
projection each more nearly parallel to the diagonal CA than 
the preceding, which will cause the ball to hit the second given 
point after striking all the sides once, twice, &c., respectively. 

If, however, the ball have to return to the point of projection, 
we must have DE = 0, or the direction of projection parallel to 
either diagonal; there being thus two directions and their op- 
posites, or four directions in all, which will bring the baU back 
to its point of projection. Through this point it will pass after 
making each round of the table. 
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1851. 

1. A body of given elasticity e is projected along a hori- 
zontal plane from the middle point of one of the sides of an 
isosceles right-angled triangle, so as, after reflexion at the 
bypothennse and remaining side, to return to the same point ; 
dew ^t the cotangents of the angles of reflexion are e + 1 
«nd 6 + 2, respectively. 

Let ABC (fig. 42) be the triangle, right-angled at ^ ; i> the 
middle point of AJB the point of projection : AD = DB = a. 
Let e be the modulus of elasticity. Draw DEF perpendicular 
to -8(7, making EF = e.EDi draw FOH perpendicular to AC^ 
making OH^ e.GFi draw flZ), LF^ KD\ DEL will be the 
path of the body. 

The angle of reflexion at JT = 90** — LEG = 6 suppose, 

L= LEG =^ 

Now AD = a, .\BE^ ^ =i.^/, 

,-. /C? = 2a.2*- (I + e) BE^ 



a 
2* 



= 2a.2*-. (1 + c) 
7C 

... <7(? = :^ = (3-e)K 

.-. AG = 20-00 = (1 +e) ia, 
and 17= ae, IG = CG = (3 -e) ^o, 
.-. SG = e.FG = e {S + e) yij 

GH _ OH + AD _ l + ^g(3 + e)a 

_ (2 + e)(l + e) 
~ 1+e ' 

= 2 + e (1). 
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Again, cot(9 = isnLKG = tan (45'* + KFI), 

1 -f tan^.F/ 
"" 1 - tmnKFr 

_ 1 + g tmL HO 
~ 1 - e tajiLEG ' 

e 



I + 



2 +e 



by (1), 



1 - 



2 4-€ 

_ 2 + 2e 
"~2~' 

= l+e (2), 

(1) and (2) give the reeults required. 

2. If a heavy body be projected in a direction inclined to 
the horizon, shew that the time of moving between two points 
at the extremities of a focal chord of the parabolic path is pro- 
portional to the product of the velocities of the body at the two 
points. 

Let 8 (fig. 43) be the focus of the parabola, P8p the focal 
chord, mKM the directrix, KAS the axis ; draw PN^ pn per- 
pendicular to the axis, PM^ pm to the directrix. Then, since 
the body is acted on by no horizontal force, its horizontal 
velocity will be constant, and therefore the time of moving 
trojn Ptop win be proportional to PN-k-pn. Also (velocity)' at 
P^2ff.PMy (velocity)' atjp = 2gpm'j consequently the problem 
is solved if we can shew that [PN-^prif : PM.pm is a constant 
ratio. 

Now PMr= 8K^ SPcobPSN^ 2A8 + PM cof^PSN, 
.-. PM (1 - COSP8N) = 2A8. 
Similarly, pm (1 + co^pSn) =pm (1 + co^P8N) = 2A8j 

.-. PM.pmfAn'P8N=4AS' ..:. (1). 



r 
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Also PN = 81* smPSN = PM einPSN = 2A8 '^^^■- 

1 — COB P8N 

from above. 
anPSN 



8udlarly,^ = 2^^j-^^=2^^^ 



cobPSN 



J 



T>xT M A a «^PSN ^ . ^ 1 

^ 1 — corPSN emPBN^ 

.'. (PN^pnY Bin'PSN^ UAS" (2). 

From (1) and (2), 

{PN-^jm)* : PM.pm :: 4 : 1, a conBtant ratio, q.e.d. 
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1849. 

1. The circle described through two points of an equiangular 
spiral and the point of intersection of the tangents at those 
points will pass through the pole. Prove this, and apply the 
proposition to shew that the curvature at any point of an equi- 
angular spiral varies inversely as the distance of the point from 
the pole. 

In the equiangular spiral the tangent is inclined at a constant 

angle to the radius vector ; hence in (fig. 44) if PJT^ PJT be the 

tangents at the points P,Pg, S the pole of the equiangular 

spiral P^P^^ 

8P^T-\- SP^T^w, 

and a circle can be described about the quadrilateral SP^TP^^ 
or a circle passing through P^, T, P^, will also pass the pole 8, 

Suppose P^P^ to be indefinitely near to each other, then P^ T 
ultimately becomes equal to P^T, since the triangles SP^T^ STP^ 
ultimately become similar and equal. Produce 8P^ to meet P^ T 
in R^ and draw P^R perpendicular P^T) then, ultimately, 

P,i?' = P,i? sin SP,5r. 
Now diameter of curvature at P^ 

= hmit^ = ^-j^^^^hmit-^^% 

^ sm8PT ^™^^ PR ^^ *® ^^^^^ property, 
2P8 



siaSPT 



or the curvature at P^ varies inversely as SP„ since SP, T ia 
a constant angle. 
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1850. 

1. If any number of particles be moving in an ellipse about 
a foioe in the centre, and the force suddenly cease to act, shew 

that after the lapse of f — j part of the period of a complete 

rerolution, all the particles will be in a similar, concentric, and 
nnularly ntuated ellipse. 

The velocity at any point P (fig. 45) of the orbit = i^CD^ 

and the time of revolution — r ; therefore after the { — ) part of 

a revolutiQn, each particle will have described a space PP equal 
and parallel to CD. If therefore we complete the parallelogram 
PCD, F will be its angular point. 

Join GP meeting the ellipse m Q, and PD in V. Then, by 
a known property of the ellipse, 

cv.GF = cqt^ 

and (7F = 2Cr; 

.-. cp^^^cq^, 

and CF^^CQ-, 

tberefore all the particles are in a concentric, simQar, and 
amikrly situated ellipse. 

2. Two perfectly elastic balls are moving in concentric 
circular tubc^ in opposite directions and with velocities pro- 
portional to the radii : at an instant when they are in the same 
diameter and on opposite sides of the centre, the tubes are 
removed and the balls move in ellipses under the action of 
a force of attraction in the commcn centre of the circles varying 
invendy as the square of the distance. After one has per- 
fonned in its orbit a complete revolution and the other a 
revolution and a half, a direct collision takes place between 
the balls and they interchange orbits. Find the relation between 
the radii of the circles and between the masses of the balls. 

Let r,, r^ be the radii of the circles. Then the greatest and 
least distances in the two orbits will be r^, r, in the first and 
r„ r, in the second, where r, has to be determined. 

E 
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Now let hji^ be the values of A in the two orbits, therefore 

h^ vel. in circle rad. r^ x r^ 
K^ ^x*-/ 

=?i (1), 

since the velocities are proportional to the radii. 

. . Aj" _ latus-rectum in first orbit 

h^ "" second ... ' 

T T 
If , 

T T r * r 4- r ^ 

'« ' 8 

... ^ =ri.!iiii (2). 

Also the periodic time in the first orbit » % that in the second, or 



t^-(l)' W = 



^^ r. + r. /8M 
r 



therefore, from (2) and (3), 



1 - /iV !!. 



and, from (3), 



or 



©■-©'{-C-)"}^©'-"- 
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the equation for finding -^ . This equation has only one positive 

1 
root, and that leas than 1, aa it ought to be, n suppose. 

To find the relation between the masses m^ and m^ of the 
balls in the greater and less orbit respectively. Let t?, and v^ 
be their velocities before impact ; their velocities after impact 
will be r, and v^ respectively, m^ and m^ both moving after 
impact in the same direction as m^ the greater did before 
impact Hence, since the elasticity is perfect, momentum lost 
by m, = the whole momentiun lost and gained by m,, or 

and since the balls are at the same distance from the centre of 
force, and moving in opposite directions, 

Hi = *1 = !1* by (1) 



«" 




1 + n' 

the required relation between the masses. 

1851. 

1. If a body describe an ellipse round a centre of force in 
the focus, shew that the sTun of the reciprocals of the squares of 
the velocities at the extremities of any chord passing through 
the otiier focus is constant 

Let PHp (fig. -46) ^ ^© chord through H. Draw the per- 
pendiculars BYy Sy^ HZ^ Hz J to the tangents at those points: 

join SPj 8p. 

e2 



62 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1851. 

Then, by a known property, 

jfp + -^ = y- (X the latus-rectom)^ 
2AC 2AC , _ S.AC 

•'• fip "^■^:%""'^"" L ^' 

BP Bp SAC ^ 
BY By SAC ^ 

or •/ BY.HZ^ By. Hz = JSC, 

BY^ By" SAG 
BC'^ BC^ L ' 

or BY^ + B]^ is constant, 

and the Telodties at P,^, are inyersely proportional to BY^ 8y^ 
therefore sum of the squares of the reciprocals of the velocities 
at Pp are constant. 

Cor. It may also be shewn that the sum of the squares of 
the velocities at the extremities of any chord passing through 
the centre of force is constant. 

For we have shewn that 

BY By ^^ . . 

BY.HZ 8y.Hz ^ ^ 

.". p^ + py = constant, 

or J9C" f -^5 + ;g^) = constant, 

•"• E^ "^ ;&* ^ constant, 

or, taking ^ as the centre of force, the sum of the squares of the 
velodties at the extremities of any chord passing through the 
centre of force is constant.* 



 Thia coroUary was set as a problem in 1848. 
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HYDROSTATICS. 

1848. 

1. An inverted vessel formed of a substance which is heavier 
than water contains enough of air to make it float : prove that 
if it be pushed down through a certain space, it will be in a 
position of unstable equilibrium; and determine the space in 
question. 

When the vessel is floating partly immersed, the weight of 
the water displaced is equal to the weight of the vessel and of 
the air it contains. If the vessel be now pushed down, the 
water displaced, and therefore the upward pressure on the vessel, 
will be increased till the vessel is whoUj immersed; as the 
vessel is now pushed down further the water displaced becomes 
less on account of the compression of the air in the vessel, till 
it comes into such a position that the weight of the water dis- 
placed is only equal to the weight of the vessel and the air it 
contains. This will be a position of equilibrium ; and the equi- 
Gbrium will be unstable, for accordingly as it is a little above 
or a little below this position^ the weight of the water displaced 
will be greater or less than that of the vessel and the air it 
contains. 

This explanation applies to a vessel of a cylindrical form ; 
if, however, it is smaller at the top than the bottom it may come 
into die position of unstable equilibrium before it is wholly 
immersed. To find how far the vessel must be displaced so as 
to come into this pocdtion. 

Let W be the weight of the vessel, V its volume ; a and x 
tbe altitude of the column of air in the vessel in the positions 
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of stable and unstable equilibrium, V'V" its volumes in those 
positions, y the depth of its lower surface below the surface of 
the water in the latter position: a- the density of the water, 
p, p those of the air in the two positions, ^, p' its pressures in the 
same positions. 

Then, equating the weight of the fluid displaced and of the 
vessel and air contained, 

gVa^W + ffVy (1). 

Also equating the upward pressure of the water and downward 
pressure of the air at their common surface, 

g<n/ =P (^)- 

Also, since pressure and density vary inversely as volume, 

p p r 

Again, when the form of the vessel is known, V and V" will be 
known in terms of a and x. Hence equations (1), (2), and (3), 
will be sufficient for the determination of x and y, as well as the 
other unknown quantities, viz. pj p\ and F". Hence y — x^ or 
the depth of upper surface of the air below that of the water, is 
known, and added to the difference of the heights of the same 
two surfaces in the original position of equilibrium, gives the 
space through which the vessel must be depressed. 

2. A uniform piston, terminated by a plane of area A^ per- 
pendicular to its side, is inserted into an orifice in a vessel 
containing fluid; prove that the work done in gently pushing 
in the piston through a small space s is ultimately equal to the 
work done in lifting a portion of the fluid of volume As through 
a height equal to the depth of the centre of gravity of the plaae 
below the surface of the fluid. 

If the space a be indefinitely small, the pressure on each 
element of the piston will be unaltered by the change of the 
piston's position. 
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Henee, if « be indefinitely smaO^ 

work done = product of whole pressiiFe on area A x $y the space 
through which it is moved perpendicular to itself, 

= pressnre at depth z of the centre of gravity of 
A X area A x Sy 

^gpnA^y 

= gpAs.Zy 

= weight of volume As of the fluid x «, 

= work done in raising the volume As through the 
space z. 

3. Two equal slender rods AB^ ACy moveable about a hinge 
at Ay and connected by a string BCy rest with the angle A 
immersed in a given fluid ; determine the tension of the string 
BC. 

Let T =s tension of the string, 
w = weight of each rod, 
2a = its length, 

2Z =s the length of the part immersed, 
a = its inclination to the horizon. 

Then the rod is kept at rest by its weight, the tension of the 
string, the action at the hinge and the fluid pressures which 
have for resultant a vertical upward pressure w acting at a 
distance I from A. 

Hence, taking moment about Ay 

w.a cosa — wJ cosa — 7.2a sina = 0, 



_- a — Z 
T = -- — cota-u? 
2a 



is die required tension. 



1849. 

A body floats in a mixture of two given fluids with a volume 
A immersed ; one half of the mixture being removed, and its 
place supplied by an equal quantity of the lighter fluid, the 
fiame body floats with a volume A ■\- B immersed. Determine 
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the ratio of the quantities of fluid in the original mixture, sup- 
posing the volume of the mixture to be equal to the sum of the 
volumes of the component fluids. 

Expkdn the result when the densities of the fluids are as 
A^ B to A- B. 

Let F, P be the original volumes of the fluids ; o*, a their 
specific gravities. Their volumes in the second mixture will be 
ir and iF + 4(7*+ F) or F + JF; the specific gravities of 
the mixtures will be 

v+v "^^ V+Y' • 

hence, if TT be the weight of the body, 

JWTV 

... ^(F<r+Fcr') = (^ + 5){4F<r+{r + 4F)<r'}, 
.-. {^cr-4(^ + 5)<r-i(^+jB)<r'} F=Ar'F', 
V_ ^^Ba^ 

the required ratio. 

If the densities, and therefore the specific gravities, are as 
-4 + J9to-4 — J9, F'ssO, shewing tiiat the fluid cannot be a 
mixture of fluids of different specific gravities ; in fact, the con- 
ditions of the problem then become impossible. 

1850. 

1. A conical vessel containing a given quantity of fluid has its 
axis vertical, and another cone witii the same vertical angle is 
placed to float in tiie fluid with its vertex downwards ; find how 
much tiie fluid will rise in consequence. 

L^ A be the depth of the original cone of fluid, k the depth 
to which the vertex of the floating cone will sink ; k is known 
from the specific gravities of the fluid and floating cone, z the 
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beiglit through which the fluid will rise. Then 

Yoliune of the cone height A + « _ (A + «)' 

h ¥~' 

3 volmne of the cone hei&^ht h If 

""^ L.;^ = F- 

Therefore, subtracting, 

Tolmne of the fluid after the cone is put into it _ (A + «)' — ^ 

its original volume A' ' 

Niioe the quantity of fluid is unaltered ; therefore 

and « = (A' + Aj')*-A 
is the required space. 

2. A hollow cylinder containing lur is fitted with an air- 
tight piston which, when the cylinder is placed vertically, is at 
a given height above the base ; the cylinder being now inverted 
and placed vertically in a fluid, sinks partly below the surface ; 
fiad the position of equilibrium. 

Let p be the pressure of the lur in the cylinder before the 
cylinder is inverted, and which is known from the given height 
(i) of the piston above the base : p is the pressure due to the 
weight of the piston and atmosphere, 11 the atmospheric pres- 
mre, 10 the weight of the cylinder and piston, z the depth 
below the surface of the fluid of the piston in the position of 
equilibrium, y the distance of the piston from the base of the 
cylinder, p, p the densities of the fluid and uncompressed air ; 
then, for the equilibrium of the piston, 

fluid pressure from beneath = pressure due to the weight of the 
piston + the pressure of the air in the inverted cylinder, 

or gpz -h n =p - n + -p (1). 
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AIbo w + weight of the lur in the cylinder 

=: weight of the fluid displaced, 
z 



w 



+9p'v=ffp i y (2), 



where V\a the volume and h! the height of the cylmder. 
From equation (2) z is known, and thence y from (1). 

1851. 

1. A hollow cone floats m a fluid with its vertex upwards 
and axis vertical ; determine the density of the air in the hollow 
cone. 

Let p be the pressure of the air in the cone, n that of the 
atmosphere, w the weight of the cone, h its height, z the height 
of the cone of compressed air, y the depth of its base below the 
surface of the fluid, /:>, p the densities of the fluid and uncom- 
pressed air. 

Then, equaling the pressures at the common surfiBuse of the 
air and fluid, 

gpy + n s pressure of the compressed air, 

=i' = *n (1). 

Also w + weight of the air in the cylinder 

= weight of the fluid displaced, 

or ^^gp'V^gp^-:^^^Zylv (2), 

where F is the volume of the cone. 

From equations (1) and (2) z and y are known, and thence |7, 
and the required density. 
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OPTICS. 

1848. 

1. If Q, 9 (fig. 47) be two points in the radius of a spherical 
reflecting surface whose centre is E^ such that EQ : Eq :: sine 
of the angle of incidence : sine of the angle of refraction, de- 
termine geometrically the portion of the point P, so that a raj 
proceeding from Q and incident upon the surface at P may 
after refraction proceed from q. 

Bisect Qq in m, and through m draw mP perpendicular to 
EQ meeting the circle in P; Pwill be the point required. For 
if we join PE^ Pq^ PQj we have 

sin^P^ : sinPQJ^ :: QE : PE^ 

and BinEPq : smPqE :: qE : PE. 

Now sin PQE = sin PqE^ •/ z PQE -=^LPqQ^ 

.-. tsmEPQ : sinjEPj :: EQiEqiifiil 

by the question, therefore the ray QP afler refraction at P will 
proceed as if from q. 

2. If a ray of light, after being reflected any number of 
times in one plane, at any number of plane surfaces, return on 
its former course, prove that the same will be true of any ray 
parallel to the former which is reflected at the same surfaces 
in the same order, provided the number of reflections be even. 

Let PQR8 (fig. 48) be the course of any ray which starting 
firom P, after reflection at Q, B and 8^ arrives again at P, 
and is there reflected in the direction PQ of the original pro- 
pagation. Let PQE 8' be the course of another ray starting 
from P in a direction PQ parallel to P^; we have to shew 
that after reflection at 8\ this ray will proceed to P, and there 
be reflected in the direction PQ. Join 8' P. 

Then since the angle QPA = QPA, and QPA = 8PP^ there- 
fore the triangle PpP is isosceles, and the perpendicular from P 
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on PQ =s. that from P on P8. Similarly the perpendicular 
from g onQR=^ that from Q on QP = that from P on PQ 
since PQ is parallel to P'i^; therefore the perpendicular frx>m 
Q on QR s that fi^m P on P8. By similar reasoning it may 
be shewn that the perpendicular from 8' on P8 == that from S 
on QR = that from Q' on QR since ^^ is parallel to QR ^ that 
from P on P/a Hence PS' is parallel to P/5; therefore 8'P is 
the direction in which R'8' vrill be reflected from 8'<, and P' Q^ 
is that in which 8'P will be reflected fix)m P. 

The same proof may be extended to any even nmnber of 
reflections. If the number of reflections were not even we might 
still shew that P^ 8' were equidistant from P8j but they would 
be on opposite sides of it, as P, ^ are of Pfi, and the pro- 
positions would not be true in that case. 

1849. 

If the angle of a hollow cone, polished internally, be any 
Bubmultiple of ISO"*, a cylindrical pencil of rays incident parallel 
to the axis vrill, after a certain number of reflections, be a 
cylindrical pencil parallel to the axis, and of the same diameter 
as the incident pencil. 

Let fig. 49 represent a section of the cone and the light by a 

plane through the axis CD of the cone, and let m^m^ be the 

successive points when the ray PQ^Q^Q^.. cuts the axis CD, 

180* 
(1). Let the angle A CB be an even submultiple of \%(f^ — - 

90* ^'^ 

suppose, or — . 

Now the angle Q^mJ) ^ ACD -^^ CQ^m^^ ACD -^^ AQJ"^ 

=^2ACD^ACB, 
and the angle QjmJ) = BCD + CQ^m^ = BCD + Q.QJB, 

= BCD + BCD + Q.m^D, 
=^2ACB; 
similarly Q^m^D = 3ACB, 



> 

and Qjn^D = nACB ^ dO% 
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or after the n^ reflection the ray wiU be perpendicular to the 
axis GDj and will proceed in a path exactly Bimilar to that 
already described, finally emerging in a direction parallel to 
QJ^j and at the same distance as Q^P firom the axis CD^ but 

on the opposite side of it. 

180" 
(2). Let the angle A CB be an odd submultiple of ISO*'^ •- — - 

auj^ioBe. 

Now the angle Q^Qfi^BCD^-Q^mJ)^ 

=^\ACB-V AGB by the above, 

and the angle Q^Q^A ^ ACD -{- Qjnfi^ 

^\ACB-\-^AGB, 
^lACB', 
similarly Q^Q^B^\ACB^ 

and Q^Q^A^^^AGB^W^, 

or after n reflection the ray will be perpendicular to the side 
CA or GB^ at whidi it has next to be reflected, and will there- 
fore aftier that reflection return by the same path as it came by, 
and will emerge in the direction Q^P. 

Hence, whether A GB be an even or odd submultiple of 180**, 
the emergent rays will form a cylinder equal in diameter to the 
blinder of incident rays, and having its axis coincident with the 
uia of that cylinder, if the angle AGB be an odd submultiple 
of 180°; or if the angle AGB be an -even submultiple of ISO"*, 
the axes of the emergent and incident pencils will lie in the 
flame plane with the axis of the cone at equal distances on 
opposite sides of it. 

1850. 

1. If a luminous point be seen after reflection at a plane 
mirror by an eye in a given position, there is a certain space 
within which the image of the point can never be situated, how- 
ever &e position of the plane mirror be changed; find this 
space. 



62 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1851. 

It is easily seen that the distance £rom the eye of the image 
formed by the mirror equals the actual length of the ray by 
which the point is seen. This can never be less than the direct 
distance of the point from the eye ; hence the image can never 
be situated within the sphere which has the direct distance 
between the point and the eye for radius. 

2. If a be the angle which every diameter of a circular 
disc subtends at a luminous point, shew that the ratio of the 
light which falls on the disc to tbe whole light emitted is as 
sin*Ja : 1. 

About the luminous point as centre describe a sphere with 
radius unity: also with the luminous point for vertex and the 
circular disc as base describe a right cone. Then the light 
received on the circular disc : whole light emitted :: the portion 
of the surface of the sphere intercepted by the cone : whole 
surface of the sphere. 

Now by a known property of the sphere, the surface of any 
portion of the sphere cut off by any plane is proportional to the 
difference of the radius of the sphere and the distance of the 
cutting plane from the centre. Hence the surface intercepted 
by the above cone : whole surface of the sphere :: 1 — cos^a 
: 2 :: sin"Ja : 1, which is therefore the ratio of the light received 
on the circular disc to the whole light emitted. 

1861. 

A sphere composed of two hemispheres of different refrac- 
tive powers is placed in the path of a pencil of light in such 
a manner that the axis of the pencil is perpendicular to the 
plane of junction and passes through the centre : determine the 
geometrical focus of the refracted pencil. 

Let r be the radius of the sphere, u the distance of the focus 
of incident rays fit)m the centre: v^vj). the dbtances of the 
geometrical foci after the successive refractions, positive lines 
being measured in the direction opposite to that of the incident 
light ; fA^fA^ the refractive indices of tiie two hemispheres. 
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Then ^ = ^f^ — i+^« (1), 

- = ^- (2), 

i=iii-hii (3), 



{3) + (2)xi-+(l)x^., 

wbich ^ves t?, tlie distance from the centre of the sphere of the 
geometrical focnB after refraction. 
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ASTRONOMY- 

1849. 

1. There are two walls of equal known height at right 
angles to each other, and ronning in known directions; shew 
how to find the sun's altitude and azimuth by observing the 
breadth of the shadows of the two walls at any given time. 
And prove that the sum of the squares of the breadths of the 
shadows will be the same whatever be the direction of the walls. 

Let Gj h be the observed breadths of die shadows, h the 
known height of the walls; d the angle between the base of 
the wall, the breadth of whose shadow is a, and die line joining 
the shadow of the top of the line of intersection of the walls 
with the bottom of that line, ^ the sun's altitude. Then 

d = tan"* J- , and 4> = tan"* 



are known. Let a be the angle between the wall whose breadth 
is a and the plane of the meridian ; then a^ d is the angle 
between the plane of the meridian and the vertical plane through 
the sun, or the sun's azimuth. Hence both tiie altitude and 
azimuth are known. 

Also a" + J' = the square of the length of the shadow of the 
line of intersection of the walls ; and the height of this line is 
the same whatever be the direction of ihe walls, or a* + b* is 
independent of that direction. 

2. If the same two stars rise together at two places, the 
places will have the same latitude. And if they rise together 
at one place and set together at the other, the places will have 
equal latitudes, but one north and die other south. 

From the bisection of 88' the great circle passing through 
tiie two stars S, 8' draw a quadrant of a great circle perpen- 
dicular to 88' towards the north pole terminating in the 
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pcMiit T, and another towards the south pole terminating in T*. 
Ymij sappose the great drcle containing these quadrants to 
hare its point which is nearest to P the north pole, to the left 
of P (drawing the stars on the convex part of the sphere). Then, 
in Older that the stars &, 8' may rise together at any place, 
its zemth must at some time in the 24 hours come to T; its 
oo4atitude therefore must be TP. Hence if /S, 8' rise together 
It two places, the co-latitude of each must be TP; hence the 
latitudes of the places are the same. If the point of the circle 
Dearest to P lie to the right of P, the zenith of the place must 
paas through r in their daily path and therefore have the same 
latitude, viz. 90** — TP, 5., P being the south pole, 

K the same stars rise together at one place and set together 
at another, the zenith of one must pass through T and that 
of the other through T in their daily paths ; hence they will 
still have equal latitudes, but one will be north and the other 
aoudi. 

1850. 

1. Prove that all stars which rise at the same instant at 
a place within certain limits of latitude, will, after a certain 
interval, lie in a vertical great drcle; and determine those 
Umits. 

This will happen when the zenith of the place comes to that 
great circle of the heavens which at the time of the stars' rising 
was the horizon of the place. Hence it can only happen for 
those places for which the altitude of the pole is less than the 
oo-latitude : but the altitude of the pole is the latitude, hence 
if Z be the latitude, I must be less than 90° — l or I less than 45^ 

2. Shew how to find the days of the year on which the 
lig^t of the sun reflected by a given window which has a south 
aspect will be thrown into some one of the lower windows of an 
opposite range of buildings. 

Corresponding to each window opposite, let that point of the 
besYens be determined, which lies in the same plane as that 
window and the horizontal line through the reflecting window 
pointing to the south, and at the same angular distance from this 

F 
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line as the opposite window in question, and on the opposite 
side of it. Let the north polar distance of this point or its 
declination be then observed ; the reflected light will enter the 
window in question on those days when the sun has this de- 
clination. Similarly, the days when the reflected light will 
enter the other windows may be determined. 

1851. 

Altitudes of the same heavenly body are observed from the 
deck of a ship and from the top of the mast the height of which 
from the de(^ is known : find the dip of the horizon and the 
true altitude. 

Let AB^x^ BG=h (fig. 50) be the height of the deck 
from the sea, and of the mast respectively ; OA = r the radius 
of the earth. The difierence (a) of the observed altitudes is the 
Bsi^le BFG or DOE. 

Now cobCOJE = T , and cosOOJO = 



r + h + x^ r + «* 

.-. DOE = cos"* . !* . cos"* — — = a, 

r + A + a? r + X ^ 

an equation for the determination of x. 

Then the dip of the horizon = OBJD = sin"* — ; — b known^ 
* r + X 

and subtracted from the altitude observed at B giYea the true 
altitude. 

From the above equation we may determine x with suflicient 
accuracy thus : 

VT^r {r^h + xy\ "r + h + xY^J^+^l "^"^ 

{2r(A + aj)}* (2ra;)* 

or ^ — ^ ^-^ — ^ — — = sma, 

r r ^ 

omitting h and x in comparison of r ; 

2(h + x) .J . . /2aj\* , 2x 
/. -^ ' = sm"a — 2 sma — H , 

/2a3\* - . h 
.'. I — 1 =Jsma coseco^ 



/. . h \* r 

or 2; = f^sma oosecaj ^. 



PART IL 



F2 
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PART II. 



EUCLID. 

1848. 

1. AB, CD, (fig. 51) are aay two chords of a drcle paasiiig 
doongh a fixed point O, EF anj chord parallel to AB; join 
CE, DF meeting AB in the points G and H, and DE, CF 
meeting AB in the points K and L: shew that the rectangle 
OG.GH = OK.OL. 

The triangles OGQ, OHD have the common angle O, and 

^ OCD = 180' .- EFD = EFH, 

= OHD, 

aince EF is parallel to AB ; hence the triangles OCG, OHD 
we mmlar, .therefore 

00 : OG :: OH : OD, 

or OG.OH = OC.OD. 

Again, z OCD = OEF = DKO, 

■nee EF is parallel to AB; hence the triangles OLC, ODK 
ue omilar, therefore 

OC : OL :: OK : OD, 

or OL.OK = OC.OD, 

.-. OG.OH = OL.OK. 

2. In a prea drcle inscribe a rectangle equal to a given 
rectilineal figure. 

Let AB (fig. 62) be a diameter of the ^ven drcle ABC. 
Draw a square which shall be equal to the rectilineal figure 
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{Euc. II. 14) ; through D any point of AB draw DE perpen- 
dicular to AB, a third proportional to AB and the side of the 
square. Through E draw EC parallel to AB, meeting the circle 
in C; join AC, BC, and complete the parallelogram ACBF: 
it shall be the rectangle required. 

For C and F are each right angles, being the angles in a 
semicircle, therefore ACBF is a rectangle. Also its area equals 
AB.DE which equals, by construction, the square which equals 
the given rectilineal figure ; therefore it is the rectangle required. 

3. Through a given point A (fig. 53) describe a circle whidi 
shall touch a given circle BCD, and intersect anotlier given 
circle LEF in a chord passing through a given point G. 

From G draw any line GEF intersectmg the cirde LEF in 
the points E, F ; join GA, and in GA produced if neeeasary, take 
the point H, such that GA.GH -= GE.GF. Through the points 

A, H describe any circle cutting the circle BCD in the points 

B, C ; join BC, and produce it to meet GA in K. From K draw 
KD a tangent to the circle BCD. About ihe triangle AHD 
describe a circle, it shall be the <nrcle required. 

And first it shall touch the oirde BCD: for since KD 
touches the circle BCD, 

KD" = KB.KC = KA.KH, 

since one circle has been made to pass through A, H, C, and B ; 

and therefore ED touches the circle in question as well as the 

circle BCD, therefore the two circles touch. Also the chord in 

which it intersects the circle LEF will pass through G. For 

suppose L to be one of the points in which it intersects the circle 

LEF ; join GL and produce it to meet the two circles in M, M'. 

Then 

GL.GM = GE.GF = GA.GH, by construction ; 

also GL.GM' = GA.GH, 

since H, A, L, M', lie in the drcumference of the same circle, 
therefore GM = GM' or. the pomts M and M' coincide, and 
GLM is the chord in which the circles intersect, and the chord 
passes through G as required. 
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Hence the circle drawn as above defloribed fulfils the required 
ooiiditi<HiS| and is therefore the oirde sought. 

1849. 

Three circles are described, each of which touches one side of 
a triangle ABC (fig. 54), and the other two sides produced. If 
D be the point of contact of the side BC, E that of CA, and F 
diat of AB, shew ihat AE » BD, BF = CE, and CD ^ AF. 

Let AB, AG touch the circle GDH in G, H; then 

BG « BD, and CH = CD, 
also AG^AH, 
.*. AB + BD s AC + CD s semiperimeter of the triangle, 
nmilarlj, B A + AE = semiperimeter of the triangle : 
.-. BA + AE = AB + BD, 
and AE=::BD; 
and nmilarij, BF = CE and CD « AF. 

1851. 

1. Let T (fig. 55) be a point without a circle, whose centre 
is C ; from T draw two tangents TP, TQ ; also through T draw 
any line meeting the circle in Y, and PQ in B, and draw CS 
perpendicular to TV; then SELST « SV". 

Join GT, intersecting PQ in U at right angles ; draw CP; 
it will be perpendicular to PT. 

Since the triangles CTS, BTU are similar, 

CT:TS::RT:TU, 

.-. TS.TR = TC.TU, 

or ST» - ST.SR = CT" - CT.CU, 

= ST» + C8« - CT.CU, 

.-. ST.SR = CT.CU -CS": 

bnt CPT, PXJC are both right angles, 

.-. CT.CU = CP = CV, 

= SV + CS', 

/. ST.SR = SV». 
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2. If a circle be described round the point of intersection of 
the diameters of a parallelogram as a centre, shew that the sum 
of the squares of the lines draivn from any point in its cir- 
cumference to the four angular points of the parallelogram is 
constant. 

Join P any point in the circle with A, B, C, D (fig. 56) the 
angular points of the parallelogram, and with O the centre of 
the circle. Then, since OB = OD, the square of BP is greater 
than the squares of OP and OB by the rectangle by which 
the squares of OP and OD are greater than the square of DP 
(Euc. II. 12, 13) ; hence 

BP + DP» = OB" + OD" + 20P" is constant: 
similarly, AP" + CP = AO" -h 00" + 20P is constant, 
therefore also AP + BP + CF + DP is constant 

3. (a). Let B (fig. 57) be any point in the circumference of a 
circle whose centre is A ; in AB take two points C and D, such 
that ACAD = AB"; bisect DC in E, and draw EF at right 
angles to AE ; in EF take any point G, then will the tangent 
drawn from G to the circle be equal to GC. 

Draw GF the tangent to the circle, join CG ; then 

AG"» GF + AF" = GF + AB", 

also AG" = GE" + AE" = GE" + CE" + AC.AD(JSMc.n.6), 
= CG* + AB" by construction ; 

/. GF + AB" = CG" + AB", 

and GF = CG. 

(^). Describe a drcle which shall pass through a given point, 
touch a given straight line, and cut orthogonally a given cirde. 

Let D be the given point, BFL the given circle, KH the 
given line intersecting AD in H. 

In AD take AC : AB :: AB : AD, and HK a mean pro- 
portional to HD and HC ; the circle through CD and K shaU 
be the required circle. 
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For the centre of tiiis circle will be at some point G of EG, 
and since 6F = GrG, will pass through F, catting the circle BFL 
orthogonally at that point. 

Also since HK is a mean proportional to HD, HC, or 
HE* = HD.HC, HK will touch the circle throngh the points 
C, D, K ; hence that drde fiilfils all the required conditions and 
18 die circle sought. 
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ALGEBRA. 

1848. ^N 

1. A walks to Trampington and back by Granchester in 
1^ hour, starting between 2 o'clock and 2f ; B walks the same 
distance in the same direction in labour, starting between 2 
and 2^: find the chance that A overtakes B before he gets 
home. 

Unless A starts after B he cannot overtake him. 

Now if he starts between 2 and 2^^ it is an even chance 
whether he starts first or not ; otherwise he cannot. Hence A^s 
chance of starting before B » ^.^ = ^. 

Again, A gets home between 3^ and 4, B between 3^ and 3f ; 
therefore A has an even chance of getting home first ; therefore 
also his chance of getting home last = ^, and chance of his not 
overtaking B = chance of his starting first + chance of his 
getting home last 

therefore chance of A overtaking 5 = 1 ~ f , 

the required chance. 

2. A parallelopiped is cut by three systems of parallel planes 
given in number, parallel to the three pairs of opposite feces 
respectively : find the total number of parallelepipeds formed in 
every way. 

Let nij fly p^ be the given number of intersecting planes 
parallel to the three sides respectively ; we thus have m + 2, 
n + 2, j9 + 2 parallel planes in three several directions. 

Now, out of the first set of parallel planes we may make 

2 ^^ ^^ ^^ ®*^^' Similarly, out of the other two 

«t8 we may make ("+'f+^> , {£±^M±1L ^^ respectively. 
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Kow eadi paraUelo]^ped is formed bj taking one out of each 
of the above sets of two parallel pUuaes, therefore the total 
nomber of paraUeloiMpeds will be 

(m + 2){m+l) <n + 2)(n+l) (p+g)(j> + l) 
2 • 2 • 2 ' 

_ {m+l){n + i){p + l){m + i){n + 2){p + i) 
die rec[oired nmnber. 

3. If (/8-a)(y-OTa) = (n/S-ina)(aj-a) (1), 

and (/8'-«')(y-i»/90 - (»n/9'-«a')(aj-/90 (2), 

Takmg (1) {fi! — a') — (2) (/8— a), so as to eliminate y, we get 
«{/9-a)08'- a'JOS*- a)= {(n/3 - ma)[ff- a*) -{mff-na'){fi- a)]x 

or «{{/9 - a)(/3« - o'/S') + (/y - a')(a« - o(/S)} = (n - »»)(/9i8' - «o')aj 
-n{03'-o')o?/3 + 09-a)a'i8')}+m{{i8'-aV+(/3-a)/9^), 
.-. (n-«»){08'-a')oy9 + 08-a)a'/8'} = (»-«»)(/3/8'-«a>, 

and dividing by oa'ySjS', 



a; 



/J 1 \ _ g -I- «' 



fiia^ 



4. (a). Sbew that the integral ports of (3^ + 1)"^' and 
(3* + 1)** + 1 are respectively divisible by 2**"* where m is 
any integer whatever. 

The integral part of (3* + l)"^* is (3* + 1)-^ - (3* - 1)*^*, 
since it is a whole number, and (3^ — 1)"^^ is less than 1. 
Now generally 

+ a?i/'{ar-*+jr^) + ... + aTjr. (A), 

and if 05 = 3* + 1, y = 8* - 1, 
aj-y = 2, ay = 2, 
/. (3* + l)*^' - (8* - in' = 2 [{(3* + 1)"" + (3» - 1)"-} 
+ 2 {(3* + 1)"^ + (3* - 1)"^} + ... + 2"]. 
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This part o£ the question, then, redaces itself to shewing that 
(3»+ 1)- + (3*_ I)- ia divisible bj 2". 

Agiun, the integral part of (8*+l)""+l is (8*+l)""+(3»-l)"', 
since this is a whole number and (3*— 1)*" is less than 1 ; hence 
the second part of the question reduces itself to shewing that 
(3* + 1)*" + (3* - 1)"" is divisible by 2****, and therefore indudes 
the first part. 

Now (3» + ir + (8* - 1)«" - (4 + 2.8»)'" + (4 - 2.3*r, 

= 2"{(2 + 8*r+(2-3»n, 
which is evidently diviable by 2'^*. Also generally 

.-. (8* + 1)*^ + (3* - !)•*« = {(3» + 1)" + (8* - 1)"} 
[{(3*+ 1)" + (3»_ 1)-} -2»{(3» + l)*^+ (3*-l)*^} +...+ i-pT], 

= 2*[...], 
which, since (8*+ 1)*" + (3*- 1)*" is divisible by 2'^», is divisible 
by 2"^, and tiierefore hjbrtuni by 2»*« or 2t*^'>*\ 
Hmice, whether m be of the form 2n or 2n + 1, 

(3i + l)«- + (3*_l)«- 

is divisible by 2**^', and both parts of the proposition are true. 

(fi). Prove that for a ^ven integral value of a, there are 

(1), a integral values of b which will make the integral part 
of (a + i»)"^' divisible by 2"" ; 

(2), a integral values of b which will make the integral part 
of (a + J*)"**' + 1 divisible by 2"+' ; 

(3), 2a integral values of b whidi will make the integral part 
of (a + 6*)- + 1 divisible by 2"*\ 

(1). The integral part of (i»+ af^' = (6»+ a)"**' - (6*-o)*^», 
provided ft* — o < 1 and > 0, t.e. if b lie between a* and (a + 1)', 
wluch gives only 2a values of b. 
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Now by equation (A), 

Now Biiioe 6 is only to have [a) values, we may make b ^ a^ 
even, and then the problem is reduced to shewing that 

is divinble by 2", which will h fortiori be true if 

{the mtegral part of (ft* + a)^+ 1} be divisible by 2***, and 
dierefore (1) reduces itself to (3)« 

(2). The integral part of (a+i*)"*"+l=(a+ J*)"^*+{a-ft*)'**\ 
proyided a — 6* < 1 and > ; therefore b must lie between a* 
and (a— 1)*, and it will appear by a precisely similar process to 
die above that (2) reduces itself to (3). 

(3). The integral part of (a + J*)"* + 1 « (a+ J»)*" + (a - 6*]r, 
provided a — 6* < 1 and > — 1, i,e, if & lie between (a— 1)* and 
(a+l)*, giving only (4a) admissible values of b. 

And if we further make b — c? or a* ^ b even, the number 
of values of b will be reduced to (2a). 

Then, these conditions being satisfied, (3) can be proved as in 
(a), only writing 6* for 3* and a for 1. 

Hence the propositions enunciated are true. 

1849. 

1. A quantity of com Lb to be divided amongst n persons, 
sod is calculated to last a certain time if each of them receive 
s peck every week ; during the distribution, it is found tiiat one 
person dies every week and then the com lasts twice as long as 
was expected : find tiie quantity of com and tiie time that it lasts. 

Let X = the number of pecks of com, 

y = weeks it is expected to last, 

then - s the whole number of persons = n ; 
or X ^ ny (!)• 
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Also n = number of pecks distributed in the Ist ureek, 
n- 1= 2nd , 



• • .« • . 



n - r + 1 ss r^ 



•? 



and H lasts 2y weeks ; therefore 

n + (n— l) + (n — 2) 4- ... + (n — 2y+l) = whole quantity of com, 



• • 



or {(2(n-y) + l}y = x (2); 

.-. by (1) 2(n-y) + 1 = n, 



•- y = 



n + 1 
"~2 



J 



n(n + l) 

and 2y = w + 1, 
which determines the quantity of com, and the time it lasts. 

2. If ^C^ be the number of combinations of m things taken r 
together, and^ be leas than m and n, shew that 

We have (1 + xf[l -h a?)* = (1 + xf^. 

Now the coefficient of x^ in (1 +xy is ^CJu: also the coef- 
ficient of af in (1 + a?)**** must be the sum of the products of the 
coefficients of a;' in (I + xY multiplied into the coefficient of 
a?*^ in (1+ a;)* taken for all values of r from to p. Hence 



3. If ^Cr be the number of combinations of n things taken 
r together, prove that if a be an integer greater than 1, then 
will ^C^ be greater than (.C7^)*. 



n^:H? 
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The total nmnber of combiiuitions which can be made out 
of fia things is ^(7^. But if we divide the na things into a sets 
of n each, and restrict onrselTes to those combinations containing 
ro things whicli can be made bj taking r out of each set^ we 
ahaUget, since .C, combinations of r things may be made out of 
each set of n things, {^GJ)* combinations. 

Hence, since ^G^ includes every posnible mode of formations, 
and i^C^Y only one particular one, it is dear that 

«<?« > Lcy. 

4. J£p be greater than unity, 

1 1 1.2 L2.3 



p-1 p + 1^ (i^+l)(i>+2) ^ (i>4-l)(i>4-2)(^4-3) 

and if it be less, 
1 1 1.2 1.2.3 , 



l-p l+i?^ (l+i?)<H-2p)-^^ (l+i>)(l + 2p)(l + 3p) 

We have in genenJ, when/? is greater than unity^ 

1 1 ^ n+ 1 1 

^—1 J? + n"j? + «'^ — 1' 

1 1 , n + 1 1 

J? — 1 p + n j7 + nj? — 1' 

thcarefore, putting successively n = 1, 2, 3 , 

_1 1_ 2 1 

1_ 2 / 13 1 N 

"F + 1 "*"i> + 1 Vi? -f 2 "^^ + 2 > - 1/ ' 

1 1.2 1.2.3 1 

1_ 1.2 1.2.3 

"i^ + l "*■ {p + l){p + ^) (i>+l)(l' + 2)(i> + 3) 
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J{p be less than xmity^ 

_l 1_ ^ {n + l) p I , 

1— J? 1+np'^ l+«p 'l— p' 

tlierefore^ putting n = 1, 2, 3,... successivelj, 
I — p 1 +j? 1 +p ' 1 —2? ^ 

1 +p ^ 1 +^ u + 2p ^ 1 + 2p • 1 -^y ^ 

- 1 +i> "*■ (1 +i?Kl + 2p)^ ■*■ (1 +p){l + 2p)(l + 3^) P 

+ 

5. A bag contains three bank-notes, and it is known that 
each of them is either a £5, £10, or £20 note ; at three sue- 
cessiye dips into the bag (replacing the note after each dip) a 
£5 note was drawn : what is the probable value of the contents 
of the bag? 

There are «ix possible states of the bag, viz. 

(1). 3 £5 notes in which case the value would Be £15. 

(2). 2 £5 and 1 £10 £20. 

(3). 2 £5 and 1 £20 £30. 

(4). 1 £5 and 2 £lO £25. 

(5). 1 £5 and 2 £20 £45, 

(6). 1 £5, 1 £10, and 1 £20.. £35, 

and these are all h priori equally possible. 

Now the chance of the observed event in case (1) is 1, 

(2) or (8) ®'or^, 

W (5) or (6) a/ori, 

therefore the probable value of the contents is 

1 X £15 + ^(£20 + £30) + j^(£25 + £15 + £35) 

1 + 2 x^ + 3 xi » 

I? 
= £19 15«. 7grf. 
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1850. 

1. Prove that the sum of the fractions which are intermediate 
in magnitade to any two numbers m and n, and have 3 for a 
denominator, is n* — m*. 

The fractions, together with the intermediate whole nmnbers, 

^1*>« 3m + 1 3w + 2 3n- 1 

3 ' 8 ' 3 ' 

. . /3m +1 3n - 1\ (3n - 1) - 3m 
whose sum is ^ — - — + — ^ — j ^ ^ , 

_ {m-^-n) {3(n — m) — 1) 

2 ^ 

and the sum of the intermediate whole numbers is 

(m + 1) + (m + 2) +...+ (n- 1), 

= {{m + l) + {n-l)} ^ , 

• _ (m + n) (n — m — 1) 

2 "' 

therefore the sum of the fractions is 

(m + «) {3 (n — m) — 1} (m + «)(«— mr- 1) 



= n — m . 



2. There are a number of counters in a bag, of which one is 

marked 1, two marked 2, up to r marked r ; a person draws 

a counter at random, for which he La to receive as many shillings 
as the number marked on it : find the value of his expectation. 

Since the person is as likely to draw one counter as another, 
the value of his expectation 

_ total value of contents of bag 
~ number of counters in bag ' 

l* + 2* + ... + r» ,.,,. 
= l + 2+...-fr ^^^^"^- 

a 
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Now V + 2' + ... + r' = ^ ^ ^^ ^ J 

r(r + l) 
1 + 2+... + r = -^-2--^^; 

... , ,. r(r + l)(2r + l) . r(r+l) 
hence his expectation = -^ -z s ^ — j 

= — - — Bnillings. 
3 

3. If a, 6, c be in hannonic progression, shew that 

- + - + 7 + 7 = 0. 

a c a — o c —o 

T^ L 1 1 1 

Let A = ^, « = 5g:p5, ""^W^ol' 

then -+- = 2A 
a c 

and a - 6 =s 



c-J = 



fi + a /8' 
1 1 



~/8(/3-a)' 

,-. _J_ + _L_ = ^(^-«) _ /8(/3+«) 
'*o — 6c — 6 a a ' 

= -2)8, 

,.1 + i+l 4.-^=0. 
a c a —6 c — o 

4. If there be z counters of which z^ are marked m ; «^, n,... 
with or without other marks; z^^^^ w, n, with or without other 
marks; ««,»^p,^... marked w, w, jp, j...; the number unmarked 
is » — 2«^H- 2i5^,^— 2;5^,^p+..., 2 involving all combinations. 
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Let D^ denote the operation of selecting from the counters 
those marked with w, D^ those marked with «, &c. Then it is 
manifestly the same thing whether we first select from the heap 
those marked m, and then from these, those also marked n ; or 
whether we first select those marked n^ then from these^ those 
marked m ; or at once select those maiked m, n. This may be 
Bjinbolically expressed thus : 

M n n m fiiifi / 

omflarij, we have in graieral 

DDD... = DDD... = ... . D ; (1). 

Also 1 — D^ will denote selecting those unmarked with »n, 
1-2)^ those unmarked with n, &c. Hence the whole number 
unmarked ^ (j _ 2>j (j _ i)J...e, 

= (1 - Si), + 2Z)„. - 2i),.^, +.. .) 2 ; 

ainoethe symbols 2>^, X)^,.** ^^^^ t>^ii shewn (equation (1)) to 
be commutative 

IB HI,* taiMip 7 

the required number. 
5. Prove that 

and ifa!?-f-ay+y = a, ^(^ + y) = ^i *^<i ^ t>6 any positive 
integer, shew that 

"^••••^ 3X7:2^^ ** ^ ^•••• 

(at). Let i? be a quantity, such that 

ic + y 4- « = 0; 

then aT + y*" + (a^ + y)'^ = ar** + y«" + «'", 

02 
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and aj^ + ay -f y" = {x+yY - ay, 

= -«(a;+y)-ay, 
= - {j/z + zx^-xy)^ 
ay(a?+y) = -a?ya; 
therefore, taking the notation of the latter part of the question, 

y« + «a? + ay = — a, 
ay« = - 6, 
therefore a?, y, z^ are the roots of the equation 

{•-af + i = 0; 

= l-;p(a-|), 

.•.log(l-|)4-log(l-|)+log(l-|)=log{l-^(a-|)},- 
x + y + g . 1 a? + t/' + ^ . . 1 aT+y + g" . 

therefore equating coefficients of p^ii , 

%H^ ^ ' n n-1 1.2 

1 (n^2)(n^3)(n-4)(n^5) 

"*";r::2 i:2:3i[ "* ^ ■*■••• 

1 (n-r)(n-r-l)...(n-3r+l) ,,^,™ 
■^^nr 1.2..,2r "* ^■^••' 

n 2 ^ 2.3.4 

(n-r-l)...(n-3r-H) ,.^^ 
"^ 2.3.. .2n '^••- » 
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.-. a?" + y** + (a?+yr = 2a* + n{n - 2) a^b* 

^ n(n-3)(n-4)(n-5) ^^y_^ 

«5.4 

n(»-r-l)...(n~3r + l) ,H»r, »- . 
■^ 3X7:2; "" ^ ■^••'• 

Hence putting n = 4, we get 

a^+/ + (iB + y)* = 2(a!* + a?y + 3^)* + 8(0^ + 35^ + 3^) aj^y'(a; + y)^^ 

6. (a). If a be less than by prove that (rj is increased bj 
adding the same quantity to a and b. 

(ff). And if n be greater than 1, shew that (t] > (-?— r I ; 
by means of tluB formula prove that ^*^ ^"*-*^ 

(ttj + a^ +. . .+ aj* > n*afi^, . .a^^. 

(a). Since a is less than bj we may put a = i — c, where c is 
a positiye quantity less than b ; then a and & will be increased 
by the same quantity if we increase bj c remaining constant ; 

■'• S) "0"3 = a? suppose; 
.-. loga? = (26 - c) log (1 - I) > 

, /c 1 c" 1 c* \ 

=-c{2+(|-i)|+g-^)^.+..+ g-^jP+..}, 

which is manifestly negative, since the coefficients being of the 

form ( T J are positive ; and the absolute magnitude of the 

series is diminished by increasing 6 if c remain unaltered ; hence 

T J , is increased by adding the same 
quantity to a and b. 
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O , . ., .. - a? 



(iS).* First, let j- be greater than unity = 1 + - suppose ; 
we have then to shew that 

these quantities when expanded by the Binomial Theorem become 
1 -r^-r J 2 -^ ^ 1.2.3 ^ ' 

and 1 + 0? + •— >i— — — a; + af +... : 

^ ^ 1.2 1.2.3 ' 

all the terms of both series are positive, and each term of the 
first series greater than the corresponding term of the second, or 

(' - 1) > (• - ;r^)' -^ & > (S^n 

when a is greater than b. 

Next, suppose j- less than unity = 1 suppose, we have 

to shew that 

(.-9->l^r«('--,r< 

or that ^1 ^) > (1 - «)"" ' 

these quantities when expanded by the binomial theorem become 

i + JL (i+ _^)^^.^^ 

w — 1 J, \ n— 1/\ w— 1/ • 
^ ^ 1.2 ^ 1.2.3 ^ 



1 + 



n , V n/ \ nJ 



and l + a, + _-a^ + j^^^^ a?+...; 



* This part of the solution is given by Mr. Thacker in a recent number of 
the Cambridge and Dublin Mathematical Journal^ No. xxy. p. 81. 
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an tilie tenns of both series are poritiye, and each term of the 
first series greater than the corresponding term of the second, 
and therefore the proposition is true in this case also. 

Now let the n quantities a,, a,,...a^y be in ascending order of 
magnitade ; then 

by the aboye. 



> 



hence bj multiplication 

^-i \ *J >a,a,...a^, 

or [a^ + a, +. . .+ aj* > n {a^a^. . .aj* 

7, If -^ be the r*^ fraction converging to — , and rC be the r^ 

remainder in the process for finding the successive quotients, 

prove that 

m p p 

n i Pi' 
Let -2^ , ^^ be tiie (r-S)*** and (r- 1)*** converging frac- 
tiong respectively ; m' tiie r*^ quotient, n" the (r — l)*** remainder ; 

2 = ^'?r.l + Jr-. 



^ 
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And the fraction — may be derived from -^ by writing wi'4- -77 
for m! in the above expressions for j? and q ; 



« 7^ n\ 



m 



Now — is in its lowest terms, and n is prime to n'\ 



71 



n = (w V + n') q^^ + n"q^, 

A ^ P ^ '^^ ^ ^P 

n q nq ^ 

nq ' 

n 

nq ' 

8. Find the probability of drawing a black and a white ball 
the same number of times from a bag which contains an equal 
number of each ; the balls being drawn one by one and replaced 
after each drawing, and the number of drawings being the same 
as the number of balls in the bag, but this number is unknown, 
any number from 2 to 2/1 being equally probable. 

Suppose there are 2x balls in the bag; the number of 
drawings will then be 2a;, and the number of possible ways in 
which the balls may come out = 2**. 

Of these the number of favourable cases equals the number 
of permutations of 2x things taken all together, of which x are 
of one kind and x of another, 

_ 1.2. ..2a? 
""(1.2...a;)»' 

_ (a;-f l)(a;4-2)...2a; 
i.« . . »x 

therefore chance of proposed event on this supposition 

2*' 1.2...^ 




ALGEBRA. 89 



\*i 



Now the chance of there being 2x balls in the bag » - what- 
ever number > 0, :^ n, x may be. Hence the chance of the 
proposed event 



_lfj^2 J_3^ 1^ (n-H)(n + 2)...2n ) 

~ n V 1 "^ 2* 1.2 ■*■•••■'■ 2- 1.2.. .n j * 

1851. 

1. If -^ , T7 ^ fractions in their least terms, the denominators 
o o 

of which do not exceed a ^yen number n, the former fraction 

being given, and the latter determined from it by taking for 

a and b' the greatest values of x and y (y not greater than n) 

yfincik satisfy the equation bx -- ay = 1, then of all the fraction 

in their least terms, the denominators of which do not exceed n, 

the fraction j-, exceeds j- by the smallest quantity. 

We have a a ha' - ab' I 

we nave ^ j- jj, - j^, , 

nnce a , h' are values of x and y in the equation bx — ay =i I, 

Let 3 be any other fraction in its least terms whose de- 

nominator does not exceed n, then 

a a 6a — afi in 

/8 "■ 6 " "P""" "■ bfi ^^' 

m being some integer greater than 1 ; then a and fi are values 
of 2 and y in the equation 

bx — ay ^ m. 
Now this equation is satisfied by 

X = ma ± qaj 
y =r mb' ± qhj 
^ere q is any integer. 

Agiun, the successive values of x and y which satisfy the 
equation bx — ay = 1, 
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differ by a and b respectively ; hence, as V is the greatest value 
of y, less than n, in this equation, i' -h J > n, therefore h fortiori 
wJ' + &>n. Hence fi cannot be of the form «i6' + j&, since 
it is less than n. 

Neither can it be of the form wi'; for then a would = wia', 

and 3 would not be in its least terms. 
Hence /8 must be of the form inkl — qb : 



a 


a 
'I 


m 
^ mhh' 


> 


1 






a' 


a 


• 



or of all the fractions in their least terms, whose denominators 
do not exceed n, ^y exceeds r by the smallest quantity. 

2. The sum of the series r^+j + ^i+j + 51+3 + ... to infinity, 

where h is positive, is greater than (2* — i) -r- (2* — 1), but less 
than 2* h- (2* - 1). 

Let 8 be the sum of the given series. 
Then 



^ = ii+a 


1 
+ 2i+a + 


V8'*» ■*■ 


W + 


V5'*« 


+ gi+a 


1 

+ yi+a 


+ 01+3 1 + '•• 


1 


1 


U-* + 


H + 


(gi+i 


1 


1 

+ gi-K3 


Qi+aJ "^ ••• 


1 


+ 2 lv2'*« 


4 

1 ^ 4t+4 


8 

+ gl+4 + 


,...) 









i i/'-L 11 ^ 

li + 2\2»'^4*''"8*"''"'7 



>l+i 



2 2»-l 
2»-l* 
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Again, 

< p+i + \^i + 2^ j + (^^a + 41+3 + Ji+a + 41+5) 



"^ la + 2* "^ 4* "^ ••' 



'-^. 



2* 



2*-l* 

Henoe 8 lies between — i — ^ and -^ . 

2* — 1 2* — 1 

3. Solve the equation 

1 l-x 1 1 -a 



X 



-a- -— +— — = 0; 



1— a? a; 1— a a 

and thence infer the resolution of the first side of the equation 
into factors. 

We see at once that the given equation is satisfied bj a; = a. 

Again, for a write ; , then 

' 1 — a 

1 _ 1 _ l--a' 

1 - a ^ _ 1 " a' » 



1 - 



1-a' 
1 



1 - a 1 - a' 

a 1 



1-a' 

Hence the given equation becomes 

1 l-x , 1 i-a' 

1 — a? X 1 — a a ' 

of which a or is a root, 

a 
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a ^ 1 

Similarly, — -, — is a root of the ^ven equation. 

a 

But lJli= « ^ 



a g- 1 1 - a ' 

a 

therefore the roots of the given equation are a, — — , ; 

and the first side may therefore be put into the form 

4. From the equation 

ab[c + d-e-f) + cd{e-\-f-a-b) + ef(a + i-c-rf) = 0, 

determine^ in terms of 5, Cy d^ e^f^ the ratios a — cia'-dj and 
a-^e: a — /; and shew that the relation between the six letters 
may be expressed in the form P== Qy where P and Q are each 
of them tiie product of three differences of pairs of letters, or 
in the form B = 8j where B and 8 are each of them the product 
of four differences of pairs of letters. 

(a) From the given equation we get 

cd[b-e-f) + ef[c + d--h) ^ 

^"^ '^ib{c-^d-e^f)--cd-^ef 

SimUarly, a-rf= - (6-c) ,, ^Z^JJz/) . 

a — c_5 — rf c — c c — y 



a — <i b — c ' d" e* d—f 



(2). 
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In the same manner it may be shewn that 

a " e ^h — f e — c e — d . . 

[fi) Prom (1) we see, by interchanging c with e, d with/, 
which does not alter the original equation, that 

"* "^ ^^ ^h{e+f^c-d)^ef^cd' 

^ a-c ^ b-d (c-e) (c-/) , 
' ' a — e b —f [e — c) (e — c?) ' 

... (a-c) (ft-/) («-rf) = (J-rf) (c-/) (a-«), 

which expresses the relation between the six letters in the form 

(7) Again, by (2) we get 

[f,^c) {b^c) (rf-6) (rf-/) = (a-rf) (J-rf) (c-e) (c-/), 
which is in the form B= 8. 

5. K c^ + 1 be exactly divisible by j?, and - be converted 

into a continued fraction, until two consecutive reduced fractions, 

— ,—;,, are found, such that jp* > n < w', then 

p ss {na — mpY + n\ 

It is manifest that 

by the property of Continued Fractions. 

But -7 = ± — 7 ; 

n n nn ^ 



.-. («a-mp)»<^; 
and ♦i'* > i> ; 
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therefore, h fortiori^ [na — mpY < p^ 
and w* <p] 

.•. {na — mpY + r? < 2p. 

But {na — mpY + n* = n*(a* + 1) — 2mna,p -f wi^, 

which must be divisible by ^, since a* + 1 is so : 

and {na — mpY + n* has been shewn to be < 2p, and it must 
be positive; therefore we most have 

{na — mpY + n* = p. 

6. J£ {a+)9+7+...}' denote the expansion of (a+)9 4-7-1-...)'', 
retaining those terms -ft7ix")S*y&'... only in which 

b + c + d+ ... I^p — 1, c + rf-l- ... ^ p — 2j &c. &c., 
then 

*This theorem may be put into a rather more convenient 
form by writing x — a for a?; we have then to shew that 

(aj-ar = a:»-n{a}^(x + )8r + '?^^^{a + )9r(a: + )9 + 7)^ 
or, writing a, for a, a^ for )9, &c., 

- "^""oi""^^ {«.+«»+«.}• (a^+a.+a.+«,r + (1). 

The proof of this depends on the expansion of the quantity 

{a, +«,+ ... + Op}". 



x"" 



• For the solution of this problem we are indebted to Mr. Cayley. 



r 
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Ejqmndmg by the Binomial Theorem, 

To pass to {a, + 0^ + ... + o^}'. The sum of the indicee of 
fl^ a„ ... o^ are not to exceed^ — 1 ..., and generally the sum 
of die indices of a,, a,^.j, ... a^ are not to exceed p — r + I. 
Hence in (a, + a^+ ... +0^)', the required conditions will be 
satisfied, if only the sums of the indices of a^..^, «F-r*«> ••• «f do 
not exceed r — 1, and the sum of the indices of ol^_^^^ S^^^hj ••• ^ 
do not exceed r — 2, and so on. And this will be the case 
iij congidering a^ + OL^+ ...+ a^^, as one quantity^ we replace 
(fl?.+ a,+ ...4-ap)'by 

Hence {a, + fl?,+ ...+«,}' = a,' + fCM(«« + «.^- - a^iOp)}' 

+;>flq{a, + a. + ... + c^P (2), 

the last term (a^ + a»+ ...+0^)' ^^g of course rejected alto- 
gether, rince the sum of the indices exceeds jp — 1. 

Now the coefficient of - — -— ... (- «,)% on the 

12 r ^ 1/ ' 

lefirhand side of equation (1), is aj*^. 

On the light-hand side, it is, expanding each of the quan- 
tities m the brackets { } by (2), 
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or, if we write y for a? + Og + ... + a^-i? « for a^ + ... + a^j, the 
coefficient on one side is (y — ®)"^j on the other 

^n-r n-r- ^^^^t (y + a^ + a^)"^, 

+ 

Therefore we have to shew that 

(y-«r = y"^-^ W (y+O"^' 

the theorem itself, writing n — r for n. 

The coefficients of a^y on each side of the equation (1), are 
obvioosly equal. J£ then the theorem hold for the indices 
1, 2 .., (n — 1), it is proved to hold for the index n. But it 
obviously holds for the index 1; therefore it holds universaUj. 

7. K --=a + — ^, and — ?-— = a + , . , ; 

mp + X p •\- u^ mp -\- X p -^ u ^ 

then supposing u and u* to vanish when x vanishes, 

-7^- =w(a — a). 
u u ^ ' 

Since u and u' vanish when x vanishes, we have 

1 fi 1 , /3 

wp p ' ?np ^ 

1 

.-. ap = ay = - - ^. 

Hence, by the first of the given equations, 

p + u 1 

wip + X m^ 

.'. ^ + w = au{mp-\-x) + p H — 

= M (1 - w)9 + our) + o — ; 
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/. u (mB — ax) = — , 

wi»/9 1 

/• — - — «ia = - . 

X u 

SinulariT, bj the second of the given eqaations, 

ma =-7; 

X u ' 

1 1 / n 

.". - — =s f»(a — a), 



the required result* 



H 
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PLANE TRIGONOMETRY. 

1848. 

A cannon-ball is moving in a direction making an acute 
angle with a line drawn from the ball to an observer; if 
V be the velocity of sound, and nV that of the ball, prove 
that the whizzing of the ball at the different points of its 
course will be heard in the order in which it is produced, or 
in the reverse order, according as w < > sec 0. 

The whizzing will be heard in the order in which it is pro- 
duced, or in the reverse order, according as the sound or the 
ball moves more quickly towards the observer. Now the velo- 
city with which the ball moves towards the observer = nFcos ^; 
hence the whizzing wiU be heard in the natural or reversed 

order, according as 

F >< n F cos ^, 

or no sec ^, 

the required condition. 

2 j£ sin (g - P) _ sin (a.+ 0) 

sin)9 sin^ ' 

shew that cot)9 - cot ^ = cot (a + ^) + cot (a - /8). 

Since 8m(«-^)^8m(a+g) 

sm p sm ^ ' 

1 1 



sin )9 sin (a + ^) sin ^ sin (a - /8) ' 

. sin(a4-g-/3) ^ sin( a-)3 + g) , 
sin)9 sin (a -f ^) ~ sin sin (a -)8) ' 

.-. cot^ - cot (a + ^) = cot ^ + cot {a-)9), 

<>r cot ^ - cot ^ = cot (a + ^) + cot (a - )8), 

the required result. 
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1849. 

1. If i' cosa = co8)3 008^ = cosjS' cosi^', 

and sin a = 2 sin ^<f> . sin ^<^', 
shew that tan ^a = tsxi^/3 tan ^yS'. 

Since sin a = 2 sin i<^ sin ^^', 

.-. sin" a = (2 sin» i^) (2 sin* i 4>') 

= (I — cos^) (1 — COS <t>') ; 

\ cos p/ \ cos pj ' 
/. COS a = sec )9 4- sec /9' — cos a sec /9 sec )9', 

afic)8 + sec)8' co8)9 + cos/S' 



and cos a = 



1 + sec )9 sec /8' 1-1- cos )9 cos ^ ' 



^ «« 1 — cosa 1 — cosfl — cosiff -h cosfl cosiS' 

.'. tan — ™= = ' • • — 

2 1 -h cosa I -I- C08/8 4- cos/S' 4- cos^ cos/S' 

^(l-co.g)(l-co«g)^ g^^.g 
(l-hcos0) (H-C08/8) 2 2 ' 

and tan - = tan — tan — . 



'^ 2. Find ^ from the equations 

(a-hft) 8in(? -f (a -&) cos^ = (a" + J*)*, 

a ein' ^ + i cos' e = (3aJ)i 

{Squaring the first of the given equations, we get 

(a^+i*) (sin'^-f cos*^) -2ai (cos"^- sm'tf) 4- 2(a'- i") Bin^cos^=aV i"; 

.-. (a'- J') 8in2« - 2aJ co»2^ = 0. 

Let - = tan <^, then this equation gives 

sin 2(^-4^) = 0, 

whence 2 (5 — <^) = or tt ; 

.-. 5 = ^ or <^ -f \tt. 

112 



100 SOLUTIONS OP SENATE-HOUSE PSOBLEMS. [1849. 

Taking = ^, the second of the ^ven equations ^ves 

a sin' ^ + 6 cob' 4> = (S«*)*; 



©■ 



1 .. ,.j. 



• • 



ab* + hcf 



(«• + »•)* 



= (3aJ)*, 



and p-8| + l=0; 



Again, taking ^=^+i^, the second of the given equations gives 

a cos' ^ - 6 sin' ^ = (3aJ)*, 



(-5)' (-5)' 

a* -6* 



(a* + 6")* 



= (3aJ)*; 



.-. <^ -5» = (a' + ft)* (»«*)*» 

o* - 2a»J» + ft* = 8aft(a» + ft*), 

(o« + J»)» _ 4aV - Soft (o* + ft') = ; 

.-. (a» + ft*-4aft) (o* + 6* + oft) = 0; 

therefore, first, a? + ft* — 4aft = 0, 

(i)'-a)-=«. 

and | = 2±(8)» (2): 



or 



1850.] PLAKE TRIGONOMETRY. 101 

or, secondly, a' + 6* + oi = 0, 

• • 'iT ^~ ~" sis v""" J •••••••••••••••••• V •* J • 

The six values ^ven by (1), (2), and (3), are all the values 

ivhich r admits of. 
o 

1850. 

1. K through the angles of a square four straight lines be 
drawn extemaUy, making the same angle a with the successive 
sides, so as to form another square, find its area. 

Let a be the side of the interior square : then the area of the 
exterior square = interior square + four triangles each equal to 
^ sina coBo, or = a* + 4 x ^' sin2a = a*(l + 8in2a). 

2. Shew that 

2t«i-{i»n»(45--.) tani/9} = cos- {^^^) , 
if a be < 45". 

In general cos(2 tan"* a?) = 2 cos* (tan"* a;) — 1 

1-0^ 

"l+a^' 

Let a; a tan* (45'' - a) tan^/S, then 

/o* -1 ^ l-tan(45'-a)tan»i/9 

cos(2 tan x) = 7 — 7; ( —-k 

^ ^ 1 + tan (45' - a) tan«i/S 

1 — tana 1 — co%/3 
1 4- tang 1 4-CO8/8 



1 — tang 1 - co&fi 
1 + tang 1 + cob/3 

tang + cos/3 

* a 

1 +tang cos/S ' 
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.-. 2 tan-* {tan*(45° - a) tani/3} = cos"* f ,^^"^^^J . 

If a were > 45°, the given expressions would become imaginary. 

3. Draw AB and AC (fig. 58] at right angles to one 
another, and make AB equal to twice AC\ produce CA to D 
until CD is equal to CB\ prove that BD will be the side of 
a regular pentagon inscribed in a circle, of which AB is the 
radius. 

Also, if with centre D and radius DA we describe a circle 
AEF^ of which ADF is a diameter, and make AE equal to AB^ 
then FE will be the side of a regular pentagon circumflcribing 
a circle, of which AC \% the radius. 

(a) Let AC—a^ then AB=:2a] 

.-. (72> = C5=(^^ + ^(7)i=5*«; 

.-. AD= (5*-l)a, 

BD = {AD" + ABy 

= (6«2.5i + 4)*a 
= (lO-2.5*)*a 

, (10-2.5*)* 

= 4a ^ ~ 

4 

= 2 sin i'7r.2a 

= 2 sinjTr.^Z); 

therefore £i> is the side of a regular pentagon inscribed in 
a circle, of which AD is the radius. 

{/3) Again, FE' ^ AF' -- AE' 

= {2 AD)' - AB' 
= 4 (6 - 2.5*) a' - 4a* 
= (20 - 8.5*) a' 
= 2« (5 - 2.5*) {a)' 
= (2tanWMC"; 

therefore jF!& is the side of a regular pentagon circumscribed 
about a circle, of which ^C is the radius. 



r 
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'^ 4. If a, &, c, be the sides of the triangle ABCj j?, y, r Unea 
Uaecting the angles drawn to the opposite sides, and p\ q'j r 
these lines produced to meet the drcle which drcamacribes 
the triangle; shew that 

COB^^ COsi^ COSiC 111 

p q T a o c ^ 

p cos^^ H- q cos^£ -f r cos^O ^ a + b + c, 

(a) Let AJ) (fig. 59) be the line bisecting the angle BAC^ 
D^ D the points in which it meets BC and the circmnscribing 
circle respectively. 

Draw 2)<?, DH^ perpendicular respectively to AB^ AC] 
then DG = DH^p^m^A^ 

and DQ.AB + DH.A 0=2 (area of triangle) 

= AB.A C sin A ; 

.'. p sin^^ (i -H c) = ^c 8in-4 

=^ be 2 sin^^ cos^^ ; 

2 cos^^ 1 1 

p DC 

o. M 1 2 cosIjB 1 1 
omnlarly, ^— = - + - , 

•^ ' q c a ^ 

2 cosiC 1 1 

* ~. -i> ^ • 

r a J' 

co8^.4 cos^£ cosiC^l 1 1 
^ q r a o c 

(ff) Again, join BB^j CD': these lines will be equal to one 
another, since they subtend equal angles at the circumference. 

But BB^ =(?+;?'•- 2p'c cosi^, 

CB^^b*+ /• - 2p'b cos^A ; 

.". c* — 2p'c 008^-4 = i* — 2pb cosJ-4 ; 

.•. 2p' cosi-4 = i 4- c. 

Similarly, 2j' cos^^ = c + a^ 

2r' 008^(7= a + J; 

.•. y cosi^ -f- 2 cos^JB 4 r cos J C = a 4 J 4 c. 
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1851. 

1. If ABG be a triangle rightrangled at O, E the point 

in which the inBcribed circle touches BG^ and F the point in 
which the circle drawn to touch AB and the sides (Z4, CB 
produced meets CA : shew that if -EF be joined, the triangle 
FEC is half the triangle ABG. 

Let r, r be the radii of the inscribed and escribed circles 
respectively ; then, since (7 is a right angle, 

GE=r and GF=r\ and 

triangle FEG = irr' 

adopting the usual notation, 

= J(& + c-.a) (a + c-i) 

= ^ the triangle ^J?(7. 

2. Shew that sin/S Bin7 sm [y-fi) + sin7 sina sin (a - 7) 

+ 8masin)9sm08-a) + sin (7-/9) sin(a-7) sin(^-a) = 0. 

We have, in general, 

sin^sin£sin(7 

= i sm^ {co8(S- 0) - cos(5+ 0)} 

= J{sin(5+C-.^) + sm(0+^--B) + sin(^ + 5-C) 

-sm(^ + 5+(7)}. 

Hence, if ^ = )9, J5 = 7, (7 = 7- J?, 

8in)9 sin7 sin (7 — )8) = J {sin 2 (7 — /9) + sin2i8 - sin27}. 

Similarly, 

sin7 sina sin(a — 7) = J{Mn2(a — 7) + sin27— sin2a), 
Bina sin^ sin O — a) = J {sin 2 ()9 — a) + sin 2a -> sin2/3}. 
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Again, if-4 = 7-i8, jB = a-7, G = fi -^ a^ 

^(7-/8) Bin (a — 7) 8m(/8— a) 

= J{ffln2(i8~ 7) + Bm2(7- a) + Bin2(a- /9)} ; 

therefore, adding theae eqnalionB, we get 

flin)9nn7 8in(7 — )8) +Bin7 8inaBin(a — 7) + sina Bin/9 sin (/9 — a) 

+ Bin(7— )8) Bin(a — 7) Bin(/9 — a) = 0. 

3. The equation mnx = has not any imaginary roots. 

We have — * 2 sina? = «"" — e" , 

Now, eyeiy imaginary quantity may be expressed under the 
fonn a + — ^)8. Substituting, then, this quantity for a?, we get 

= coBa(e"^ — 8^) + — * Bina(e'^ + e^) ; 

therefore, if sino; = 0, we must have 

coBa(e~^ — 8^) = 0, 
8ina(e"^ + 8^ = 0. 

These require, either that 

cosa = and e"^ + e^ = 0, 
which camiot be satisfied by aay real value of i? ; or that 

sina — 0, and e"^ — e^ = 0, 

which can only be satisfied by )8 = 0, shewing tiiat a; = a, a real 
quantity : whence the equation mnx = has not any imaginary 
roots. 

4. If the cosines of the angles A, By (7, of a plane triangle 
be m arithmetical progression, shew that 5 — a, « — 6, « — c, will 
be in harmonic progression, s being the seminsum of the sides. 

We have 
coSi4 = l-2sin*i^, cob5= l-2sin'i-B, co80«l-2sin*iO; 

therefore, if cob^, cob£, cos (7, are in arithmetical progression, 
sm*^^, sin*^^, mn'^C, are so; 



i 
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.-. 2 sin'iB = sin* JO + sin^J^, 



or 



or 



ac ah cb ^ 



2b c . a 



+ 



8 ^ b s — c 8 — a 



9 



2{«— (« — J)} « — (« — c) «— (« — a) 

7 = + — ~ — .; 

8 — « — c « — a 






2« A « 

+ 



8 — b 8 — c 8 — a 



1 1 

+ 



8 — b fi — c fi — a' 
whence , 7 , , are in arithmetical progression ; 

8 """ Cb 8 "~ O 8 ^ C 

.'. fi — a, «— J, « — c, are in harmonical progression. 
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SPHERICAL TRIGONOMETRY. 

1848. 

1. In a right-angled spherical triangle, shew that 

sina tan^^ — sinb tan^J? =^ em[a — b): 

shew also that if j& be the spherical excess, 

smljE = — ^——^ ; cosl^ = — 2 — ^ — ^ . 
cos^ ' * cos^c 

(a). We have in general 

- , 1 — cos^ 

, . . sinO . sina 

and sin-4 = -s — sino = —. — , 

Bine sine 

ftince C is a right angle ; 

.'. sina tan^^ = sine (1 — cos-4), 

= sine (1 — tanJ cote) by Napier's rules, 
= sine — tani cose : 
nmilarly mb tan^£ = sine — tana cose ; 

.'. sina tan ^^ — sin & tan ^J? = cose (tana — tan£), 

cose . . ,» 

= r sinfa — 0). 

cosa cos6 

But by Napier's rules, cose =s cosa cosi, 

.'. sina tan^^ — sini tan^^ss sin(a — 6). 

(/8). Again, 
sin'^a sin'ii + cos'^a cos^^i = J{(1 — cosa)(l — cosJ) 

+ (l + cosa)(H-coB6)}, 
= i(l H-cosa COS&), 
s= i(l + cose) by Napier's rules, 
= cos^^e ; 



CO 
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/sinia fliniiV . /cosia coai&X* • itr» . iti? /t\. 
••• ( ooeic )+( coBio j =»^H^+«>«**^-a) = 

and in any spherical triangle 

^^ ' co8i(a + o) 

also ^ + 5 = 180** + JS?- (7, hence 

therefore, since (7 is a right angle, 

1 + tan^^ _ 1 + tan^ tan^ 
1 --tan^j^ " 1 - tania tan^J ' 

•". tan^^s tan^ tan^, 

sin^J? _ sin^a sin^ ^ cos^a cos^ 
cos^jB"" cos^ cos^c ' 

therefore, by (1), sini-S =s — - — r— 2- , 

. „ cos^a cosli 

COBio ' 

the required fonmihe. 

2. K three small circles be inscribed in a spherical trianglci 
having each of its angles 120"*, so that each touches the other 
two as well as two sides of the triangle, prove that the radius of 
each of the small circles = 30**, and that the centres of the three 
circles coincide with the angular points of the polar triangle. 

Let ABC (fig. 60) be the triangle, draw the great cirde AD 
to 27 the bisection of BG\ let be the centre of one of the 
circles, through draw the great circle EOF perpendicular to 
BO and intersecting AD in E^ FE will be a quadrant; also join 
BO by a great circle BOH^ BOH wiU bisect the angle ABG\ 
draw 0(y the great circle perpendicular to AD. OG and OF 
wiU each be equal to r the radius of the small circles: let 
BO = 2a, BF^ x, FD = y. 

Then, in the right-angled triangle ABD^ 

co^ABD = imBD cot-4jB; 
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OT, since L ABB = 120**, 

, ^ 1 — tan'a 

— * — tana -r— ; , 

' 2 tana ' 

_ 1 — tan'g 

2 ' 

.-. tan*as2, 

and coBa = -| . 

Again, in the right-angled triangle OBF^ 

mnBF:=^cot OBF.teoi OFj 

1 ^ 
or BXBx = ^ tanr, 

and in the right-angled Wangle EOGy OE^%(f-r^ and 
LOEO^FB^y^ and 

unO(7 = miOEAnOEa^ 

or ffinr =z cosr any, 

•\ ainy » tanr ; 

and ooBa SB coB(x+y), 

s= (1 — £dn"a?)*(l — Bin"y)* — flina; einy, 

or = (1 - itanV)*(l - tanV)* - i tanV ; 



2 

.*. oofi^a + rr cosa tan'r + J tan*r = 1 ~ $ tan'r + | tan*r, 



or i + itanV = l-JtanV, 
/. tan'r = J, 
and r»30^ 

Again, let BOH ^ by BO^z; then, in the right-angled 

triangle BSCj 

cobBC = cobBH.cobHCj 

or co82a = cofli cosa, 

.•• 2 coa'a — 1 = cosa cosJ, 

or -i = pcos&, V coBa = p, 
and COB J = — ^ ; 
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also in the right-angled triangle OBF, 

sin OF = sin OBF.mi OB^ 

or i= g-sin^; 

.". sin« = -r = - cosft, 

.-. J = 90' + «, 
and OH is a quadrant. 

Again, joining 0(7, we have 

cosOC = cosOjB cos5(7 + sin 05 sinOO co^OBC, 
= C0S2; cos 2a + sin^ sin2a cos 60°, 
_ 2* 1 1 2.2* 1 

3*'3'^PT"2' 
= 0, 

and 0(7 is a quadrant, so is'ako OH] therefore is the pole 
of -4(7: similarly, if 0\ 0" be the other centres, 0^ is Ae pole 
of (7B, and 0" of BA ; therefore OOO" is the polar triangle 
of ABG. 

1849. 

1. K P be the perimeter of a spherical triangle, of which the 
angles are A^ J9, 0, and the spherical excess E^ prove that 

^j^ jain^^ sin(^ - ^E) sm {B - ^E) sin ( C- j^)}* 

^ 2 sin^^ sini^ sin J(7 

By the expression for tbe sine of a side of a spherical triangle 
in terms of the angles, 

{»ini£sin(^ - ^E) 8in(5~ i^) sin( O^ i^}*= isina^in^smO, 

= ^sini HinC sinA = ^sinc sin-4 sinJ9, 



Again, 



= j^(sinasin& sine) (sin^ sin^sinO) (1). 



cos^A = 



sin^P8in(p-a) ]* ^^ ^ f sin (^f- ft) sin (jP-c) )* 
sin6 sine II ^inJ sine j ' 

with similar expressions for the cosines and sines of ^B and ^0; 

cos'^i^cos^j^Pcos^^O ^ sln^^ P 

sin ^A sin ^P sin ^ sui a sin h sin c ' 



^^^^•] SPHERICAL TRIGONOMETRY. Ill 

.., sip'i^ ^ (8inVco8«i^)(8m»i5co8*i5)(8m*i(7co8'iC) 

sinM sin'^ sm'g 
64 8in'i^am''i5 8m'iC'^ 

■•. 8miP= i(8ma sinft sine)* («i^f ^^ «inC)* 

_ {amjg8m(^-^Jg)8m(^-^^8m(g-^^)}* 

, ., ^ . ~! 2 sin i^ sin 45 sin* (7 ' 

by (1); the required formula. 

1851. 

1. If ABC be a spherical triangle, right-angled at (7, and 
cos^ = (coBa)«, shew that i + c = ^tt or |w, according as h 
and c are both less or both greater than Jw-. 

By Napier's rules 

cos-4 a= co6a sinjS, 
but by the conditions of the problem 

cos^ = cos" a, 
.'. cosa = sinjB. 
Again, by Napier's rules 

cose = cosa cos J, 

= sinJS cos J from above, 

sini? . _ 

= . , sm6 coso, 
sm6 ^ 

= rinc ^^ ^^*' ^^^^ <? is a right angle ; 
.•. ttnc cose s= sinJ cosft, 
or sin2e = 6in2i; 

«ttd J is not equal to e, as then B wxmld be sa right angle, and 
-4 would equal o, which is contrary to the equation cos -4= cos" a* 

^^^ 2J + 2e x= 9r or Stt. 

Now h and c are both greater or both less than Jtt, since 
cosil or cos'a = tani cote ; therefore 2J + 2e = ir or Stt, according 
«8 J and c are both less or both greater than ^tt. 
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THEORY OF EQUATIONS. 

1849. 

1. Given y — a»', prove that 

One root of the equation 

is the coefficient of - in the expansion of — log f 1 j . 

(See Mniphy^s Th&ory ofEquaUona^ p. 77, Art 63, and p. 80^ 

Ex.3.) 
^T 1 / x/\ x^ 1 ^^ 1 «*»"* 

Now -log 1 = + o-^ + •••+ i-+ ••• 

©V y ) y ^ y^ n y 

Expanding the exponentials, we see that the coeffident of - is 

"*" "^ X"*" 1:2:3 ■*"-''^ 1.2 -..n"^-' 
which is therefore a root of the given equation. 

Hence ^ = 1 + _ + v_L + ... + v_^ + ... 
X [2 [3 \n 

2. If o;^, x^...x^ be the roots of an algebraical equation, 

f{x) = «• +^^0?*-* +...+ i>, = 0, 
and no two of them be equal, then 

1 1 1 _J___n 

m being a positive integer less than n. 
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(«)• Here /(aj) = (a? — a:,)(a? — a5^...(aj — ajj, 
we may therefore assume 



1 A A ^. 

*— -»- «—+...+ ^, 



— 2 1- 1 — 

y (a?) X — x^ x^ x^ 

A^y A^y..A^ being independent of a?^ 

.•. 1 =ii,(aj— a?J{a5— a?J-..(a5— ajj4-^,(a5— a;J (a?-ia5j..,(a>-ajj (a>-a?,)+... 

+ -4^(a; — a?j)...(aj — a?^J identically^ 

Hence, putting ^ = x^^ 

= A/(^J (1); 

similarly 1 = A^f\x^ (2), 



• •« 



i=^j"(«j («). 

Hence 

J. 1 1 1 

f{x) " {x^x;if(x,) + [x^x^jfix,) + - + (a:-a.J/(xJ 

Therefore putting a; » 0, which makes /(a;) =p^ 
1 ___J^ 1__ 1 

1 1 1 x_i__-o 

and similarly for the other fractions. Hence 

I 
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T. . 1 1 1 

But 7p-r = -5 5:5 =s , 

Ax) x+j>,x +...+A ^ (!+£, + ...+&) 

=1.(1. £1 + ...). 

Hence, if >n be a pontive integw, less than », the coeffident 

of -;i; in ^=-r = 0; and the coefficient in the right-liand member 

« j\x) 

of (1) u 

1851. 

1. If x + -l—-^—^ = -Sj>, 



1 — iC X 



then 



(^ + T^-"'^) =-27(i,-«)(i>-«T, 



where co Is an imaginary cube root of unity. 

1 1 — » 

Call the quantities a?, and , ^j, y„ and y, ; then 

yi+y, + yt = -¥ (i), 

X 1 

and yjf, + yjf,+ y^r = Y^-^ ~ 5 ~ ^^"""^ 

1 , 1 — as . 
= - 1 l + a-l 

1 — X X 

= y. + y. + y, - 3 

= -3(i>+l) (2), 

»^ ynfjf* = - 1 (3)- 

Agun, 

y.y. + y.y. + y.y. = 13^-^(13^+ '-1^ 

- 3x(l-a;) 

~ a:(l-a!) ^ W, 
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= - y. {3 (i> + 1) + yj^.} + .- b7 (2), 

= 9p (j? + 1) + 3, by (1) and (3) ; 

••• y.'y. + y,y + y.'y. = 9p (i* + 1) + « - by (4) and (5). 

And (y, + ajy, + «»VJ* = y.* + y/ + y,* + 3«»yj^, (y, + wyj •+ 

similar tenns + Qyjfjf, 

= (y.+y.+y.)' + 3(«-i)y,y, 

{y, + (• + 1) y,} + similar terms 
= {- 8p)» - 9 (w - 1) + 3 (a** - 1) 

{9p (i> + 1) + 6} by (1), (4), and (6), 
= - 27/ + 27^ (2a»*+ «) - 27p (2 + «) 
+ 27<»*, since a> + «»* = — 1, 
= -27(^-«) {p-c»*Y 



12 
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GEOMETRY OF TWO DIMENSIONS. 

1848. 

1. With two conjugate diameters of an ellipse as asymptotes 
a pair of conjugate hyperbolas is constnicted ; prove that if one 
hyperbola touch the ellipse the other will do so likewise ; prove 
also that the diameters drawn through the points of contact are 
conjugate to each other. 

Let the equation to the ellipse, referred to the conjugate 
diameters, be 

^+?=l (!)• 

And to the hyperbolas 

^ = ^ (2), 

«y = -c* (3). 

(a) In order that (2) may touch (1), we must have 

a perfect square, in which case we shall have also 

a* ■*■ c' "^ V 
a perfect square, and (3) will also touch (1). 

(/9). If the above expressions be perfect squares, we see that 

, cA 
and 2l ss + _ . 



^ 
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andif xy be the coordinates of the point where (1) meets (2), 

2 

Similarly, if x"y" be the coordinates of the point, where (I) 
meets (3], 

^ 2 ' 2 

And if r', r'\ be the lengths of the corresponding semi- 
diameters, CO the angle between the axes, 

r** == a;'* + y'* - 2x'j/ cos « = ^[c^ + b*-2ab cos a), 
r"« = x"« + y"»-2a;Yco8ai=4(a«+6«+2a4cos»), 

.-. r'« + r"» = a« + 6"; 

therefore r', r" are conjugate to each other. 

2. Shew that the curve which trisects the arcs of all seg- 
ments of a circle described upon a given base is an hyperbola 
whose eccentricity = 2. 

Let AB (fig» 61) be the base, a its length, 

AC^CD^DB^r, CAB^e, 

we then have r (1 + 2 cos ^) = o, 

or, referring the curve to ^ as origin and AB as axis of x^ 

aJ^ + y" = (« - 2aj)"; 

.'. 3a? ^ ^ ^ 4mx + a' = 0, 

the equation to an hyperbola, the squares of whose axes are to 
one another in the ratio 3:1, and whose eccentricity therefore 

= (3 + 1)* = 2. 

3. Let Z> be a point in the axis-minor of an ellipse whose 

eccentricity i& e^ 8 the focus, the centre of curvature at the 

DS 
extremity of the axis-minor; with centre D and radius = 
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describe a circle ; ahew ihat this circle will toudi the elUpse or 
fall entirely without it, aocordmg aa D a nearer to or fiirther 
from the centre than the point 0. 

Let C be the centre of the ellipse, and let GD = hy also let 
o, 6, be the semi-axes of Ae ellipse, its equation will be 

Also 2>/8» = aV + A*, so that the equation to the drde will be 

-- - *' (taking JP below (7), 



l-e* 



or ai" + / + 2Ay =* a" + ** — ^ 
Where this meets the ellipse, we hare 

or -i-5 3^-2Ay + A''i^ = 0; 
1 — ^' « 

l-e* 



.'. » = 



e 



.1 



A. 



If this value of y give a real value for «, the drde will 
touch the ellipse, if not, it will fall entirely without it, since its 

radius [cf + ^ is greater than a, and therefore, h fortiori^ than 

DB\ which is less than K 

In order that the value of x may be real it is necessary that 
y be not greater than i, therefore 

or ^ < 8 , 

1 — e 

<B0- BC, 
' <C0; 



r 
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therefore the circle will touch the ellipee, or fall entirely without 
itj according as A < or > COj ue, as Z> is nearer to or farther 
firom the centre than 0. 

4. P8p is any focal chord of an ellipse, A the extremity of 
the axis-major ; APy Ap meet the directrix in two points Q, q : 
shew that l. Q8q is a right angle. 

We may prove this property for any point in the ellipse 
by a process exactly similar to that of Part I. Contcsj 1848, 3 ; 
except that we have the eqaations 

sm PRB = e sin PSB.einPSN, 

sin QB8 = e sm QB8 sin PEN, 

instead of those there given. 

This theorem may also be proved by the method of Reci- 
procal Polars. (See Salmon's Conic Sections^ chap, xiv.) 

Take the polar reciprocal of the whole system with regard to 
the focos 8. To the ellipse will correspond a circle, to the point 
P, Pj two parallel tangents Bt^ rt\ (fig. 62) variable in position. 
To A (or any point in the curve) will correspond a fixed tangent 
t(y and to the directrix the centre 8', Hence to AP^ Ap will 
correspond the points t^ i respectively^ and to Q, ; the lines 
&, 8t, But it is easy to see that the lines ^8^^, 8t are at right 
angles to one another ; therefore the line joining the points Q^ q^ 
sabtends a right angle at the focus 8, 

5. In the given right lines AP^ AQj (fig. 63) are taken 
Tariable points p^ y, such that Ap : pP :: Qq : qA ; prove that 
the locus of the point of intersection of Pq^ Qp is an ellipse, 
which touches the given right lines in the points P, Q. 

Let AP== a, AQ » hj Ap ^s Oj Aq = fi; then the conditions 
of the problem give 

a B 

a : a — OL lib — fi : I3y or - + t^ = 1 (1). 
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Take -4P, ^Q, as axes; then the equations to Pq^pQ respec- 
tively^ are 

^ + 1 = 1 (2), 

? + |=l (3). 

a 



Hence 



X y 



a 



whence, eliminating a, fi from (1), we get 

X y 

y ^ X ' 
1-f 1-- 
a 

the equation to the locus of the intersection of Py, pQ^ which, 
since the square of half the coefficient of ocy is less than the pro- 
duct of the coefficients of a? and ^, is an ellipse. 

When aj = 0, we have 

-•. y = *, 

shewing that the ellipse touches AP in P. 

From considerations of symmetry it is evident tiiat it also 
touches AQ m Q. 

6. A parallelogram b constructed by drawing tangents at 
the extremities of two conjugate diameters of an ellipse ; prove 
that tiie diagonals of tiie parallelogram form a second system 
of conjugate diameters, and tiiat the relation between the two 
systems is reciprocal. 
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Let the equation to tbe eUipse referred to the conjugate 
diameters be 

The equations to the tangents, drawn at the extremities of 
these diameters, are 

ic = a, 05 = — a, 

y = 6, y = -6; 

therefore the equations to the diagonals of the parallelogram 
tiius formed, are 

a h 



X y 

--- (2), 



f=-f (3)- 



At the points where (2) meets (1), we have 

a b 

thoirfore the equations to tiie tangents at these points are 

! + f = ±2* (4), 

Aerefore these tangents are parallel to (3). Hence the diagonals 
form a system of conjugate diameters. 

Again, the equations to the tangents at the extremities of (3) 
are 

M-*"' w. 

and at the intereection of (4) and (5), we have either 

oj = 0, or y = 0, 

shewing that the diagonab of the parallelogram, formed by the 
lines (4) and (5), are tiie first system of conjugate diameters; 
hence the relation between the systems is reciprocal. 

7. PS^ is any focal chord of a parabola whose vertex is Aj 
piove geometrically that AP^ Ap will meet the latus-rectum in 
two points <2, ;, whose distances from the focus are equal to the 
ordinates of the points p and P respectively. 
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Draw PJf, pm^ (fig. 64) ordinates to the points P, i? re- 
spectively. Then since 8Q is parallel to PJf, 

/. 8Q:A8::MP:AM, 
.'. 8Q : 4.A8' :: MP: 4A8.AM, 

y.MPiMP^i 
.-. 8Q.MP=U.8*. 

Now 8P^2A8'h8M, 

^2A8+8PooBP8Mi 
... SP{i - co^P8M) = 2A8, 
.-. PM{l-cosP8M)=^2A8BmP8M: 
similarly pm{l + co^j>8m) = 2-4i8i sin^/Sw; 

.-. PM.jm^^8\ 

=: 8Q.PM from above ; 

similarly PM== Sq. 

Or the distances of Q^ j, fi^m the focus are equal to the 
ordinates of the points pj P respectively. 

8. From a given point in a conic section, draw geometrically 
two chords at right angles to each other which shall be in a 
given ratio. 

The construction which we shall give depends on the pro- 
perty that all chords of a conic section which subtend a right 
angle at a given point P of the curve, intersect the normal at P 
in a fixed point. 

Draw PK (fig. 65) the normal at P, and draw PZ7, PV any 
two chords at right angles to one another. Join UV^ cutting the 
normal in K. Then by the property above enunciated, if PQ^ PR 
are the required chords, QR will pass through K. Again, 

PR 
ixxiPQR 5= -_ a given ratio, hence the angle PQR is known ; 

on PK we describe a segment of a circle containing an angle 
equal to PQR ; let it cut the elKpse in Q. Join P^, and draw 
PR at right angles to it, PQ^ PR wiU be the required chords. 



1848.] aEOMETKT OF TWO DIMENSIONS. 123 

9. Determine the equation to the conic section which passes 
through fire points whose coordinates are given; and thence 
shew that the equation to the conic section whkh passes through 
ihe fire points whose coordinates are 

1,-1; 2, 1; -2,3; 3,2; -1,-3, 

IB eiy* - nxy - 65a? + 36y + 174aj - 151 = 0. 

I** ^M tfi > aj.j y, i «rt y. ; ^v if* ; ^^ y.» ^ *•»« coordinates of 
the five givffli points, which we shall call ^„ ^,, A^, A^ A^ re- 
qiectivelj. Then the conic passing through A^ ^„ A^, A^ 
drcnmaciibes the qnadrilateral, whose sides are ^^„ -4^„ 
A^^^ AgA,. The equations to these rides are 



x-x, y - y. 

a^, - 35, y. - y. 



0, 



x-x. 



-y^^^o, 



^* - «4 Vt- y* 



«— a; 



^ y-y* ^o 



^4-«« y4-y» 



g-a?5 



- y^ — ^ = 0. 



Now the equation to a conic, circumscribing a quadrilateral, 
the equations to whose sides are u^ » 0, u, == 0, t^^ =» 0, u, = 
respectively, is ^^^ ^ Xw.tt,, 

X being an indeterminate parameter. 

Hoice the equation to a conic passing through A^^ A^^ A^j A^y 

9 

" f ?J13l _ Hull] f f^L^i _ IsUL] 

U, - X, y, - y J U« - «. y« - y,/ 

V«, - a. y. - yJ v«. - '"a Vi-yJ' 

The quantity X is determined by the conation of the conic 
passmg through the point A^ [x^y^ ; this gives 

/^cls _ y« - y* \ / "'. - ^* _ y. - y* \ 
v«. - "J. yt - y./ V*4 - a?5 y4 - y6/ 

= X f '"' ~ ^' _ UxzJi] f ^. - ^. _ y. - y5 '\ 

Vas, - aj, y, - yj Va. - x, y, - yj ' 
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Eliminatuig \ between these last two eqnatioiis we get^ 
clearing the quantities within the brackets of fractions, 

{(g-g,)(y,-y,)-(y-y.)(a!,-a;.)}{(g-a;J(y,-y,)-(y-yJ(a;^-a;.)} 

{K-«t)(y.-yJ - (y -yJ K-«.)} {(^^ -^J (y^-yJ - (y -yJ (««-«J} 

^ {(a>-a'.)(y.-yJ-(y-y.)(a'.-a'«)}{(g-a?J(y-y.)-(y-y5)(ie.-g.)} 
{('«i-a'J(y,-y4)- (y -y,)(a'.-«4)H(«.-a'J (y -y.)-(y -y.)(«.-aj.)} * 

the equation to the required conic The reduction of this to the 
symmetrical fmn would be yerj tedious, and we shall therefore 
leave it in tiie above shape. 
In tiie numerical example 

«, = 1. y. =■ - 1 ; ». = 2, y, = 1 ; a:, = - 2, y, = 3; 

«, = 3, y, = 2; aj, = - 1, y, = - 3. 
Hence 

»i -«. = -!; «,-», = 3; x^-x^ = -2; ar, - aj, = 2, 

yi-yi = -2; y,-y, = -4; y.-y4 = -3; y,-y, = 2, 

a;, -a;, = 4,- a;, -ar, = -5; a!^-ar,= 4; a, - a, = - 3, 

y.-y. = -2; y,-y4 = i; y4-y, = 5; y,-y, = -4; 

therefore the above equation becomes 

{. 2{x^2) - 4(y- 1)} {5(0^-3) - 4(y-2)} 
{(-2)(-l)-4(-2)}{5(-2)-4(-3)} 

_ {l(a; + 2)  (-5)(y3)} {-4(x+l) - (■3)(y+3)} , 
{l(3)-(-5)(-4)}{-4(2)-(-3)2} 

(8 - 2a; - 4y)(- 7 + 5a? - 4y) _ (- 13 + a;+5y)(5-4a?-h3y) 
20 " 34 » 

/. 17(5aj-4y-7)(aj + 2y-4) - 5(ic + 5y- 13)(4a;-3y-5) ; 

.-. 65fic^ + 170^ - 61y" - 174a? - 36y + 151 = 0, 

or 61y" - 17a^ - 65a?^ + 36y + 174a? - 151 = 0, 

is the equation to the conic passing through the five given 
points. 

10. Two chords AB^ AC ture drawn from a given point A 
in a curve of the second order so as to contain a given angle, 
shew that BC will always touch a curve of the second order. 
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Let the equation to the given conic sectioD^ referred to A 
as origin, be 

Aa? + 2Bxy + (y + 2Dx + 2% = (1), 

and let ax + i9y » 1 (2) 

be the equation to BC^ a, 13 being variable parameters. 
At the points of intersection of (1) and (2), we have 

Aa^ + 2Bxy + Cy* + 2{Dx + Ey){ax + fiy) = 0, 

or (a+ 2JE5S)y + 2 (5+ Ea + Dfi)xy-\'{A + 2Da) a? = 0*..(3). 

This may be considered as a quadratic in ^, and if t^^ t^ be its 

roots, t^^ t^ will be the tangents of the inclinations to the axis 
of :e of ABy AC respectively. But AB^ AC include a constant 
ttigle, tan'^m suppose ; hence we must have 



t - I 



— == w. 



1 + «.«. ' 

Now from (3), bj die the theory of equatione, 

'■^ «~ (7+2^/3 ' *•'« ~ (7 + 2 J}9 ' 

.-. 4{(5+^ + i)/3)'-(^ + 2i^)(C+2^i8)} 
= «i'{(^ + 2Z>a) + (7 + 2^/9}*, 
.-. 4{^ - ^(7 + 2{BE-CD) a + 2(5i)-^^ fi + Waf 

+ I]f^ + 2{B + DE)afi], 
= to'{^ + O + 2(i)a + jB/S)}*, 
iHbich may be written under the fonn 

oo" + 2Ja/3 + 0/8" + 2(da + «y8) + 1 = (4), 

a, (, e, c2^ e being certain determinate functions of A, J?, C, JD^ E, 

and m. 

Now consider the conic section whose equation is 

A'a? + 2B'ay + Cy + 2(Z>'a; + i?» + 1 = (5). 
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Where (2) meets this, we have 
M^e + 25'icy + Cy + 2{Dx'¥Ey){ax + Py) + [ax + fiyY = O; 

In order that (2) may touch (5) the roots of this equation, 

considered as a quadratic in ^ , must be equal; we must therefore 

have 

(5' + JSra + 2>'/8 + a/8r = (^' + 2iya + a»)(C' + 2i?'^H-/3"); 

which agrees with (4) if 
^'« - C' B' -BE' , IT- A _ 

B'E -CU , B'U - ^'^' _ 
B'^-AC' " ' J?'» - AG' *■ ^' 

which five conditions can be satisfied by means of the five 
disposable quantities A, B'^ C, 2^, E'. Hence BG always 
touches the conic whose equation is (5). 

This theorem may also be proved by the method of reciprocal 
polars. For taking the polar reciprocal d the whole system 
with regard to ^ ; to the conic will correspond a parabola, and 
to B^ G (two points tiie line joining which subtends a constant 
angle at the origin) will correspond two tangents containing 
a constant angle. The reciprocal theorem then is: 

If two tangents be drawn to a parabola, including a constant 
angle, tiie locus of their point of intersection is a curve of the 
second order.* 

This may be proved as follows : 

------ I - - ^ ...    --  

* Taking the polar reciprocal of this system with regard to the focus of the 
parabola, the theorem to be proved is the following : 

If a chord of a circle subtend a constant angle at a given point of the curve, 
it always touches a circle, which is known to be true. 



1B48.] QBOMETBT OF TWO DIMENSIONS. 127 

Let y = to + - 

be the equation to any tangent to a parabola. This may be 
written 

«»- 3^^ + 2 = (1). 

This equation, considered as a quadratic in t^ gives the 
tangents of the inclinations to the axis of the two tangents 
drawn to a parabola through a point (xy). In order that these 
may include a given angle tan"*w, we must have, if t^^ t^ be the 
roots of (1), ... 

-^ — r*- = «*; 

1 + e,f, 

therrfore, by the theory of equations, 

4a 



( 



X J 

1 + "' 



or y — iax = 7»*(a4-a;)*, 

the equation to the locus of xy^ which is therefore a curve of the 
second order. 

11. Pj J) are the extremities of two semi-conjugate diameters 
of an ellipse Ey whose semi-axes are a, b ; upon PD describe 
an equilateral triangle PDB^ so that the point B may &I1 witii- 
ont the ellipse ; the locus of B will be an ellipse E^ : assuming 
the above result, shew that if E^ be similarly treated, as also all 
the successive ellipses, the axes A^j B^ of the x^ ellipse E^ so 
described will be comprised in the formula 

(a + h){Q,oi^)^ ± (a - &)(cot^w)**. 

In the figure (66), let CP, OD represent the equal semi- 
conjugate diameters of the ellipse E^ and let D be the other 
extremity of the diameter through D, Join PJ5, PZ)'; on them 
describe the equilateral triangles PDB^ PUR ; then B^ E will be 
the extremities of the axes of E^. Join CB^ GR> Then 

CR - i^„ CB = \B^ : 
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also ^ = XsaPCR = |, and PV.CV = i«J; 

... Cr = ^o, andPF = ij. 
And CR^Or + VR, 

^P + P/J-oos-, 

= ^ + 2*Jco8-. 
Similarly CB = rj + 2*aco8|^ , 

i(A-A) = («-*)(2»co8|-^). 

„ .^ w 1 3* + 1 2* 

Now 2* cos— + rr = 



6 2* "2* 3* - 1 

_ (^ S*+l \t ^ / 2 + 8* \i ^ / I + coBJtr y 

= (cot^)*. 
Similarly it may be shewn that 

.-. i(5. + A,) - (a + J) (cot ^)*, 

i(5. - A) -(«-») (tan ^)*, 
a fonnnla connecting the axes of any two saccessiye elUpees j 
.-. 5, = (a + &)(cot^) +(o_J)(tan^) , 

A, = (« + ft) (cot 5)* - (a- J) (tan^)*. 
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Now aasoine 

5. = (« + *) (cot ^f - -'(a-6) (tang)*", 

J. = (a + J)(oatg) + --(a- J) (tang) ; 

then, by the foimula already given, 

/ ^ 7r\* ^. - 5 / 7r\* 






= (a + i) (cot g) '"\ --' (a - b) (tan g) ; 
'i"»a»rly J^. = 4^ (cot g)* + :^^' (tan g)*, 

»(a + J)(cotg) +--(a-J)(tang) . 

If then the assumed form hold for E^ it is proved to hold for 
E^^. But it has been shewn to hold for E^^ therefore it holds 
imiversallj. 

1849. 

A is the origin (fig. 67), £ a point in the axis of y, BQ a line 
parallel to the axis of x ; in AQ (produced if necessary) P is 
taken such that its ordinate is equal to BQ : shew that the locus 
of Pis a parabola. 

Let AB = a, -4P= r, BAP= ^ — fl, then the ordinate 
of P=rsin^, also BQ =^ acottf; 

.'. rsind = acotd, 

or r" sin'tf = or costf; 

therefore, putting r sin^ = y, r cosd = Xj 

y* = ««, 

shewing that the locus of P is a parabola. 

2. If from points of the curve -^ + -j, =* («* — J*)', tangents 

he drawn to the ellipse -« + ?« = li the chords of contact will 

^ a ' 

he normal to the ellipse. 

K 



. I 
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If ^, 17 be the current coordinates of the normal to the ellipse 
at the point {xt/)^ its equation will be 

- X 17 — 




^'' a» - 6» ar "*" y " a» y " 

If a?j, y^ be the coordinates of the pole of this line with 
respect to the given ellipse, we have 

a* 1 



X. = 



a» - V x' 



Eliminating x^ y between these two equations and the 
equation to the ellipse, we get 

J + ^ = («'-iT, 

the equation to the locus of the pole of the normals to the 
ellipse. 

Hence if from points of this curve, tangents be drawn to the 
given ellipse, the chords of contact will be normal to the ellipse. 

3. An oblique cone stands on a circular base; prove that 
one of the axes of the section made by a plane passing through 
the centre of the base and perpendicular to the axis, is a mean 
proportional between the other axis and D seca, where D is the 
diameter of the base, and a the angle between the axis and a 
normal to the base. 

Let MPM' (fig. 68) be the section through the centre of 
the base and perpendicular to CO the axis of the cone ; let the 
section intersect the circular section RPE in the line NP. 

Let a and b be the axes of the section, then 

V _ NP" _ RN.N E 
a* ~ MN.NM' "" MKNM' ' 



r 
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Let lCAO = /9, GBO » 7 ; also the L MOA is given equal 
too. Hence 

aiV_ 8in(/8 + a) jgy _ 8in(/9'-a) 
l»r~ 8in)8 ' NM'~ 8in/9' ' 

. y_ 8in(j3 + «) mn{^-a) ,.. 

•• a»~ sin/3 • 8in/3 ^ '♦ 

2 (sm()9 + a) Bm{/8^ — a)) 
Again, since -40 = 0.B, 

»mG40~8in05C' 

c5oe()8 + a) cosl^-a) 
or — \ ^ ^ = — ; ^ ' = » suppoBe; 
sanp sinp^ -^ ^^ ' 

cosa cosa 

Sabstituting in equations (1) and (2)^ we have 

-^ = (cofla4-cot)9 sin a) (cos a— cot /9' sina)^ 

= — s- (H-©8ina)(l — ©sina), 
cos'a ^ -^ /\ -r /y 



.8 -:« « . 



^ 1 — j? Sin g ^ 



cos* a • 



, 2> / cosa cosa \ 

and a = ~ 7— : + ; ; — , 

2 \l + »8ma 1— psina/' 



jisina 1 —J? 
2) cosa 



I —p* sin*a ' 
 • ^^ Yj x/ 8eca| 



or ft* = aDsecoLf 
&Dd 5 is a mean proportional between a and D seco. 

4. Let Pj, P„ P„ Qj, Qg, C, be six points lying in a conic 
section; let the areas of the triangles P^Q^Q^^ ^^QsQt^ P^QxQ^^ 
^ denoted by -4,, 5^, C,, and the areas of the triangles formed 

k2 
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by putting P,, P, successiyely in the place of P^ be denoted by 
-4„ J?g, (7„ -4,, -B3, (7, respectively ; then will 

Let u,, u,, u, denote the distances of any point from the lines 
QiQti Q»Qo Q,Qti respectively, then m, = 0, «, = 0, u, = will 
be the equations to these lines themselves. And the eqaation to 
any conic section passing through Q„ Q„ Q„ may be written 
under the form 

h^h + h^O (I), 



u u u 



X„ \, \ being constants whose values will be determined by 
the condition of the conic passing through P,, P^, P,. 

Let t*/, tt,', w,' be the values of t*„ w„ w, respectively at P„ 

u'\ u\ u" P, 

Then A = ie.«,.<, B^^\Q^Q^..u;, C,^iQ,Q,.u^, 
with similar expressions for -4,, B^j C, ; -^3, P3, C, : 

1 / 1 J_\ J_/_l 1_\ _1 /" J }_\ 

''aMg, b^gJ^aSba b.gJ^aMg, b,gJ 



+ 



u/' (<"< <x) "^ <' Uv «)} • 



And since P^P^^ aU lie in (1), we have 

u, w, t*3 
L +^ j^h. =0 



X 



u If u 

«*, »j W3 

^. »»« "»• ^ 

—L. J 2. J L -s 0' 

nt i^ III 1^ III ^ ) 

u u u 

■*i **« ••is 
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^^lenoe eliminating \W by crosa-mnltiplication, we get 

j_/_i i_\ 2_/'_i }_\ 

J_ / J 1_\ 

^riience di^ding by hQ,Q,.Q,QrQiQ,, 

5. The equations of three straight lines are 

tt (=icsin5 — y costf + c) = 0, w^ = 0, ttj=0; 

prove that the equations of the four circles^ to each of which 
these lines are tangents, are 

* • ^« "~ ^i . 1 • ^ — ^« . i • 0—0 
tt* sin -*-^ — * + ttj* sin — ^— " + tt/ sin -*-- — = 0, 
iS « ^ 

«» sin -■-^ — * + «j* cos — - — ? + tt,* cos -^-T — = 0, 

A Z J» 

tt* cos -^-^ — ^ + tt,* sin — ^ — ^ + tt,* cos -^-- — = 0, 
^ « ^ 

tt* COS — s-^ — * + tt,* COS — -—  + ttg* sin -1-- — = 0. 

The equation to any conic section, touched by these three 
lines, may be written, 

Xtt* + X,tt,* + X,tt,* = (1). 

If we reduce this equation to the form of an equation of the 
second degree, the coefficient of the terms of two dimensions 
will not contain c, c,, c,; hence, to find the condition of this repre- 
senting a circle, suppose c, c„ c, to be indefinitely diminished, the 
ratios c: c^ : c^ remaining unaltered. 

The three lines tt = 0, m, = 0, tt, = 0, will then all pass 
tlirough the origin, and the circle touching them will degenerate 
into the origin ; its equation will therefore be 

aj" + y" = 0, 
or y = i — * X, 
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Equation (1) will therefore become, dividing out by Xj 
X (sin 5 T -i COB 5)* + \ (sin 0^ T -* cos 5J* 

+ X,(8in^,T-*cos^,)* = (2)* 

Hence, by Demoivre's theorem, equating real and ima^naxy 
parts separately to zero, 

X sm - + Xj sm -^ + X, sm ^ = 0, 

2 ^ ^ (3)' 

^ d d 

X cos - + Xj cos — * + Xg cos ^ = 0. 

Eliminating X, X^, X^ by cross-multiplication from (1), (3), 
we get 

M* sm -*-^ — i + t*j* sm — - — > H- 1*,* sm -*-^ — « 0. 
d ^ ^ 

Now if in this equation we write tt + ^ for ^, tt + ^, for ff^j 
and IT + 6^ for ^j, successively, by which substitution equation 
(2) is not altered, we get the equations to the remaining circles : 
these are 

4 • ^9 ■" ^1 . 4 ^ "" ^« . 4 0—0 

w* sm -*-^ — ^ H- Wj* cos — — -* + u^ cos -^-^ — = 0, 

^ M A 



w* COS -^— — ^ + w,* sm — - — ^ + w^* COS -^-^ — = 0, 

0^0 6^0 6 6 

w* COS -2— — * + Wj* cos — - — * + u^ sm -^-^ — = 0, 

the required equations to the circles. 

1850. 

1. K at a given point two circles intersect and their centres 
lie upon two lines at right angles to each other through the 



* This method of inTeBtigatmg the condition that equation (1) may repre- 
sent a circle, ia due to Mr. Leslie Ellis. It may be shewn in precisely the 
same manner, that if <^ (i*, t*j, U|)sO be any equation of the second degree, the 
condition that this may represent a circle is <p («~**, «"*«i, t~io^)=o. 
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point; prove that, whatever be the magnitade of the circles, 
their common tangents wiU always meet in one of two straight 
Imes which pass through the given point. 

Take the given point as origin, and the lines on which the 
centres lie as axes. Let a, ^9, be the radii of the circles. Then 
the intersection of the common tangents must always lie on the 
line joining the centres of the circles, whose equation is 

From considerations of symmetiy it is easy to see, that if this 
mteraection always Ke on one of two fixed lines passing through 
the origin, the equations to tiiese lines must be a; + y = 0, 
z - y = 0. Hence, if such be the case, the equation to one of 
the common tangents must be 

where 7 is a constant to be determined. 

In order that this line may touch the circle whose radius is a, 
it is necessary and sufficient that its distance fix>m the centre of 
the drcle, whose coordinates are a, 0, be a. We must there- 
fore have 



(.")' 



il^D'-i^^l) 



= «"; 



1 /I i\' /I IV 

dewing that 7 is a sjnnmetrical fimction of a and /8, and there- 
fore that if this straight line touch one of the circles, it must also 
touch the other. Hence the intersection of the common tangents 
always lies on the line a; + y = 0, if a and fi have the same 
sign, i,e. if both centres lie on the positive, or both on the nega- 
tive gide of the origin. If one centre lie on the positive, the 
other on the negative side, similar reasoning will shew that the 
intersection of the common tangents lies on the line ar — y = 0. 
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2. A number n of equal confocal parabolas are ranged all 
round the focus at equal angular intervals ; shew that the product 
of the distances of all the points of intersection from the focus 

is — n— , I being the latus-rectum. 
n 

Taking the common focus as pole, the equations to the para- 
bolas will be 

r = -i— (1), 

4 am - 

4 sm ' 






»■• 






, . ^(e w - 1 \ 

4 sm - H TT 



K ^„ ^g be the two values of $ at the intersections of (1) and 
{m + 1) it is manifest that since these intersections lie at the 
extremities of the same chord passing through the pole, 

^. - ^. = ■^' 

Also we easily see that ^, = , 

/. ^- = w . 

* n 

nee, if /j, r^ be the corresponding values of r, 

Z Z 

r, = . , r = — ^— ; 

. . • WITT . • rnir 

4 sm -r— 4 cos" —- 

P 
4 sm — 



r 
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Smilar expressions holding for the intersection of (1) with 
eadi of the otlier parabolas, we have 

product of all the distances of intersections of (1) with the other 
parabolas 



2'^ *' sin— sin — sin" tt 

n n n 

n ^ . TT . 2ir .n— 1 n 

But sin - sm — ... sin ir = -==-, ; 

n n n 2 * ' 



therefore the above product = 



n 



To get the product of all the distances of intersections, we 

have merely to raise this quantity to the power - : (not n ; since 

each intersection would then be counted twice over) : 
therefore product of all the distances of intersections = — s- • 

3. The locus of the points from which a circle is projected 
into a circle, upon a plane inclined at a finite angle to that 
of the given circle, is an equilateral hyperbola. 

Let O (fig. 69) be the centre of the given circle, AB that 
diameter of it in which it is cut by a plane through 0, perpen- 
dicular to the line of intersection of the plane of the circle, and 
the plane of projection. Let CD be the corresponding diameter 
of the circle in which it is projected. Join GA^ DB^ and 
produce them to meet m E^ E will be the point from which 
the given circle is projected. 

Draw FG parallel to CD and equal to AB^ terminated by 
EC^ ED : let FG^ AB intersect in P, then must AP = <7P, 
BP = FP. Through draw two lines OX, F, parallel to 
those respectively bisecting the angles APF^ APG^ and take 
them as axes. Let a, b be the coordinates of 5 ; — o, — J of -4 ; 
oj, y those of E. Then x will be the abscissa of P, and it is 
hence easy to see that a + 2£r, — J will bo the coordinates of G. 
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Hence, f, 17 being current coordinates, the equation of ED will be 

f — g f) '- b 

or = J— llj- 

X 

And the equation to JEPis f = a; (2). 

At J?, the intersection of these two lines, we have 1; = y, and 
from equations (1), (2), 

a_y. 

.'. xy = 06, 

shewing that the locus of ^ is an equilateral hyperbola, of which 
OX, Y are the asymptotes. 

4. Prove that y ^nx '\- ad infiniturn is the 

equation of a hyperbola. Find the position and magnitude of 
the axes, and write down the equation of the conjugate hyper- 
bola under the same form. 

Since y = wa? + ; 

X "T" X "t" • • • 
1 1 



X T X "^ • • • 

1 

X -\- y — nx^ 

1 

y - (n-l)a:^ 

.'. {y-nx)\y^[n^l)x]^l (1), 

the equation to an hyperbola, whose asymptotes are represented 

by the equations 

y = ruc^ y = (n--l)a;. 

The axes bisect the angles between the asymptotes, therefore 
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their equations are 

y — no: _^ y — (n — l)a5 . . 

(1+n-)* " {1 + («-!)•}* ^^^' 

y — «x y — (n — l)a? . . 

(rM?)i " {i + («-i)»i* ^^^ 

respectively. Hence the positions of the axes are known. 
To find tiie magnitades of the axes, we have, combining (1) (2), 

if — nx = — ^ ^ , 

{1 + {«-!)•}* 

y-(n-l)« = i i -iJ-; 

(1 + ny 



{l + (n -I)*}* -(! + «')* 
{H-(n-l)f(l + n*)* 



•*• ^ ; z' » 



. n{l-f(n-l)')*-(n^l)(l.fn')* 

•• y- 1 1 — » 

{I4(n-l)r(l+ny 

• • ^+3r- {l + («-l)-}*(l + n-)* ' 

= 2[(l+n«)*{l + (n-in*-(n"-n + l)], 

which gives tiie square of the magnitude of one of the semi-axes. 
Similarly the square of the other semi-axis may be shewn to be 

= 2[(l+n")*{l + (n-l)»}* + (n»-n+l)]. 

The equation to the conjugate hyperbola is 

(y-na;){y-(w-l)aj} =-1, 

which may be written 

1 

y '-'nx = ; , 

^ X + y — nx^ 

1 1 



a? — a? — 



1 1 
.*. y = nx , 



is the equation to the conjugate hyperbola. 
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5. From a point (fig. 70) are drawn two lines to touch 
a parabola in the points P and Q\ another Une toudies tlie 
parabola in R and intersects OP, OQ in S, T\ if K be the 
intersection of the lines joining PjT, Q8 crosswise, 0, J2, V are 
in the same straight line. 

Let (?P= a, OQ =ib^ then the equation of the parabola 
referred to these lines as axes, is 

©'^(1)'=' '•)■ 

Let 0/8 = a, Or= )8, then the equation to /ST wiU be 

M- «• 

To find the condition that (2) may touch (1), we proceed as 
follows : 

Square each member of (1) and multiply it crosswise by (2), 
we thus get 

X 

a  fi 



-I - {©' - (!)'}■ 



or X 



{\-ih'{^-l) -<%)'"> «• 



This may be considered as a quadratic in [-] , and in order 

that (2) may touch (1), it is necessary that its roots be equal ; 
hence its first member must be a perfect square. 
The equations to PT, Q8 respectively, are 

X y 

-+ f = 1: 
a b 

where these meet, we have 



a:' 



or X 
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Again, to find the equation to OB^ we have since the first 
member of (3) has been made a perfect square, 

therefore aquaring, « (^ " «) = ^ (jg " j) » 

the equation to OB^ which agrees with that ahready foimed for 
OV] hence O, B^ Fare in the same straight line. 

6. A series of circles pass through a given point Oj have 
their centres in a line OA^ and meet another Une AB. From 
Mj Nj the points in which one of the circles meets the lines 
OA^ ABj are drawn parallels to AB^ OA^ intersecting in P. 
Shew that the locus of P is a hyperbola, which becomes a 
parabola when the two lines are at right angles. 

Take O as origin, OA as axb of a;, let the equation to any 

one of the circles be 

a?* +y* = 2rx (1), 

and that to AB oleosa + y sina = a (2) ; 

hence the coordinates of M are 2r, 0, and the equation to the 
line through Jtf parallel to ^£, is 

oleosa + ysina = 2rcosa (3). 

Now the circle in general cuts AB in ttoo points, either of 
which may be denoted by N. The equation to the line through 
rither of these points parallel to OA (the axis of «), will be ob- 
tained by putting the ordinate of that point = 0, and therefore 
the equation to the pair of parallels will be obtained by elimi- 
nating X between (1) and (2). This gives 

(a — y sina)* + y* cos*a = 2r cosa(a — y sina) ; 

.'. y* + 2 (rcosa — a) y sina + a* — 2arcosa = 0...(4). 

To find the equation to the locus of P, the intersection of (3) 
with either of these lines, we must eliminate r between (3) and 
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(4), whence we get 

y" + (ajcosa+yBina — 2a)y8ina + o* — o(a?coBa+ysma) = O, 

or y(l H-sm'a) + rzi^y cosa sina — a(a;cosa + 3y sina) -f a* = O. 

This is the equation to the locus of P which is evidently in 
general an hyperbola. K however the lines are at right angles 
a = 0, and the above equation becomes 

y* — oo? + a* = 0, 
representing a parabola. 

7. K from the focus of a parabola, lines be drawn to meet 
the tangents at a constant angle, the locus of the points of inter- 
section will be that tangent to the parabola whose inclination 
to the axis is equal to the given angle. Prove ibis in any 

manner, and shew that if m be eliminated between y = mx H « 

m-\- t *^ 

and V = ^ (^ ~ a], the result contains a factor which 

^ 1 — «i* ^ " 

answers to the locus. Also explain briefly the origin and 

signification of the other factors. 

(a). Let 4a be the latufr-rectum of the parabola, a the i|i- 
clination to the axis of any one of the series of tangents, fi the 
constant angle at which the lines through the focus meet the 
tangents. Then taking the focus as pole, and the axis as 
initial line, the equation to the tangent is 

r = acoseca co8ec(&+ a). 

That to the line through the focus is 

^ = 7r-.(a + /3). 

Eliminating a, we get as the locus of the intersection of these 

™^* r = aco8ec)8 cosec(tf + )8), 

representing the tangent whose inclination to the axis == /9. 

)9. From the equation 

y = i^r^(^-") (1)' 

we get m[x-^a + ty) = — ^ (a; — a) + y ; 
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tbeiefore combining this with 

y = wu; + - (2), 

y-t{x-a)^_^ ty + x-a 

ty + x-a^ {ty-^x — a y-<(aj— a)j ' 

. ,irH^-aY^^ [[x^aY+y^]{l^e) . 
ty + x-'-a (<y + a? — a){y-^(a5-a)} ' 

x — a'\-ty ' y — t{x'-a) 



a 



This is satisfied by y ^ tx -^ - ^ 

representing the locos fonnd above. 
It is also satisfied by 

(a:-a)"+y = 0, 

which requires that a; = a, y s 0, representing the focus. 

This would be obtained by making m = (—1)^ in equation (2). 

Its signification therefore is, that if tangents be drawn to the 
imagmary branch of the parabola, got by making x negative, 
sad lines be drawn through the focus of the real branch cutting 
these tangents at a constant angle, the point of intersection of 
these lines will only be real when the tangent to the imaginary 
branch of the parabola passes through tiie focus of tiie real 
bnnch. 

8. Within the evolute of an ellipse is inscribed a similar 
dlipse; within its evolute another similar ellipse, and so on 
<^ infinitum ; shew that the sum of all the areas 

_w [a* + FY 
"4 ab ' 

Iiet ma, nib be the semi^axis of the first inscribed ellipse, 
then m wiU be a homogeneous function of a and b of no dimen- 
Aons, and therefore the same (unction of ma and mh] hence 
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mfa^ ml'b will be those of the second, and the sum of all the 

we have therefore only to find the value of m. 
Now the equation to the evolute of the ellipse is 

(aa;)*+ (6y)* = (a«-i«)* (1) 

In order that this may touch the ellipse 

they must have a common tangent at a common point. 
Now the equation to the tangent to (1) at {xy) is 

In order that this may touch (2) at {xy)j we must have 



'£)*{£)'' w. 



/«*y 


1 


X 


^^^ (a» 


-»•)' 


~ mW ' 


(by 


1 


_ y . 


y^^ 


-&»)* 


~ m'V ' 


• 
• t 


a? 
971 a 


ma* 
~ a* - 6" 


irft. bv f2 




mi* 
~ a» - y ' 

a'-b* 



a* + &•" 
therefore if 8 equals the Bum of all the areas, 

a** - h^' ^ 



1 



w + W 



= ?L K + y)' 

4 ab 
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9. Find the points A^j A^ A^.,.A^^j ^^ in a parabola, such 
that the tangents at these points are paraUel to the focal dis- 
tanceg 8A^ SA^^ 8A^y..8A^ ^j SA^^^ respectively. 

Let ^^^, JTF (fig. 71) represent the parabola, K8X its axis, 
A^T^^.„A^T^ the tangents at A^^..,A^ respectively, and let 
lA^X^ a^ then lA^TJK=^ \a^ Hence, by the conditions of 
the problem, we must have 

K = «« (1)7 

K = «, (2), 

« • • ~^ . .••■•.•••••••••••••••••••■•••« 

K = «,>^ W, 



• • • 



i^m-i = «••-« (m-1). 

The last equation will be 

TT + ia^ = a^, (m), 

since this i/riU satisfy the condition of AJT^ being paraUel to 
8A^^^ and it is manifestly inconsistent with the preceding 
equations to have Ja^ = c^^j. 

Hence, multiplying generally eqmation (r) by 2*^, and add- 
ing all equations thus formed, the quantities a,, a^, ... a^^, dis- 
appear, and we get 

27r 

• • *•• 2** — 1 * 

2*9r 
whence a, = ^m _ ^ , 

and generally, a, = ^n\ ' 
and the positions of the points A^^ A^.,.A^ are deteimined. 

10. From the focus of an ellipse lines are drawn to any four 
p(nnts in the curve, and the reciprocal of each line is multiplied 
by the ones of half the angles between any two of the remaining 
lines; prove that the sum of the first and third of these products 
taken in order is equal to the sum of the second and fomth. 

L 
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Let L s the latua-rectom, e the ecoentricily of the ellipae ; 
then its equation, referred to the focoa aa ori^ and the axis- 
major as prime radius, will be 

1 _ 1 — e costf 

and let 0^^ d,, d,, 0^ be the angles between the axis and the 
successive lines, r^, r^, rg, r^ the lengths of the lines. 

mr 1 ^a ■" ^4 • ^4 " ^« • ^« *" ^11 

Then — sm -S— — * sm -^ — * sm -*-— — » 
r^ 2 2 2 

2 /- /I \ • ^a "" ^4 • ^4 "" ^« • ^« "" ^ji 

= -=r (1 — 6 cos SJ sm -S— — * sm -^-^ — * sm ^ * 

Jiy 2 2 2 

= ^ (1 - e 008 e,) {sin («. - tf.) + sin {6, - ^J + sm (<?, - tf.)}. 

Similarly — sin -^ — ' sin -^ — ■* sin -*-- — ^ 
•^ r. 2 2 2 

therefore if 8 denote the sum of these two quantities, and if the 
symmetrical function sin {0^ — ^,) + sin (d, — 0^ + sin (tf, — 0^ 
+ sin (&, - 0^ + sin {0^ - ^J + sin [0^ - 0^ be denoted by 4, 
and if we put c^ for cos^„ 8^ for sin 0^^ &c., 

Similarly, if /8^' be the sum of the second and fourth products, 
8* will be obtained from 8 by writing 0^ for 0^y 0^ for ^„ ^^ for 0^^ 
0^ for 0^ ; hence 0, which is a symmetrical Amotion, will remain 
unchanged, and 

*'" 2Z 1^*" ^ '''«^» (**~*»^ ■*■ ^'^^ ^*» "*•) "^ ^*^» (*«"*•)■*■ ^A 

whence it appears that 8 = 8\ 

or the sum of the first and third of these products is equal to the 
sum of the second and fourth. 



r 
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11. I£ lines be drawn through any two of the points 
AjB^ C,... and other lines through any two of the pomts 
a^bfCj,.. all in one plane, prove that the intersections of AB 
with ab^ of AC with oc..., will all lie in one straight line, pro- 
vided that the lines through the intersections of any two of 
the first series of lines and the corresponding intersections of 
the second series all pass through the same point. 

Conceive the points A^ Bj C^ ... to lie in one plane, and 
a,5, c,... in another; then, since the lines joining the intersec- 
tions of any two of the first series of lines and the corresponding 
intersections of the second series all pass through one point, 
Aa^ Bhj Cc. . . all pass through one point 0. 

Now consider any quadrilateral, as ABab^ whose angular 
points are any two points of the first series, and the correspond- 
mg two of the second series. Since the lines Aa^ Bb intersect, 
&ey are in the same plane, therefore also AB^ ab^ are in the 
same plane, and must therefore intersect,* and their intersection 
must manifestly lie in the line of intersection of the planes 
ABC... J abc...^ Similarly the intersection of any other pair of 
lines, as ^ (7, ac^ lies in that line. 

Hence, if we suppose the planes ABC.j ahc...^ to be indefinitely 
nearly coincident, the proposition enunciated follows at once. 

1851. 

!• Having given a focus and two tangents of a conic section, 
ahew by means of reciprocal polars, or otherwise, that the 
chord of contact always passes through a fixed point 

Let a circle be described passing through two fixed points, 
A^ Bj and let P be the intersection of the tangents at Aj B. 
The locus of P will be a fixed straight line, perpendicular to and 
bisecting AB. 

Now take the polar reciprocal of this system with respect 
to any fixed point 8. The reciprocal of the circle will be a 
conic section whose focus is /9, and which has two fixed tangents 
(the reciprocals of -4, B). Hence the reciprocal of P, which is 

* If these lines fajcppen to be parallel we may stiU consider them as inter- 
tecting in a point infinitdy distant. 

l2 
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the chord of contact of these tangents, will always pass througfa 
a fixed point, the reciprocal of the locus of P. 

2. Shew that there will be two pairs of equilateral hyper- 
bolae which pass through two given points A^ B^ and touch trw^o 
given straight lines, and that the chords of contact of each psdr 
meet in AB^ and are equally inclined to AB.* 

Take the middle point of AB as origin, AB as axis o£ or, 
let A, — A, be the abscissse of A^ B^ respectively, and let the 
equations to the two given tangents be 

a b ^ a o ^ 

OS t/ 

and that to their chord of contact - + ^—1=0, 

a p 

where a, )3, are indeterminate parameters. 

Then the equation to a conic section touching the two given 

lines may be written imder the form 

(M-')(^F')=^(f-|-')' 

X being an indeterminate parameter. 

Two equations for the determination of the three arbitrary 
quantities \, a, )3, are given by the conditions of its passing 
through -4, B, We thus get 

e-)S-)-s-)" «■ 

The third equation is given by the condition of the curve 
being an equilateral hyperbola. In order that this may be the 
case, it is necessary that the sum of the coefficients of a? and 
y = 0. This gives 

J_ \ 1 \ _ 

oa' ~ a« "^ 66' ~ ;§* "" ^ (^^' 

• A shorter solution of this problem, due to Mr. Qaskin, wiU be found in 
the Appendix. 
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Combining (1) and (2), we get 

U + J (A -Ha) (A + aV 

This is a quadratic for the determination of a. Let o^, o^ be 
its roots. 

Subtracting (1) firom (2) and eliminating X by (3), we get 

Hence, for each value of a there will be two of )3, equal and 
of opposite signs. Let them be denoted by ^8^, — )8j, )8„ — fi^ 
respectively, then we get two pairs of equilateral hyperbolie, 
whose chords of contact respectively are 

5;-*- A"'' s;-^.-' ^'^' 

^^ y = 1, ^-1 = 1 (5). 

It is easy to see that the lines represented by (4) intersect 
in AB (the axis of x) and are equally inclined to AB. The 
same will be the case with the pair of lines denoted by (5). 
Hence the chords of contact of each pair meet in AB^ and 
are equally inclined to AB, 

3. K from a point of an ellipse a line be drawn to the ex- 
tremity of each axis, and a parallel to the same axis be drawn 
through the point in which such line meets the other axis, the 
locus of the intersection of these parallels is an equilateral hy- 
perbola. 

Trace the corresponding positions of the point on the hy- 
perbola, and the point on the ellipse. 

Let a, 5, be the semi-axes of the ellipse, take the axes of 
the curve as coordinate axes, and let a cosa, h sina, (a being a 
variable parameter) be the coordinates of the point through 
which the lines are drawn. The equation to the line drawn 
through this point to the extremity of the axis-major, is 

a5 — a cosa _ y — i sina 

a cosa — a ~ h sina ' 
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X — a cosa 



or 



y — i gina 

-4- •' = • 



a sin^a b cos^a 

X CL y , OL a 

/. - cos- + T sin- = C08 - . 

a 2 b 2 2 

Where this meets the axis-minor, 

y = icot^a (1), ] 

which is therefore the equation to the line through this pointy i 
parallel to the axis-major. 

Again, the equation to the line drawn through (a coso, b sin a) ; 
to the extremity of the axis-minor, is | 

y — J sina ^x — a cosa  

isina — ft "" a cosa ^ | 

y — & cos(i TT — a) _ X — asin(^^ — a) ^ 
b cos(i7r — a) — & ^ asin(i7r — a) * 

whence, by an investigation similar to the above, it is seen that 
the equation to the line drawn parallel to the axis-minor through 
the point where this meets the axis-major, is 

X = acot(j7r — ia) 

cot^a + 1 



= a 



(2). 



cot^a — 1' 
Eliminating a between (1) and (2), we get 

y + b 

or xy = ay -^ bx + ab^ 

or (a? — a) (y — ft) = 2ai, 

as the equation to the locus, which is evidently an equilateral 
hyperbola, whose asymptotes are the tangents to the ellipse at 
A and B. 

Let ABA'B (fig. 72) be the ellipse, P the point (a cosa, 
ft sina); then from the figure it appears that p is the point 
on the hjrperbola corresponding to P: one branch of the hyper- 
bola is described, while P moves from ^ to ^; the other branch 
while j> moves round through BAB A, 



a.] 
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4. Determine the values of a', m^ n'j such that the relation 

may be equivalent to the relation 

{{x - a)" + y*}* = «* (aJ* +3^)* + «- 
Hie transformation fails (1) in the case where the carve 
[.jcpresented by the given equation is a conic section, (2) has a 
Alible point. 

(a). The equation 

[' when transformed to polar coordinates, and rationalized, becomes 

r^ - 2aV costf + a'" = {m'r + « )», 
or (1 - m'*)r^ - 2aV cos^ - 2m!nr + a** - n" = 0. 
The equation 

{(a? - a)" + y"}* = m (a?* +y*)* + n, 
vmkrly transformed, becomes 

(1 — w") r" - 2ar cos^ - 2winr + a* - n* = 0. 

In order that these equations may be identical, the coefficients 
of t^, r cosd, r, must bear the same ratio^ to one another as the 
constant terms. 



l-«i' 



a 
a 



mn 



fnu 






From the equation — = 



~^ IT 



fX 



a 



1- — 



m 



1 5l 

a" 



> 



1 - 



n" 



we get — = 






1- — 

a- 



l-w" 
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n 



Also we have - = , or 



a ran ' w» « ' 



"•"a <^>' 



and — , = wi. 



.1 



1-- 

d a* 

whence — = , ; 

a 1 — w" ' 

, la — n ,_. V 

•••«=«rr^' (2), 

„'=!?^; (3). 

a 1 — m ^ ' 

The required values of a', W, n', are determined firom (1), (2), 
and (3). 

()3). The given equation, when vationaUzed, will in general 
be of the fourth degree in x and y. In order therefore that 
it may represent a conic section, it is necessary that the terms 
of a degree higher than the second should disappear of them- 
selves from the rationalized equation, which requires that 
m = ± 1. K this condition be satisfied, the ^ven equation 
becomes 

{(a;-. a>' + y*}* ± (a^+y*)* = n, 

shewing that one of the fod of the conic section is the origin, 
that the coordinates of the other are a, 0, and that the axis- 
major = n. 

The transformed equation must therefore, since it represents 
a conic section, take the form 

which gives a', as the coordinates of the second focus, n as the 
axis-major. Hence we must have 

a' = a, n = w, 

and the transformation fails. 
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The transformation also fails if n ^^olj for we then get ml » 1, 
a' = 0, n = 0, and the transformed equation becomes an identity. 
In this case, the given equation, transformed Into polar coor- 
dinateS| becomes 

(1 - «i') r - 2 (a 008^ + wa) = j 

whence we see that if 

cosd = — «i, 

we have r = ; but the equation cosd = — m is satisfied in 
geaend by two values of d, whose sum = 2'n' ; hence the origin 
is a double point. 

If therefore the curve have a double point, the transformation 
fails again. 

5. K O be the centre of a reflecting circle, Q a radiant point, 
aad the line from Q to produced to meet the circle be con- 
sidered as the axis, then, if a be the radius, u the distance QQ, 
Ihe inclination to the axis of the radius through the point of 
incidence of any ray, and ^ the inclination to the axis of the 
reflected ray, 

pcos^ = acosd + UCO820, psm<f> ^ amnO + uAa20y 
where ^ = (a' + ti* + 2auco&0y is the length of the incident ray. 

Let P (fig. 73) be the point of incidence of any ray, M the 
point in which the reflected ray cuts the axis. Let 

and draw PN perpendicular to the axis. Then 

QN= p cos {<l>-2ylt) ^ QO + ON=^u + acoB0y 
PN=: p8in(0 — 2*^) = asmO. 

Agam, ^ = 0-^, 

.'. /t>co8(2tf — 0) = tt + acos^ (1), 

psm(2tf-^) =asin^ (2): 

(1) co82tf + (2) sin 2^ gives 

pcos0 =3 acosd + t«cos2^. 
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(1) sin20 - (2) co82d gives 

psin^ » a Bind + u&in2d^ 
the required equations. 

6. Using the notation of the last question, and assuming the 
truth of tiie theorem stated therein, shew that if from the point 
of incidence of each ray there be drawn, in a direction opposite 
to tiiat of tiie reflected raj, a line equal in length to the incident 
raj, the locus of tiie extremities of tiiese lines is a curve cutting 
the lines at right angles, and the equation of which, referred to 
tiie radiant point as origin and the axis QO as axis of Xy is 

Shew that the origin is a double point, and trace the curve : 
shew also tiiat tiie equation may be expressed in tiie form 

{{x - a)" + y*}* = m(ic* +y*)* + n. 

(a). Produce MP to JS, making PE = QPj then we have 
to find the locus of B. Let a;, y be its coordinates, tiien we 
readily see that 

X = QN + p cos^ 

= tt + acosd + acosd + ucos20 

= w(l + C082fl) + 2acosfl, 

and y = PN + p sin^ 

s asind + deinO + umi20 

= usm20 + 2asind: 

hence - » tand, and BQ is parallel to PO^ 

X 

and (a: — m)" + y* = u' + 4a' + 4mu cos^, 

X 



= w* + 4a' + 4at£ 



i^+f)^' 



.'. a^ + y" — 2ux = 4a' + 4au 



X 



.: x* + y* - 2Ma: + m* . , = 4a* + 4a« r-s ^ + «* 



^^^, _ ,„ -. «.„ (a'+y«)» ^ " i'+y 
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,9 ... tix ux 

tlie required equation to the curve. 

(/3). This equation, transformed to polar coordinates, becomes 

r — 2uGOB0 = 2a, 

.-. r = 2uco8d + 2a (1). 

Hence the radius vector of the curve exceeds hj 2a the 
radius vector of a circle which passes through the pole, one 
of whose diameters is prime radius, and whose radius = u. If 
therefore we draw such a circle, and produce OA^^ the radius 
vector of any point ^ in it to £, making AB == 2a, the locus 
of B will be the required curve. 

The curve will pass through the origin when cos0 » , 

which condition, if a < u, is satisfied by two values of 0j one less, 
the other greater than tt. Hence if a < u, i.e. if Q be outside 
the circle, two branches of the curve pass through the origin, 
which is therefore a double point. 

When ^ = 0, r=:2(tt + a), and when = nr^r ss^ 2(w — a); 
hence the curve will have the form represented in fig. (74), where 

Qq = 2(tt + a), Qq' = 2(w-.a).t 

Again, L QBM^ L 0PM (since QB is parallel to OP) ^= ^- fl, 

. tan(gi?Jlf= ^^t''i""'^'t'?°f 

C0S9 cos^ + sm9 sma 

usind 



a + ttcos^' 
by the result of question 5. 



* The line OA miut always be produced in the ponthe direction of the 
ndiuB Tector, therefore when > \ir^ OA mnat be produced backwards. 

t This is the form of the figure when Q is outside the circle : if it be within 
it« the curve does not pass through the origin, and the loop Q^ does not 
appear. The origin will then be a conjugate point. 
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And if t be the angle between the radius vector and tangent, 

1 du usin 

cot^ = — 77» = — 



I d0 o + ucobO^ 

Hence the curve cuts the lines PB at right angles. 
(7). The equation 

is equivalent to 

(1 -wi'jr* - 2mnr - 2ar cos^ + a* - w' = 0, 

and this coincides with (1)^ if 

= a, 5 = w, a — n' = J 



1-m" ' l-m' 



a tt — a 
.*. m = - , n = a = , 



/ 



therefore (1) is equivalent to 

which is in the required form.. 

7. Given the centres of three circles, each of them touching 
the other two externally, determine the radii. 

How many systems of circles are there when the centres 
are given, but the circles touch externally or internally at 
pleasure? 

Let a, i, c,. be the distances between the given centres ; then 

r, + r, = a, 

^. + ^1 = *» 

^ + ^ = ^» 

6 + c — a 



.*. r, = 



similarly r ^ = 



♦'» = 



2 ' 

c + a — b 
2 » 

a + 6 — c 



which determine the radii. 
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If die circles touch internally or externally at pleasure, there 
win be four BystemB. For the circle described with any one 
point as centre may include the other two, which muBt touch 
each other externally, thus giving three systems. Or they may 
all touch externally, giving four systems in all. 

8. The locos of the point firom which two given drcles 
subtend equal angles is a circle. 

Let A^ A' (fig. 75) be the centres of the two given circles, 
P a point firom which the circles subtend equal angles. Draw 
the tangents PT, Pf to the circle whose centre is A ; PTj IV to 
that whose centre is A'. Join PA^ PA\ AT^ Atj AT^ A'i. 
T)iiNi LTPt ^ ATPt\ 

And APy A'P respectively bisect the angles 2!ft, TPt\ 

.-. L APT ^L APT'. 

•lao the right angle ^2!P=the right angle ATP\ therefore 
the triangles 2!4P, TAP are similar, therefore 

APi AP:: AT: AT (1). 

Divide AA in 0, so that AO : AO :: AT: AT take as 
ongm, AOA as axis of x. Let AO = a, AO = a', and let 
«, y be the coordinates of P. Then by (1) 

{(aj + ar+y»}* : {(a:-a7 + y*}* :: a: a'; 

.-. a'«{(aj + a)«+y^} =a"{(a:-a7+y'}, 

or (a-a')(ar'+y*) - 2aax = ; 

Aewing that the locus of P is a circle passing through 0. 

9. The lines joining the corresponding points of two similar 
and similarly situated figures in the same plane intersect in a 
point. 

All sections of a conical surface of any degree by parallel 
planes are similar and sinularly situated figures, and every gene- 
iftting line passes through corresponding points. Hence, con- 
versely, the lines joining corresponding points of two similar and 
\ >imiiarly situated figures in parallel planes, pass through one 
point (the vertex of the conical surface of which they are 



/ 
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sections). Let the planes be now made indefinitely nearly 
coincident^ and the proposition enunciated follows at once. 

10. Given any three of the four lines Ox^ Oy, Qp, Oj, 
(fig. 76), the fourth may be determined, such that if a, & be the 
points in which a line through a point Q m Oq intersect Oxj Oy^ 
and a', V the points in which another line through the same 
point Q intersects Ox^ Oy^ the point of intersection of the lines 
<J> and o!b lies on the line Op. 

Let i« =s 0, t^ ss 0, be the equations to any two lines passings 
through the point 0, and let u = \jo^ u = \jVj u = \Vj u = X^r, 
be the equations to Oxj Oy^ Opj Oq^ respectively. Also let 
t(7 = be the equation to Qa, and u — \v — /aw == that to Qa\ 

Then the equation 

a{u — \v) — (w — XyV — /iti?) = 0, 

where a is a disposable parameter, represents a line passing 
through a\ In order that this may pass through 6, the above 
equation must be identical with 

fi{u-- \^v) — tt? = 0, 

fi being also a disposable quantity. In order tiiat these equa- 
tions may be identical, we must have 

a — 1 a\ — \ 
/8 fix., '*' 

... a = b^^^* 



\-K 



1 



and (X^-Xy)(w-X^v) - (X^ - X J (w - X,v - /*«?) = 0, 
or (X^-Xy)(t«-X^v) + (X^-XJ;aii? = 0, 
is the equation to a'b. Similarly 

(\-\)(w-M + (\-\)/*tt^ = 0, 

is that to ab\ Where these intersect, we have 

or (^. + \-2X,)m + \{\'hX^)v = (1). 

In order that this may lie in the line Op, whose equation is 

tt - X^v =: (2), 
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(1) and (2) must be identical ; hence 

or {\ + \){\ + \) - 2\,\ = 0, 
an equation from which, when any three of the quantities 
X^ Xy, Xy, \^ are given, the fourth may be determined, so 
that when any three of the lines Ox^ Oy^ Opj Oq are given, the 
fourth may be determined so as to satisfy the required conditions. 

11. The radii vectores from the focus of a conic section to 
two points of the curve make equal angles with the line drawn 
firom the focus to the point of intersection of the tangents at the 
two points. 

Let a, fi be the angles which the radii vectores respectively 
make with the axis-major, then the polar equations to the 
tangents, referred to the focus as pole and the axis-major as 
prime radius, will be 

1 2 

- = y {e cosfl + cos(tf — a)}, 

1 2 

-= y {eCOSfl + C08(tf-^)}. 

Where these meet, we must have 

which will be the equation to the line through the focus and the 
intersection of the tangents, which evidently bisects the angle 
between the radii vectores. Hence the proposition is true. 

For a demonstration of this theorem by the method of re- 
ciprocal polars, see Salmon's Conic Sections^ chap. xiv. 

12. If two triangles be circumscribed about a conic section, 
flieir angular points lie in another conic section. 

Let tf = 0, t? = 0, t£? = 0, be the equations to the sides of one 
triangle, and let the sides of the other triangle respectively 
opposite to these be represented by 
tt+6,t?+c^ii7=0...(l), ajtt+tJ+c,w=0...(2), a3W+&»v+tt?=0...(3). 
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Then^ since these two triangles are circumscribed aboat a 
conic section, it will follow that if {v^to^ doiote the line joinings 
the intersection of v = and (3) with that ol w = and (2), 
with similar notation for the other corresponding lines, (v,trjy 
{to^u^y (^8^i) ^ P^^^ through one point 

Now the equation to {v^w^) is 



V w ^ 

tt+-+— =0 

«• a, 

« , u to 

that to w.u^ IS 7-+v + T- = 

U V 
^ ««^i5 1 J- tt> = 



(A). 



The elimination of u, v, w between these equations would 
give the necessary condition that the three lines denoted by 
them should pass through one point, or tiiat the two triangles 
should be circumscribed about a conic section. 

Now the equation to any conic circumscribing the triangle 
(123) can be put into the form 

+ 7(w+ Jjt? + c,ti7)(a,w + v + c,tr) = (4). 

Here the coefficient of u' is proportional to 

a + ^ + I, 
oftj'ta ^•\. fi + 1^ 

of ti?" to — + — + 7. 

Hence, if we give to a, /8, 7 respectively the values which 
tt, Vj to have at the intersection of the lines (A), each of these 
coefficients will vanish, and equation (4) will be reduced to one 
involving vw^ tow, uv only; it will therefore also represent 
a conic circumscribing the triangle whose sides are t* = 0, 
V = 0, «? = ; and consequently, if two triangles be circnm- 
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about a conic section, their angular points lie in another 
conic section.* 

From the above proof it is not difficult to see that the 
converse (which is also the redprocal theorem) is true. 

13. If the angles ^, ^' are connected by the equation 
cos^i = cos^ coB^' — sin^ sin^'(l — c* sin*/*)*, 

and sin^, sin^' are the abscissae of points on kol ellipse, the 
semiaxes of which are 1, (1— c*)*, then the tangents at these 
points meet in a point, the locus of which is an ellipse confocal 
with the given ellipse. 

Let f , t^ be the coordinates of the intersection of the tangents, 
then the equation to its polar is 

Let sind, (1 — c')*cos&, be the coordinates of the points 
where this line meets the given ellipse, then 

the roots of this equation in are ^, ^'. 
It may be written in the form 

(fBmd-l)« = p^(l-8m'5); 

1- ' 



1 - c* 
.'. sm9«sm9 = — «- 






Again, it may be written in the form 

lycos^ 

.*. COB^.COS^' = , — , 



= r(l-co8'<?); 

1-r . 



r+Y^ 



• Another solution of this and of several cog^Ukte prohlems, will he found 
in a paper by Bir. Heam, in the Cambridge and Dublin Mathematical Journal^ 
▼ol. IT. p. 265, entitled " Singular Application of Geometry of Three Dimen- 
BKms to a Plane Problem.'* 

M 
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therefore, by the given equation, 



v' 



or f (1+C08/*) + -2-, {cob/*- (l-<?«nV)*} = 1 - (1 - c'mn*/»)*» 

the equation to the locus of (f , 17,) which is therefore an ellipse, 
the squares of whose semiaxes are respectively 

l-(l-c»sinV)^ l-(l-c'sinV)* , 

1 + cos /x ' ^ ^ co8/» — (1 — c" sin"/^)* ' 

1 — cos /A — (1 — cos/i) (1 — c" sin*/*)* ^ 

or r-j { 

sin /A 
1 — c' sin'/i — co8/i — (1 — cos/i) (1 — c* sin*;i)* ^ 



sin'/A 

therefore, if c' be the distance from its centre to its focus, 

,, 1 — cos /i — (1 — c os/i) (1 — c* sin'/x)* 

sin /x 

1 — cos^t - c* sin* /A — (1 — cos/i) (1 — c* sin* /a)* 

/. c' =: C, 

whence the ellipses are confocal. 



sm*/i 



14. If a;, y^ Zj Wy are linear functions of the coordinates of 
any point, such that no three of the lines represented by the 
equations a? = 0, y = 0, « = 0, «? = 0, meet in a point, the 
equation w + (y«)* + [ex]^ + (ay)* = is that of a curve of the 
fourth order having three double tangents, a? = 0, y = 0, « == 0, 
and three double points, y = = ii?, z^x^w^x^y^w. 
Shew also that the six points of contact of the double tangents 
lie in a conic section. 

Where the line a; = meets the curve, 

w + (y«)* + {zx)^ + (ay)* = (1); 

we have also w + (y«)* = 0, or v? = yz (2). 
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It hence appears that the line x = meets (1) only in the 
points where it meets the conic (2), that is, in two points only. 
But (1) when rationalized takes the form 

(w"— ya — «a? — ay)* =s ^xyz (aj + y + « — 2w?) (3), 

under which form we see that the cnire represented by it is 
of the fourth order ; therefore the line a; = must meet it in 
four real, coincident, or imaginary points. Therefore, either 
each of the points in which a; = meets (1) must be a double 
point, or a? = must be a double tangent to (1) ; for from con- 
siderations of symmetry it is clear that both points must be of 
the same nature. Also we see that y = 0, z =^0 stand in ex- 
actly the same relation to (1) as a; = does. 

Now consider the conic whose equation is 

u^ — yz — zx-^ayssQ (4). 

From (1), (2) we see that all the points in which a; 3= 0, 
y ^Oj J5 = 0, meet (1) lie in this conic. Hence tiiese points 
cannot be double points, for if they were, a curve of the second 
order would intersect a curve of the fourth order in twelve 
points (coinciding two by two), which is impossible. Therefore 
ar = 0, y = 0, « = 0, are double tangents to (1). 

Again, if in (3) we put x = Wjit becomes 

{a:(aj-y-«) - y2f}" =» 4ajy« (y + «-«), 

which can be reduced to 

a;(aj-y-»)+y« = (5), 

shewing that the line x =^ w meets the given curve only in 
the points in which it meets the conic (5), that is in two points 
only. Hence, either a; = tr is a double tangent, or it must meet 
the curve in two double pomts. 

Now at the points where it meets the curve, we have, as 
may be seen from (5), a = a; = w, x= y = to respectively. 

Hence, where the line x = to meets tiie curve, it also meets 
either tiie line y = u? or c; = 2<?, and from considerations of 
symmetry, if x = w touch the curve, y ^w and z ^ w must 
do so likewise at the same points. 

M2 
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Now we have already shewn that if a; = i^ do not touch the 
curve (1), it must meet in two double points, and we have just 
now proved that if it does touch the curve, y = to and z^^ w 
touch it, each at one of the points where x^w does. Therefore 
two tangents can be drawn at these points in different direction?, 
therefore they must be double points. Hence, in either case, 
the points in question are double points, viz. z = x^ w and 
x^y ^ w\ and similarly, it may be shewn that y = is = u? is 
a double point. 

15. (a). Describe a circle when two tangents are given, 
and a point from which a pair of tangents drawn to the circle 
shall include a given angle. 

{fi). By means of the properties of reciprocal polars, or 
otherwise, construct a conic section, when the focus, two points, 
and the angle between the asymptotes are given. 

(a). Let AB^ AG (fig. 77) be the two tangents, P the point 
from which a pair of tangents are to include a given angle a. Let 
lBAG ^ fi. Bisect the angle BAC by the straight line ADy 
join PAj and divide it in £, so that PE : EA : : sin ^fi : sin ^o. 
Also produce PA to F^ so that PF : AF:: sm^fi : sm^ou 
Bisect EF in O^ and with O as centre and OE as radius, 
describe a circle, cutting AD m H. H shall be the centre of 
the required circle. 

For since PE : EA : : PFi FA : : smJ/S : sin ^o, the locus 
of a point, the ratio of whose distances from P and A 
= sin^/9 : sin^a is the circle of which EF is a diameter. 
Therefore, joining Pff, PH : AH : : sin ^^ : sin Jo. 

Draw PK a tangent to the circle whose centre is H^ and 
which touches AB^ A (7, then if r be the radius of that circle, 

^^wiEPKy ^=sini^; 

.-. mjiHPK:mi^fi::AH:PH 

:: sin^a : sin^/9; 
.-. HPK^\a, 
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and a pair of tangents to the circle drawn firom P include the 
reqmred angle a, 

03). If we take the polar reciprocal of the above 83r8tem 
with respect to P, to the circle will correspond an hyperbola 
vhoae focus Ls P; to the two given tangents AB^ AC corre- 
spond two given points, and to the tangent through P, including 
a ^ven angle, correspond two points on the curve at an infinite 
distance subtending a given angle at the focus or (since the 
points are infinitely distant) at the centre. This angle therefore 
is the angle between the asymptotes. Hence [fi) is the polar 
reciprocal of (a); and therefore the required conic section may 
be constructed by means of the circle there determined. 

16. Let P be any point in a conic section whose focus is 8 
and eccentricity c; in iSPtake SQ = \L (the semi-latus-rectum); 
draw QR^ ST perpendicular to 8P^ meeting the tangent at P 
in R and T respectively; also draw 8Y perpendicular to the 
tangent meeting it in F; and let PU^ QZ drawn parallel to the 
transverse axis meet 8Y in U and Z respectively : it is required 
to prove one of the following properties : 

(1) £ is a point in the latus-rectum. 

(2) QR passes through the point U, 

(3) PU= e.P8. (4) 8R = e.8T. (5) 8Y.8Z= (Ji)«. 

(1). Let the inclination of 8P to the axis-major be a, then 
the polar equation to the tangent at P will be 

1 2 

- = y {(cos^ 4- COS (^ — a)}; 

and that to QRy r = ^L sec [0 — a). 

At Bj the point of intersection of these lines, we must have 

therrfore R is a point in the latus-rectum. 

(2). The equation to SYi» 

. >, Rin a 
tan^ = 



e -h cosa ' 
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or in rectangular coordinates, 

a; sin a = y (6 4* cos a). 
Now the ordinate of P is 

^Zsina 
1 + e cos a ' 

therefore the equation to PZ7is 

iL sin a 
^ 1+6 cosa 

At {7 the point of intersection of these, we have 

_ JZ (e + cosa) 
'^ 1 + e cosa ' 

.'. X cosa + y sina = ^L. 

Now this is the rectangular equation to QB ; hence QR passes 
through the point U. 

(3). The abscissa of P is ~- . 

^ ' 1 + e cosa 

That of Z7has been shewn to be 

^L (fl + cosa) 
1 + e coso ' 

and Pj Uj have the same ordinate ; hence 

PU^e.P8. 

(4). Since jB is a point in the latus-rectum, 8E is perpen- 
dicular to PUj and 8T is perpendicular to SP, TB to 8Yj 
whence it readily follows that the triangles 8TBy 8PU are 

similar; 

.-. PU:P8:: 8B: 8T\ 

but PU=^e.P8; 

.-. 8B = e.8T. 

(5). The polar equation to QZ is 

rsin^ = ^Z/ sina, 
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and that to SYis 



e + coBa ' 



. >| sina 



(1+260080 + ?)** 

therefore at ^T^ the intersection of these lines, 

r = /8^= ii (1 + 2€ oosa + e^*. 

Also SY^lLjj rs r-w-n 

* {[e + cosa)* + sm*a}* 
**^(l + 26C08a + e")*' 

17. If -4j, -4,...^^; a^, a,...a^, be the angular ^ points of two 
polygons of n sides each, which circumscribe a given circle, and 
Pj, P,...P, the points of intersection of their first, second... n*^ 
sides respectiyely ; shew that 

Shew also, by means of projective properties or otherwise, that 
the same equation is true when any conic section is substituted 
for a cirde. 

From O, the centre of tiie circle, draw perpendiculars OB^^ 
OB^.,.OB^^ Ob^j 0\...0h^^ on the sides ^,^„ A^^...A^A^^ 
aja^j afl^. . .o^,«», respectively. Through draw any line OJT, 
and let generally B,OX = a,, b^OX = ^8, (fig. 78). Then 

il,OX=i(fl^, + aJ, .-. A,OB,^A^OB^^^i{a,^a^,). 
Simikrly, a^OBr = Hfi, - /3^J, 

and P,0Z=i(a, + i9,); 
.-. P^OB, ^ P^OX - P^OZ = i(/9, - a,). 
Also PA = a (tan AOA + tanP^OZJ, 

a being the radius of the circle, ^ 

= a {tani(a, - O + tani(/9, - aj} 

sin^(^, -a,J 



= a 



cosi (a, - a,. J cosi (^, - a,) * 



168 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1851. 

Alflo P^^ = o (tan A^^ OB, - tanP, OB,) 

= o {tani (o^ - a,) - tanj {fi, - a,)} 

^ ^ B'Pi(«.^. - fir) 

The expressions for P,a, and P/r^,, will be got fipom these 
bj simply interchan^g a and /3 ; 

• p. - a «^h{<^-fir.,) 

■• ^-"'-"cosiC/g^-zS^JcosiCa^-zS,)' 

Po 8in^(^^. - a,) 

-^-"^ - " co8i(/?^.-;8,) cosi(a,-/3,) ' 

Hence ^'^'•^'"' 



•^r-^r+l '-^^4 1 



8mi(A+i-a>ini(a,^,--/3Jco8j(a,--a^Jcosi(/3,-/3^J 

From the form of this expression it is easy to see, that if we 
give r every value from 1 to n inclusive and multiply the re- 
sulting fractions together (observing that instead of a^^, ^,^„ we 
write a^^J, every factor will appear both in the numerator and 
denominator. Hence 

P,A,.P,a,.P^,.P,a,...P,A,.PA _ , 

or P,A,.Pfi,.P^,.Pji,. . .P,A,.P,a, 

= PAfPflrP,AA%- • ■PA-Pn<^f 

If for P^^ we substitute — - — ~-^ — ^, and make 

similar substitution for each of the other lines, each member of 
this equation will, since OB^ = a, be divisible by 



OA^. Oa^. op;. . . OA. Oa. OP"" 

* * » w n w 

a 



and there will remain merely a relation between the sines of 
angles subtended at 0, The property just proved must there- 
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fore be troe for any figure into which the circle can be projected, 
that is for any conic section. (See the article on the Method of 
Projections, in Salmon's Conic Sections^ Chap. XIY.) 

18. Prove one of the two followmg properties. 

(1). When one of the foci of a conic section and two tan- 
gents are given, the locus of the other focus is a straight line. 

(2). When the centre of the conic section and two tangents 
are given, the locus of the focus is an equilateral hyperbola. 

The proof of these theorems depends on the property, that 
the product of the perpendiculars from the foci on the tangent 
at any point of a conic section is constant and equal to the 
square of the semiaxis minor. 

(1). Let -4P, AQ (fig. 79) be the two given tangents, 8 the 
given focus, H that whose locus is to be found. Draw BY^ HZ 
perpendicular to -4P; 8Y\ HZ' to AQ\ then 

BY.HZ=8T.HZ\ 

.-. HZ:HZ::8T: 8Y, 

a constant ratio ; therefore the locus of ^ is a straight line. 

(2). Take the centre as origin, and let the equations to the 
given tangents be 

xeosa + y sina — a = (1), ^cosa -f y sina' — a' = (2). 

Let f , f)j be the coordinates of one focus, then — f , — «7j will 

be those of the other. Now the length of the perpendicular 

firom f , 17, to (1) is 

f cosa + ff sina — a ; 

similarly, that firom — f , -- 17, is 

— f cosa — 17 sina — a. 
Hence we get 

(f cosa + 7f sina)* '- c? =^ ^^ 

P being the semiaxis minor. 

Similarly it may be shewn that 

(f cosa' 4- V sina')'' — a"^ = ff^; 
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.'. (f coaa -f- f) eina)" — a" = (f cosa' + 1; aina')' — a**, 

or (f cosa + ff aina)* — (f cosa' + 17 sina')' = a" — a", 

the equation to the locus of f , 17, which is therefore a rectangular 
hyperbola, the equations to whose asymptotes are 

f (cosa + cosa') + 17 (sina + sina') = 0, 
f (cosa — cosa') + v (sina - sina') = 0. 
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DIFFERENTIAL CALCULUS. 

1848. 

Find the equation to that involute of a cycloid which passes 
through the cusp, and shew that in the inunediate neighbourhood 
of the cusp it becomes the curve 2a (4y)* =s (Sa?)^, a being the 
radius of the generating circle. 

Let a;, y be the coordinates of any point in the cycloid 
referred to the cusp as origin, and base as axis of x^ s its dis- 
tance measured along the arc from the cusp ; f , i; those of the 
corresponding point in the involute. The equation to the 

cycloid will be 

X = a(d — Bind), 

y = a(l — cos^), 

and we have, since the tangent at [xy) passes through (^) at 

a distance s from {xy\ 

c dx 



dy 

dx 
Now ^ = a(l — cosfl) = 2a sin" Jtf, 

^= asind =^2amn^0 cof^Oi 
du 

.'. -^ = 2amjii0y 

and 8 = 4a(l — cos^O) ; 

.-. f = a(5-8in^) - 4a(l -cosi^) sinj^, 
= a(d -h sind - 4 sin J5), 
1) = a(l - cos^ - 4a(l - cos^^) cos^d, 
= a(3 -f co8^ - 4 cosj^), 
the equations to the involute. 
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In the immediate neighbourhood of the origin where is 
small, these become 



f=»h*-?-(i-a' 



— 

"l2* 



and, = aj4-- + --4(l- — + 2j;jgj|, 

"8.4" 
Hence, eliminating 0, 

or 2a{ivT = {H)% 
the required curve. 

1849. 

1. If P be a point in a cycloid, and the corresponding 
position of the centre of the generating circle, shew that PO 
touches another cycloid of half the dimensions. 

Let a(tf — sin^), a(l — cos^) be the coordinates of P, as in 
the last problem ; then aO and a will be those of 0, 

The equation to PO is 

X — ad y — a 
sm^ cos a ' 

or ajcosfl + ysintf = a(flco8^ + sinfl). 

Differentiating this equation with respect to as variable 

parameter, 

— xAsiB + ycos^ = a(2cosfl — flsinfl); 

.*. a? = a(5 — sin^ cos^, 

= ia(2^-8in2^) (1), 

and y = a(l H-cos'^) 

= irt(l -f-C0825)., (2). 
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Ekjoations (1) and (2) shew that the line OP always touches 
a cycloid whose cusp coincides with the cusp of the original 
cycloid, and generated by a circle of half the size of its gene- 
rating drcle. 

2. Find the locus of the ultimate intersections of the lines 
defined by the equation 

XQO%Zd + y sin3^ = a(cos2(?)* (1), 

where 6 is the variable parameter. 
Differentiating (1) with respect to d, 

x«ai^0 - y cos3(? = asin2d (cosfl)* (2). 

Squaring (1) and (2), and adding, 

aj^ + y = a"cos2fl (3). 

Again, (2) -r- (1) gives 

oJsinS^ — ycos3^ ^ ^^ 

-5 — ^ . ^^ = tan2(?, 

ajcos3tf -f-ysm3(? * 

tan3fl-^ 
or — ^— ^— - = tan25; 
1 + tan3^^ 

X 

.-. ^=stan5, 

X ' 

andby(3)a^ + y = a»Lz^, 

or (aT' + yO" = a'(a?-/), 
the equation to Bemouilli's Lemniscate. 

3. If e be the eccentricity of a conic section, r the distance 
of any point from the focus, p the radius of curvature at that 
point, and ds an element of the arc of the curve, then 
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Let the equation to the conic section referred to its focus as 
origin and axis-major as axis of x^ be 

/. r ^ ex -^ Cj 

dr 

^ dr dx e 

and -=- = iy- 5= 
da da 



dx 
^^d^dr 1 

dx 
d^y dy 



RST' 



da? dx 1 



dy^ 

e dx 



'FW 



•••(l)^'-(^)'-<-^ 



-e*. 



4. If u be a function of the independent variables x^ y^ «, 
given bj the equations 

^ =/(*, (1), 

« = F{Ix + my + nz-^kt) 

= ^(wi« — ny) + ;^(na;— &) + -^(Zy — wia;), 

and if ? + m" + »" =s i" ; shew that 

7 Jt« du du •. du 

ai;z; dy da dt ^ 

du 
where ^ is obtained from (1) by considering a constant. 
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We have 

also = ny^ — m-^' ; 
dt ^ W)^ — m'^* I 



du 



Multiplying these equations by l^ m^ n respectively, and 
adding, remembering that Z" + iw* + n* « A?, 

^du du du T du 

dx dy dz dt ^ 

du jt,, . 

smce -J means/ (e). 

1850. 

1. A paraboloid of revolution with its axis vertical contains 
a quantity of water, into which is sunk a heavy sphere, and the 
water is just sufficient to cover the sphere ; find the form of the 
paraboloid that the quantity of water with which this can be 
done may be the least possible. 

Let a be the radius of the sphere, I the latus-rectum of the 
paraboloid; h the height to which the water rises when the 
sphere is sunk : then if (7 be the content of the paraboloid of 
height A, Fthe volume of the sphere, Q the quantity of water, 

(2 = 0- r; 

and we have to make Q a minimum by the variation of 
I and h. 
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Now C = i'!rlh\ 

therefore Ih* must be a minimum. 

Now from the vertex the equation to the section of the 
paraboloid is 

that to the section of the sphere is 

{a5-(A-a)}« + y- = a«. 

In order that these may touch one another, we must have 

a perfect square, which requires that 

4(A»-2aZ) = {Z-2(A-a)}", 

or P - 4Z(A-.a) + 4a' = (1). 

Hence we must make Ih* a minimum subject to the con- 
dition (1), which may be written 

'*" 4Z ' 
therefore we have to make 

(l+2aY 

^ — J — ^ = mmmium, 

4 1 r. 

or -^ — T = 0: 

which determines the form of the paraboloid. 

2. If a circle be described touching a curve at any point 

(r, 0) and passing through the pole, shew that the equation to 

the circle will be 

d sin(g--g) _ 

^ d0 r " "• 

The general equation to a circle passing through the pole 
and the point (r, 0) is 



r =r 8ec(^-a) C08(fl'-a) (1), 
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a being the angular coordinate of the diameter through the pole. 
This equation may be put in the form 

"" cos (^ — a) 

= r {cos (^- ^) - tan (fl-a) sin (^- ^)}. 

Now firom (1), ^ = - r sec (fl - a) sin [ff - a) 

= -^ , when 0' = 0. 
du 

since the circle touches the curve at the point (r, 0)\ 

.-. - r tan (fl - a) = ^ , 

and r' = r {cos(^-fl) +^sm(^-fl)} 



= -^{J^sin(^-^)+sin(^-^)^l| 



__.± sin [0' - 0) 
' d0 r ' 

3. If a parabola roll upon a line, the focus will trace out 
a catenary. 

The following more general problem admits of very easy 
solution : A given curve rolls upon a straight line, to find the 
locus of any point to which the curve is referred as pole. 

Let AB (fig. 79) be the given straight line, A any fixed 
point in it. Let CP be the rolling curve, G the point which has 
been in contact with A^ S the pole, P the point of contact in the 
position represented in the figure. Join SP and draw 8Y per- 
pendicular to AB. Let AY^ Xy Y8 = y, 8P = r, « the arc 
of the curve described by ^8^. Then the tangent being manifestly 
perpendicular to /SP, we have 

ds r ' 



* For this solutioii, we are indebted to Mr. Goodwin 

N 
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^ (I)" »' »■ h (1)1 = "• 

Let the equation to the rolling curve be r^ ^f(^p)^ then the 
equation of the required locus is 

In the case of the parabola, we have 

P 
c ' 

the differential equation to the catenary. 

4. Find the forms of the curve whose equation is 

ay = m* (a? -h y* - a\ 

according as m' is > = or < -^ cf. 

Arranging the equation as a quadratic in x^ we have 

Hence we may use x = ^, as a guiding curve ; its form 
is shewn by the dotted curve. 
To consider the equation 

/ + 4m*(a"-y*) = 0, 
or y* - 4m* . y* + 4wV = 0. 
This equation, considered as a cubic in y*, will have three 

real roots or one, according as ?n* is > or < — a*.* K it 

4 

haa three real roots, one of them is negative, and the corre- 
• Tf ^•^* • . 

u m = -J- a , It inU have three real roots, two of them being equal. 
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sponding valaes of y imaginaiy. If it has two equal, and there- 
fore two real roots, the equal roots are positive and the other 
negative, giving only one positive value to ^. If it has 
only one real root, it is negative and y imaginaiy. Again, 
differentiating the original equation, we get 

dy _^ 2m!'x — y* 
dx Sy^x — 2m*y ' 

therefore, when y = 0, and therefore « = a, 

^ = «>. 

dx 



Also, taking the lower sign in equation (1), 

X r ^ ^ (H W°'"^V 



= — m' r^ &c. 

= if y = Qo : 

hence the axis of y is an asymptote to the curve, which we 

thus see has the form represented in figs. 80, 81, 82, according 

,. 3.3* , 

as TO ifl > = or < —7- a . 

4 

5. Trace the curve whose equation is 

2a 

(r — c)' = c0 (2a — c6) when c = — , 

IT 

and prove that as increases indefinitely the curve approximates 
to a circle. 

When is positive, cd must be less than 2a or less than 
IT, and can receive no negative value. Also, any value 0^ of 
gives the same value for r as tt — 0^. Solving the equation 

we have 

r=:c±{c0 [2a - c0)}^ 



='^*-{^(-sr '"■ 



N 2 



180 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1850. 

The quantity affected with the ambiguity has its greatest 
n 

value when - = i, when r receives the value 

IT ' 

2a 

r = — + a, 

the latter of which is negative. Again, putting ^ = 0, we have 
r =^ c\ and differentiating, 

therefore when r = c^ and thBrefore ^ = 0, 

dr 

Hence the curve is of the form shewn in fig. 83. 

Also, as c and therefore a is indefinitely enlarged, equation (1) 

becomes r = — , representing a circle. 

TT 

6. Find the locus of the consecutive intersections of the curve 
whose equation is a;'* -f- y" = 2aa?' + 2by' (1) ; a and b having 
any values which satisfy the equations 

^«(^|-2') = ('^-2^)|-^^ (2)' 

X and y being the coordinates of any given curve. 

The problem is best solved by introducing polar coordinates. 
Let a? = r cos ^, y = r sin fl ; 

.'. <£» = — r BmOdO 4 cos^efr, dy == r co&ddff + siaOdr'j 

.*. ajrfy — ydx = r*rf^, 
(a;* — y*) rfy — 2xydx = r* cos2&(/y — r^ sin2d{2sc 

= r" co^Odd — r' sinflefr, 
(a^ — y*) e&j -f 2a:yrfy = r" sinflc?^ -f r' cos^rfr. 



1851.] DIFFERENTIAL CALCULUS. 181 

Hence equations (2) and (3) become 

2a = r cos^ -- sin^ -^, 

2b = r sinO + cos^ -^ ; 
da . ^ ' n^^ 

db /I /I d*r 

2 -53 = r coB^ — cos^ -j^ . 

au atr 

Also equation (1) transformed into polar coordinates becomes 

r' = 2aco8^ + 2b siaff. 

Differentiating this equation with respect to 0, considering 
r and ff constant, we have 

« dcL ^ ^ db , y^ 
= 2 j3 cos^ + 2 -=3 sm^ 
au au 

= r sin {0'^0) - cos (^-«) J; 

.-. tan(fl'~«)=— . 

From this equation, when r has been substituted in terms 

of 0y from the known equation to the curve, we can find 

dr 
in terms of ff, and thence r and -j^ will be known in terms 

of ffy and the required equation to the curve will be 
r = 2a cos^' + 2b sin^ 

= rcos(^-.^)H-sin(tf'-tf)^. 

au 

1851. 

If ^ (c) be a rational and integral function of c, the coeffi- 
cients of which are Amotions of any number of variables a?, y,... 
then if B denote differentiation with respect to the variables, 
and the quantity c be eliminated from the equations <f> (c) = 0, 
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8^(c) = 0, the result may be represented by itSPSQ... == 
where P, Qy.. are the roots of the equation 4> {o) == 0, and u = 
is the result of the elimination of c firom the equations ij>{c) = 0, 
^'(c) = 0. 

Since ^(c) is a rational and integral function of c, and 
P, Qy.. are the roots of the equation ^(c) = 0, we have 

if>{c) = {c'"P){c'- Q) identicaUjf. 

Let Pg^ denote -j- dxy P^ -j- ch/y.. then 

— ((•P.+-P,+-)('^«)(«--S)-+(0.+«,+-)('^-P)(«-«)+-l- 

Hence the result of the elimination of c between ^ (c) = 
and S^(c) = 0, is 

= product of the expressions (P^-f P^+...) (P- Q) (P- R) ..., 

(«.+ «,+...) (e-P)((2-ii)...,&c. 

= V suppose. 
Agam, 4>'[c)^{c-Q) (c-5)...+ (c-P) (c- jB)...-|-... ; 
... u = {P--Q){P-'B)...(Q-P){Q^R)..,, 

and SP=P, + P,+..., 8(2=0,+ ©,+...; 

Hence the result of the elimination may be represented by 
uSPBQ... = 0. 
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1848. 

The comer of a sheet of paper is turned down so that the 
smn of the edges turned down is constant ; find the equation to 
the curve traced out by the vertex of the angle ; find also the 
area of the curve. 

Let r, 6^ be the polar coordinates of the vertex, referred to 
the original position of the vertex as pole, then the lengths 
of the respective edges are 

i r sec d, \r cosec 6^ respectively ; 

therefore the equation to the curve, is 

^r (sec ^-f- cosec d) = constant = a suppose, 

or in rectangular coordinates, 

(a:+y) (aj" + y*) = ^axy. 

To find the area, turn the axes through an angle ^tt, then 
^eget _ g co82g ^ 

^"" 2*cosd' 

therefore if ^ be the area of the loop traced out by the vertex, 

2;. 



^ = ^ I** r*d0 



a' f i» co8'2g 



= ^ r* (2 co82(? - 2 + 860*5) de 



■i». 
= |'(2-w + 2) 

= (l-i,r)a'. 




iM 80Lrno5s» of sestate-bi^cse 

2. Tmgents to a sjstem of nukv 
are drawn at a giTen perpencEciibr 
find the locoji of the point of eontact, 
of the conre w eqnal to that of an d^se 
greatest and leaat diametersw 

Take the common axes of the d^aes aa c umdiaale axes, 
and let c be the distance of eadi tangent firan die ecntie, dien 
if ^ be the inclination of a perpendicniar on any tangait from 
the centre to the axis of Xj the equation to that taii^ait wfll be 

XCM0 + ysn^ = c « ;^1). 

Let the equation to anj one of the elfipaes be 

?+^='"* («)• 

If (f, 17) be the coordinates of the point where (1} toocfaes 

this, we have 

f _ cosd fl _ mO 

and since f, 17, is a point in (2), 

Eliminating m, ^ between these equations, we get 

the equation to the locus of the point of contact. 

To find the area of this curve, transform its equation to polar 
coordinates. It then becomes 



7^ = 



cos*d sin'd 
, a o 



and if A be its area, cos'ff sin* 5 

•'o / cos' g sin"^* 
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a 



Let T tand = tan^; 





a 



k1 + j^tan> ^ 
and -4 = 2c* I i . - Bec^Adtb 

2c' r*' 

= -T I (a* Bin*<^ 4- 6* cos"^) d(f> 



c* 



Again, let A be the area of the ellipse which has the same 
greatest and least diameters, then if these diameters be 2r^j 2r,, 

A' = irr.r^. 



f r 



4 «■ 14 






c' 



-^ (a' coB*^ + J* sin*^) (a* sin*^ + J* cos*^) 

The maximum and minimum values of r will be got by 
putting cos 2^ = and 1 successively; 

c a" + i* 



• • 


»•. 


~ ah 


2 


" » 


»•. 


^■" 


c, 


• 
•  


A 


~ ab 


2 


> 









the same value as that previously got for A, 
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3. Prove that the remainder after n terms of the infinite 
series 73 4- r^ + ^ +... where a > 1 lies between 7 — ^w . ,x^i , 

= / ^7 1 and 7 -TT — TTTs^ » approaching much nearer to the 

•'m+i^/ (a-l)(w4-l) ''^'^ 

former limit when n is large. 



(1). In general 



%» 



a(«"l) ^ . 



m + \, Q — m J? 



1 1 1.2 

2 

> 



m" 



Now 



1 1 1 

I •••"1 / . »\jm "T"*** 



{n+l-rpY {n+l-(r-l)^}* (n + 1)' 



1 1 

+ {n 4- 1 + (r - 1)^}- ■*■ (n + 1 + rp)- ' 

" {{n+l-rpY "^ (n+l+rp)-} "^ L{'*4- 1- {r-%}- 

1 1 1 _ 

■*■ {n4-l + (r-%)-J '^'-'^ (n + "l)-' 

2 2 1 iv !_ 

> 7 — t-tt; + / — TTv; +...+ 7 — r-7Ti7 "^^^ above, 

2r+ 1 

•'• (n+l-7y)-'*'{n4-l-(r-l)^}-'*"'*'^ («4-l)-* 
Now let rp = i - ^, then this becomes 



(n + i+i>) (« + 4 + 2i>)' {n + i-pY («+l)" 

therefore, h fortiori, 



(n + i+^)« ■"•■ (n + -3)'' («+!)•• 
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Let^ s= dxj then this becomes 

r*dx 1 



•4^ (n + 1)-' 

. ,, , C^dx 1 

imilarly / —- > 7 ^^r- , 

J ^l^ (n4-2)-' 



sun 

.... > 



We shall thus obtain an infinite series of inequalities similar 
to the above. Adding them all together, we get 
f" ^ 1 1 1 

Again, i£ p ^-jjp' being any integer, 

1 

For p write <£c, then this becomes 
whence, as above, we get 



r^ 1 1 , 1 , 

j^. af " (a-l)(ra + l)'-* "^ (n + 1)' ■*■ (n + 2)' ■*"••• ' 

Wehave/]^g-^|(j^-^^}, 

1 f 1 1 



(a-l)(n+l) 



V 2n+2J l^'*'2n+2J 



2 [ g-1 



(«-l)(a-2)(a-3) 1 ) 



(2i 



1 {a-2)(«-3) . 



(«+i)' 24(«+iy 



188 



SOLUTIONS OF SENATE-HOUSE PKOBLEUS. 



. r*dx __}. (a-2)(«-3) 



[1848. 



of {n+iy 24(nH-l) 

1 
1 - 



(a-l) {n + l) 



(' - ^) 



«=II , 



1 1 [ g-l (a-l)(a-2) 1 ) 

-«_! („+!)-> "[(n+l) 2 (n+l)*"^'")' 



a-2 



«+l 



(n + l)« 2 (n+1) 
1_ _/•"*»<& a-2 



I • • • J 



11+1 



a^ 2 (n + !)•** 



^1 • • • • 



It hence appears that when n is large, j -r^ approaches 

much more nearly to the limit I — than to I — , whence 

J n¥\^ J iH-1 ^ 

the latter part of the proposed theorem readily follows. 

4. J£ f[x) be positive and finite from x = a to x = a + h^ 
shew how to find the limit of 

for n = 00 , and prove that the limit in question is less than 

■J- \ f[x)dx^ assuming that the geometric mean of a finite 

number of positive quantities which are not all equal is less than 
the arithmetic. 

Hence prove that e/J^ </is"^, unless u be constant from 
a; = to a; = 1. 

Let \o^f[x) = F{x)^ then 

log {/[a) /(a 4- U) .../(a + ^ a)}*, 

= y suppose. 



,1 
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When n is infinite, let ~ = db : then 

' n 

y = ^ {F{a) 4- F{a + dx) +...+ F{a^h)}, 

1 r* 

= jj F{a-{-x)dx] 

approaches to the limit ^^* iog/i«*«)* ^^ ^j/^ iog/(*)Ai^ jj^^ ^j^^^^ 

the geometric mean of a finite number of positive quantities 
which are not all equal, is less than the arithmetic, 

as long as n is finite, and this will hold up to the limit when n 
is Indefinitely increased : but in that case 

1 r*** 

therefore the required limit < t I f[x)dx. 

Hence if /(a?) = e", a = 0, and A = 1, e-^i"^ < /ie^db, unless 
tf be constant from x = to a; = 1, in which case they are 
equal. 

1849. 

1. Investigate the series 

V m^ a CO820 COS30 „ 
^ = _ ^ cos fl + -^, 3^ + &c. 

for values of between — w and w. 

Let cosd — i cos20 + J cosd9 — . . . = w, 

sin 9 — i sin2d + J cosSO -.... = t?; 



190 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1849. 

then if lie l^etween — ir and tt, 

= log(l 4- e-*') = log(e""**« + e"-*') 4- lege"***, 

= log (2 COB id) 4- "H*; 
therefore equating imaginary parts, 

V = sind — isin20 4- JcosSd — ... = JO: 

integrating with respect to 0, 

11 ff^ 

— COS0 4 55 CO820 - —J cos30 4- ... = — + C. 

To determine the constant, put = 0; 

1 4" ^a , 4- ... — O. 

XT. 11 ,11 «/ll \ 

Now 1 - 2* + gi -•••= ^ + 2^ + §5 +•••- ^ [2^ + 4S +---J » 

_ii 1/1 11 ^ 

 

and sinff = 9 — --T-r 4-... : 

l.A.tS 

equating coefficients of ^, 

.". G = — ^W'^y 



8' 



and J = To - c^8^ + ^ CO820 - ~ cos20 4-.... 



2. If a line be drawn through the centre of an ellipse, 
cutting the major axis at an angle 6, and the curve at an angle 
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^, (1) prove that 



and (2) diat T ^* -= ^ * 



(1). Let the coordinates of the point where the straight 
line meets the ellipse be a cos a, ftsina; then wiU the equation 
to the tangent at that point be 

cosa sina 

Hence, by the conditions of the problem, 

^ h 
ixaO = - tana, 
a ' 

, tan9 + tan6 b ^ 

Mid — 5-T— ~ = cota. 

1 — tan0 tan9 ^ 

Hence, eliminating a, 

tan'0 4- tanO tan<^ _ ^ 
1 — tan© tan^ ~ a* ' 

(l - ^^ tan© tan<^ = - ^- 4- tan*©) ; 

•*• *'*°^~ (o»-6»)mn«co8» 

^ {a'+}^){coffe+fan'(f)-(a*-b*){coa*e-an'e) 

2{a*-b*) sine cose 

0« + ft" - (g* - 5') COB20 

(a'-i')8m2e ' 
.-. {(^-V) (8m2© tan^ + co82fl) = «^ + i', 

and (a' - i*) cos (2fl - <^) = (a* + 6") cos^, 

(2). Again, since 

yco8'e + a''Bin'g 
**"*- (a'-6")8in0co89' 
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.^-r.^e^g=rtan-' fr;?,^■"l^'''^ e (1) 

jo Jo (o — 6) smPcosO 

= J, ^ {a«-i«) sine cose ^'^ 

= / ifmr - tan 7-^ — ,,v . ^ ^> d9 (2) 

1 r* 

= - I mwrfO by adding (1) and (2) 

where m is a constant integer to be determined. 

For this purpose we observe, first, that its value is inde- 
pendent of any relation between a and h ; and secondly, that if 
a = i the ellipse becomes a circle and ^ always = ^ tt. Hence 
in this case 

r (f>de^ I ^ (/e = ^ and m = - 1. 

Jo h ^ 2 

Hence also, in all cases, m = — 1 and 



/, 



^^^ = 2" ' 



3. Through a given point B (fig. 84) of the axis of a; a line 
is drawn parallel to the axis of y : to any point Q of this line 
another straight line is drawn from the origin and produced to 
P until PQ = BQ. Find the equation to the locus of P, trace 
the curve, and find the whole area included between the curve 
and the asymptote. 

Extend the geometrical description so as to include the whole 
of the curve given by the equation. 

Let ^5= a, ^P=r, PAB^d. Then 

QP=: r — asec9, 

QB=aiSLnO; 

.*. r = a(secO-f tanO), 

the polar equation to the curve. 
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Differentiating, 

d0 



-j^ = asecO (tan0 + sec0) 



= rsecO, 
.•. r* -^ = r cos9 = a (1 4- BinO). 

When © = - and -;r- 1 ^ = QC and r* -^ = 2a and : hence 
2 2 or 

the axis of y, and the line DCD parallel to it such that AC^2a^ 

are asymptotes to the curve : 

> 0, < -^w^ r is positive ; 

gv ir 1 + sinO. 

^>— <w, r = — a v.- is necrative: 

2 ' cos© ° ' 

n Stt 1 - sinO. 

C/>7r<-— , r = — a ^r— is negative : 

2 ' cosO ^ ' 

^ Stt ^ 1 — sinO . 

tf > -T- < 27r, r = a w— is positive : 

2 ' cosfl ^ 

the negative values of B give no new branch of the curve. 

Hence the curve is of the form represented in (fig. 85). 

To find the area [A) included between the curve and the 
asymptote DCD. Produce AP to meet the asymptote in R] 
then the element of the area A 

hA = \[AIP - AP") hA = i{(2asece)' - a* (secO + tanOn hO 
= io"(3sec'd-2secetane-tan'0) hd 
= ia'(2sec'd-2secdtanfl+l) Sd ; 

.-. A = ia" f2tane- -i^ + ft") + 
\ cos9 / 



-*«■{— (^:)l> 
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from 9 = to = ^v gives ^Aj 
.-. A = (^TT + 2) a", 
the required area. 

If P' be the point where AP cuts the branch BP" of the 
curve, it is evident from the tracing of the curve that QP = QB: 
hence the curve may be described as the locus of the point P 
on the line AB whose distance from Q equals QB, 
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GEOMETRY OF THREE DIMENSIONS. 

1848. 

1. If three chords be draws mutuallj at right angles 
through a fixed point within a surface of the second order 

whose equation is u = 0, shew that 2 ^ will be constant, where 

B and r are the two portions into which any one of the chords 
drawn through the fixed point is divided by that point 

Prove also that the same will be true, if instead of the fixed 
point there be substituted any point in the surface whose equa- 
tion is u = c. 

We shall prove the second part of this only^ since it mani- 
festly includes the firsL 

Let the equation to the surface « = 0^ referred to its centre 

and axes, be 

A^^Bjt^Gi?^\ (1). 

Let a, /9^ 7 be the point through which the lines are drawn ; 
then, since it always lies on the sorface u = c, we have 

^a« 4- ^^ + Cy = 1 4- c (2). 

Let Ijm,^^^ '«^a^i) ^J^^J^ti ^ *^® direction-cosines of the lines, 
tiien their equations are 

^ = ?^ = lZj/ = p. (4), 

—7 — ^—zr~ ^~z — = P8 W) 



^8 «8 



02 
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(^1^1^) J ('j^8^)? (^s^a^s) ^^^^Sj B"^ce (3), (4), (5) are at right 
angles to one another, subject to the conditions 

i: + K + c = 1 (6), 

m* + m* + m,» = 1 (7), 

V +< + «,'=! (8). 

Where (3) meets (1) we have, substituting for xyz in terms 

*" ''" ^ (a + ij>,r + ^ (/8 + «».p.r + c (7 + «.p.r = 1. 

The roots of this, considered as an equation in p„ are R^r ; hence 

1 _ Al* + Bm* + Cn* 
Rr~ Ad^ + B^ + Oi'-l 

_ Al* + Bm* + On* 

c 

Similar expressions resulting from (4) and (5), we get by 

(6), (7), (8), 

1 ^ + J?+ C 

which is constant 



^W c ' 



2. Find the locus of the foot of the perpendicular let fall 
from the origin on the tangent plane to the surface xyz = a* ; 
point out the general form of the required surface, and find the 
whole included volume. 

The equation to the tangent plane to the given surface at 
a point {oiyz)j is 

^+2^ + ?i = 3. 
xyz 

The equations to the perpendicular on this plane from the 
origin, are 

^1 = Vi/i = ^^1- 
At the intersection of these we have 

«^i = m = ««i = - — ^ — ^ ; 

therefore, since x^z — a', we get as the equation to the locus 
required, ^^* + y . + ^ «)• = 27a'a;,y.a.. 
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The form of this surface will be that of four similar sym- 
metrical pear-shaped portions^ meeting in a point at the origin, 
and lying in the octants + + +, H , - + ""> H. 

The equation to the surface, transformed to polar coordinates, 

becomes 

r* = 27a' cosO sin'O cos<^ 8in<^. 

And if F* be the volume of one of the portions 

r = i///r«8inerfrrferfy, 
between proper limits, 

9 r^* r^' 

= - a^ I I cosO Bin'9 cos^ sm<f>dOd4> 

2 Jo Jo 



9 f 
=z - a^ j COS0 sin^c/0 

8 Jo 



9 3 

= — a • 



16 ' 
therefore if F be the whole volume of the surface, 

4 

3. A plane moves so as always to enclose between itself 
and a ^ven surface 8 a constant volume; prove that the 
envelope of the system of such planes is the same as the locus 
of the centres of gravity of the portions of the planes comprised 
within S. 

Conceive the plane to receive a small twist about any straight 
line passmg through the centre of gravity of the portion com- 
prised within 8] then, whatever portion is cut oflP from the 
enclosed volume on one side of this line, an equal portion will 
be added to it on the other,* so that, by the conditions of the 
problem, the plane will pass from any one position to the con- 
secutive one by turning ^bout a line passing through the centre 
of gravity of the portion comprised within 8, Therefore the en- 
velope of the planes will be the same as the locus of the centres 
of gravity of the portions of the planes comprised within 8. 

* See Cambridge and Dublin Mathematical Journal f vol. iii. p. 181. 
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4. OA^ OBy 00^ are three straight luies mutually at right 
angles, and a luminous point is placed at (7; shew that when 
the quantity of light received upon the triangle A OB is con- 
stant, the curve which is always touched by AB will be an 
hyperbola whose equation referred to the axes OA^ OB^ is 
(y — Twa?) {x — my) = mc\ where 0(7= c, and w is a constant 
quantity. 

With G as centre, and CO as radius, describe a spherical 
surface, then the quantity of light received on the triangle 
A OB is the same as that received by the spherical triangle 
GA'B' intercepted between the planes (70-4, COBj CBAy and 
will therefore be proportional to the area of that surface. But 
if 8 be this area, 

8 = 27rr" {A' OB' + OA'B' -f OB' A' - ir) 

= 2w" ( OA'B' + OB' A' - iTT), 

since A OB is a right angle. 

Therefore if the quantity of light received by the triangle 
be constant, OA'B' + OB' A' must be so, = 2a suppose. 

Let the angle OB'A' = a + ^, then OA'B' will = a- ^, and 
the equation to the plane ABC will be 

cos (a + ^) aj + co8(a - tf) y 4- {1 - cos" (a -f 5) - co8'(a — 0)}^ z =^; 

p will be determined from the consideration that where this 
meets the axis of z^ we have « = c; 

.-. {l-co3"(a+tf)-cos'(a-d)}* = c, 

therefore the equation to AB is 

cos(a+^ X + cos(a-tf) y = {1 -cos*(a + 5) - cos"(a-5)}* c 

= (- co82a COS25)* c (1). 

The quantity (— cos2acos&)^ is real, since 2a is greater than 
a right angle and less than two right angles, and therefore 
cos 2a negative. 

Putting tana = n, tan^ = *, (1) becomes 

(1 - n«) aj + (1 + n«) y = {(«"- 1) (1 -«*)}* c, 

and we have to find the locus of ultimate intersections of this 
line, subject to the variation of t 
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dearixig the equation of radicals and arraDging according 
to powers of t^ it becomes 

f {n«(a?-y)'-|- (n*-l) <?} + 2tn (^-a^) -h (aj-hy)*- (n«-l)c^ = 0. 
Eliminating t between this equation and its deriyative, we get 

which may be reduced to 

(a, + y)*«n-{a:-y)-=(n--l)c», 

or {(l-n)a;-|- (l-l-n)y} {(H-n)x + {l-n)t/} = (n"-l) c"; 

therefore puttinfi: = w, 

*^ ° n + 1 ' 

(y — mx) {x — wy) = «ic* 

is the equation to the curve always touched by AJB, 

In a manner similar to this may be solved the foUowing 
problem, set in 1851. 

Let a spherical surface whose centre is the origin of coor- 
dinates meet two of the coordinate planes in the great circles 
Zxj Zy\ also let the points P, Q be taken in Zx^ Zy respec- 
tively, so as to make the surface of the spherical triangle PZQ 
constant : shew that the curve which is always touched by the 
great circle PQ has for its equations ic* + y* + «" = a*, and 
xy = ^o" sin^, where E is the spherical excess of tiie triangle 
PZQ. 

The geometrical conditions of this problem are the same as 
those of the foregoing. Writing z for c, we have as the equation 
to the surface always touched by the plane through the centre, 

x' + y* + «* o 

= t: cos 2a. 

2 
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Butw + E^A' OB' + OAB' + OB' A' in the previous notation 

and our equation becomes 

ay = i(aj* + / + O sin^. 

But since the curve is traced on the sphere, we have 
^ + y* + «" = a", and we get as the equations to the curve, 

«*+/ + «" = a*, 

ay == ^a* sin£, 
the required equations. 

5. K be a given point in a surface of the second order, 
and OA^ OB^ OCj any three chords passing through mutually 
at right angles, ^ew that the plane ABC will always pass 
through a fixed point. 

Take as origin, and the three lines OA^ OBj 0(7, in any 
position as axes ; let the equation to the surface be 

Aai''hBt/'-^C^'\-2A'ijZ'\-2B'zx-^2C'xif-\'2A"x+2B"y+2C"z=0. 

Then the length of OA will be the value of x, when y = 0, 
z ^ 0*j hence 

OA^^^: 
A 

2-B" 2C" 
similarly OB = ^ , 0(7 = j^ , 

and the equation to ABC will be 

^ + J( + ^, + 2 = (1). 

And the equations to the normal at are 
where r is the distance from the origin of the point (:n/a). 
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Where (1) and (2) intersect, we have, dividing each term 
of (1) by the corresponding member of (2), 

r 

Now we may establish one relation among the nine coeffi- 
cients of the equation to the surface. Let then (A"* + B"* + C"^) 
be constant, then the above equation shews that r varies inversely 
as ^ + 5 -h (7. 

But it is known that if the equation be transformed into the 
form 

iV + ^ + i?a' + 2F'x + 2Q'y + 2R'z = 0, 

Ae quantities P, Q, il, are the roots of the equation 

- 2A'B'C' = 0. 

Hence, by the theory of equations, 

A'\-B-\-C=P+Q'\'B^ a constant. 

Hence r, the distance from of the point in which the plane 
ABC intersects the normal at 0, is constant, therefore the plane 
ABC always passes through a fixed point. 

1849. 

1. H planes be drawn through any two generating lines 
of an hyperboloid which intersect, shew that they will cut the 
surface in another pair of generating lines. 

Let the equation to the hyperboloid be 

*c* V* «* f \ 

a o c 

Now a plane, drawn through two intersecting generating 
lines of an hyperboloid, touches the hyperboloid at their point 
of intersection. Let then x\ y', z\ be the coordinates of this 
point, then the equation to the plane will be 

XX yy zz . . 

a c ' 
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^'9 y\ ^\ being subject to the condition 

x*^ y'* «'* 

^■*" J^""7"^ ^^^' 

(1) + 2 (2) -h (3) gives 

m" - m - (^0" - « W' 

a condition which must be satisfied by the coordinates of any 
point where (2) intersects (1). 

Now (4) may be put into the form 
which may h« written 
shewing that where (2) meets (1) we have either 

f±£:+2=Af^ + y+y!) and ^i:^' - 2 = i ("^ - 2±y') , 

a \ c o J a k\ c b ) 

representing one generating line, or 

^ + 2 = A'(5±^-2^)and^'-2 = l(^+2^) 

representing another. 

Hence if planes be drawn through any two generating lines 
of an hyperboloid which intersect, they will cut the surface in 
another pair of generating lines. 

2. If tf =/(^9 ^? ^) be a rational function of x^ y^ Zj and 
if t« = be the equation to a surface, for a point (a, bj c) of 
which all the partial differential coefficients of t« as far as those 
of the (n — 1)^ order vanish, shew that the conical surface whose 
equation is 

|(a,_a) 1^ + (y-6) I + (.-c) !}"/(«, J, c) = 0, 
will touch the proposed surface at the point («, i, c). 
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Let —7— = ^^ = (0 



be the eqaations to any line passing through (a, ft, c). 

Denoting each member of (1) by r, we shall obtain the other 
points of intersection of (1) with u = by writing 

a -{■ Ir for Xy b + mr for y, c + nr for » 

in the equation u = 0. This gives, developing by Taylor's 
Theorem, 

/(a,i,c) + (Z^ + m^ + »^j/(a,J,c)r 

which, mnce -js: = -^y = -^tw = for all values of m less than n 
becomes, dividing out by — , 

If the line (l) touch the surface u = at the point (a, h^ c) 
equation (2) must be satisfied by making r indefinitely small ; 
(2) will then become 

a condition to be satisfied by the direction-cosines of (1) in 
order that it may touch i« = at the point (a, &, c). To obtain 
the locus of all such lines, we must eliminate Z, m, n from the 
above equation by means of (1). This gives 

{(— «) ^ + (y-*) I + ('- «) !}"/(«, ^ c) - 

as the equation to the conical surface which touches u s at 
the point (a, &, c). 
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3. A rod AB is fixed to a universal joint to A^ and another 
rod BP is connected to it by a universal joint at ^: all di- 
rections of the rod being equally probable, find the chance of 
P lying between two spherical surfaces of given radii, whose 
common centre is A ; and shew that the chance of P lying 
within a given elementary portion of space containing the point 
P, varies inversely as AP^. 

Let AB :=^ a^ BP = b. 

The chance that P will lie between two spherical surfaces 
of given radii, is the chance that the angle ABP will lie be- 
tween two values 0^ and 0^^ which correspond to the valu^ 
r^ and r^ of -4P, r, and r^ being the radii of the spherical shell. 

Now the chance that ABP will lie between and + S0 

=. area of zone described by P about B fixed, while has all 
values from ^ to -\- S0 -r- surface of sphere generated 
by P about B fixed, 

2wb sing x b sing i • /i7>, 

Hence the chance required 
= -J^ smg= -(co.g,-cosgJ =-(— ^^^ ^^-^) 

4ab ' 

The chance that P will lie in an element V of space about P^ 
= chance of falling in a spherical shell about A as centre of 

.1 • 1 ^ J. volume of element 

thickness or, radius r x 



volume of shell 



2rSr V r 1 1 



,-cc -, 



4cab 47rr*Sr Sirab ' r r 



4. Determine the condition to which the vertices of a system 
of cones which envelope an ellipsoid must be subject, in order 
that the centres of the ellipses of contact may be equidistant 
from the centre of the ellipsoid. 
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^^ Sj V^ Sj ^ the coordinates of the vertex of any one of 
the cones ; then if the ellipse be referred to its centre and 
axes, the equation to the plane of contact will be 

&^f +?-••■ (')• 

The centre of the ellipse of contact will be the intersection 
of (1) with the straight line joining the centre of the ellipse 
with the vertex of the cone ; its equations are 

X y z 

Hence if A, kj Ij be the coordinates of the centre of the 
ellmse 

k-pk+'>\^v i-„r^+''\^r i-t(^+^+^" 

In order that the centres of the ellipses may be equidistant 
from the centre of the ellipsoid, we must have 

A" -f i" 4- P = constant, p^ suppose ; 

the equation to the Iocub of the vertices. 

5. Determine the form of the termination of a honeycomb 
cell on this principle, that if a sphere which will just pass 
through the hexagonal transverse section be dropped into the 
cell, the unoccupied space at the extremity of the cell shall 
be the least possible.* 

Let abc (fig. 86) represent half of one of the rhomboidal 
plates, three of which close each hexagonal cell. ABC re- 
present the eighth part of a sphere. Then, by the general 
principle of Envelopes (see Cambridge and Dublin Mathematical 
Journal^ vol. iii. p. 181), the volume in question is least when 
the point of contact d is the centre of the rhomboid: or we 

must have oc = 2ad, 

3* 
Let OA^aj OD = r ; .-. a = r cos 30'' = r -- . 



• For thiB solution we are indebted to Mr. Goodwin. 
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Let Ooc = ^; .\ a^Od^ adtva^ » ^ac tan^ 

= ^r coaec^ tan^; 
3* , 1 



2 * co«^' 
. 1 

3* 

Again, bd = ED sin 60 = r -- , and ad^\r cosec^ ; 

.-. tanfta(i = ^=3*8in^=^3*(l - J)* = 2*. 

These are the angles required. 

6. The tangent plane to a surface 8 cuts an ellipsoid, and 
the locus of the vertex of the cone which touches the ellipsMd in 
the curve of intersection is another surface 8\ Prove that 8 and 
8' are reciprocal, that is, that 8 may be generated from 8' 
in the same manner as 8' has been generated from 8. 

Take the axes of the ellipsoid as coordinate axes, and let 

the equation to /9 be 

8^0. 

That to its tangent plane at any point xyzy is 

, . d8 f K d8 . , V d8 ^ 

K-a»)^ + (y.-y)^+K-«)^ = o. 

This may be put under the form 

d8 d8 d8 
''^d^'^y^Ty^''^-di ^ 
^d8 d8 ^dS" 

dx ^ dy ds 

^ ij Vj Si ^ the coordinates of the vertex of the cone touch- 
ing the ellipsoid in the curve of intersection with this plane, 
we have jo 

I ^ 

a' d^ ^ dS' 
dx ^ dy dz 
with similar expressions for rf and (f. 
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Agam, if with {(tyz) a point of /S as yertex we describe a 
cone touching the ellipsoid, the equation to the plane of contact 
will be 

a- ■*■ ft« ■*■ c» " ^' 

fj ffy ^ being its current coordinates. To find the locus of 
ultimate intersection of these planes, eliminate Xj y, z between 
the differential of the preceding equation, and of 

this gives \ -\ + -^ = 0, 

^ J* + rfy "' 

X i + -J- = 0. 
<r ae 

Mnltipljing these equations in order by a;, y, e, and adding, 
^e ge* ^ . dS dS , d8 „ 

dS 

dx ^ dy dz 

with similar expressions for 17, (1 

Hence the locus of f , 17, ^ is /9'. 

That is, the locus of the vertex of the cone touching the 
ellipsoid in its curve of intersection with a tangent plane to 8 
is the same as the envelope of the plane of contact when a cone 
is drawn from a point of /9 as vertex, circumscribing the 
ellipsoid. This holds for all surfaces, therefore for 8\ 

But from the mode of generation of B\ it is easj to see that 
the envelope of the planes of contact of cones drawn from its 
points as vertices is 8\ therefore, by what has been proved, the 
locus of the vertices of the cones touching the ellipsoid in its 
corves of intersection with the tangent planes to 8' is 8^ that 
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is, 8 may be generated from ^S" in the same manner as 8' was 
from 8y or 8 and 8' are reciprocal. 

1850. 

1. If from a point be drawn any two lines to the polar 
plane of in a surface of the second order and meet the plane 
in A and Bj and if the central conjugate plane of OA meet OB 
in (7, and the central conjugate plane of OB meet OA in 2>, 
CB is parallel to AB. 

Take that diameter of the ellipsoid which passes through 0, 
and two diameters conjugate to it, as axes. Let the equation 
to the ellipsoid be 

L ^ J- — 1 

a c 

Let f be the distance of from the centre, then the equation 
to its polar plane is 



a 









Let the coordinates of u4 be -^ , y^ ^^ ; of 5, -^ , y^, z^. Then 
the equations to AB are 

a; = -=^ , - — ^' = ^ {1 . 



The equations to OA will be 

X — 



a 



therefore the equation to its central conjugate plane is 

(t-^)^-+6^+^=^ (*)• 

Similarly, the equations to OB are 



^2 

a 



^ = ^ = ^ = r. (4), 



1850.] GEOMETRY OF THREE DIMENSIONS. 209 

therefore that to its central conjugate plane is 

{i-()^*'4*'i-> ("■ 

At the point C, the intersection of (3) with (4), we have 



a 



Similarly, it will be seen that at i>, the intersection of (2) and 
(5), we have 



a 



'"i ~ "7^ 



the yalnes of a; at C and D are each equal to -^ + f -^ — f J r,, 
therefore tlie equations to CD are 



X 






by comparing which equations with (1) we see that CD is parallel 
XoAB. 

2. A plane moves so as always to cut off from an ellipsoid 
the same volume; shew that it will in every position touch a 
similar and concentric ellipsoid. 

If a plane be drawn touching the interior of two similar 
and concentric ellipsoids, the point of contact will be the centre 
of its elliptic section made by the exterior one. Now conceive 
this plane to receive a small twist about any diameter : it will 
still remain in contact with the interior ellipsoid, and whatever 
portion is taken from the volume intercepted between it and 
the exterior ellipsoid on one side, will be added to it on the 
other, therefore that volume will be unaltered. Hence con- 
versely, it follows that if a plane move so as always to cut off 
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from an ellipsoid the same volume, the surface which it always 
touches will be a similar and concentric ellipsoid. 

3. If F[x^ y^ ^) = be the equation of a system of curves, 
where c is a variable parameter, and ^ {x, y) = the equation 
of the envelope of tiie system ; shew that ^ (^9 y) = is the 
equation of a cylinder whose intersection with the surface 
F[x^ y, 2;) = is the locus of points which in sections parallel 
to the planes of yx^ zx^ have their tangents parallel to the 
axis of z, 

Ex. The cone whose equation is a^ -h y* + «' = {& + my + nzf 
is cut by planes parallel to the planes of yz and zx ; find the loci 
of tiie extremities of the diameters of tiie sections which are con- 
jugate to the vertical diameter. 

(a). The equation ^[x^ y) = (1) 

results from the elimination of c between the equations 

F{x,y,c) = % 

, dF 
and -7- = 0. 
dc 

It will tiierefore be also obtained by eliminating z between 

F[x,y,z)^0 (2), 

, dF 
and -T=- = 0. 
dz 

Hence, where the surfaces represented by (1) and (2) inter- 
sect, we have 

f-» (»)• 

Now the equation to a tangent plane to (1), parallel to the 
plane of yz^ is 

, X ^F . , X dF ^ 
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dF 

If therefore — = 0, this becomes 

y, = y. 

which is evidently parallel to the axis of z. 

Hence at the curve of intersection of the cylinder (1) and 
the surface (2), the tangent in a section parallel to the plane 
of yz is parallel to the axis of z. 

Similarly it may be shewn that the tangent in a section 
parallel to the plane of ocz is parallel to the axis of z. 

(fi). In the example, the tangent at the required points are 
parallel to the vertical diameter, that is to the axis of z^ hence 
we get the locus required by eliminating z between 

F{oi^ y, is) = ic'* + y" + «* - (ir + my + nz^ = 0, 
and -=- = 2« — 2n (ir -f- my + na) = 0. 

The latter equation gives 

Ix + 7m 

z = n — i- . 

1 — n 

Hence a? + y' = {Ix+myY (l + j-^.)' - «« ^^^! 

^ (Ix-^myY 
"" 1-n* ' 

is the equation to a cylinder, whose intersection with the given 
sarface is the required locus. 

4. K X, y, Zj be the coordinates of any point P on the surface 
f(xj y, z) = 0, x\ y\ z' of a point P on the surface f[x\ y\ «') = 0, 
and for any position of P, oi ^Ix^ y' = my^ z' = nz] and if the 
surfaces be such that when we take any two points P, Q on the 
first and two corresponding points P*, Qf on the second, PQ is 
equal to P' ^ ; find the form of the surfaces. 

Let f , 17, ? be the coordinates of Q, 
Then Zf , miy, nf are those of C 

.-. PQ' = {x^l^Y + (y-mriY -h («-nf)^ 
P<7 = (f «&r + (^-^yr + (f-n;.)-, 

P2 



212 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1850. 

and these are equal ; hence we get 

(a: - Zf)« + (3^ - mi,) V (i« - nS)'' = (f - &)» + (17 « my)» + ((:- «is)% 

or(l-P)a^+(l-w')y*+(l-nV=(l-P)r+(l-w«)i7*+(l-n*)?", 

for all vahes of x^y^ z] {, 17, (f, consistent with the equation to 
the surface /(ir, y, z) = 0. 
We must therefore have 

(1 — ?) ic* + (1 — w*) y + (1 — n') «* = constant, a* suppose, 

which determines the form of the required surfaces, which are 
evidently central surfaces of the second order, of which tiie axes 
of coordinates are principal axes. 

5. It is not possible to fill any given space with a number 
of regular polyhedrons of the same kind except cubes, but this 
may be done by means of tetrahedrons and octahedrons which 
have equal faces, by using twice as many of the former as of 
the latter. 

Consider two octahedra so placed that two of their edges 
shall coincide, and the squares of which they are sides be in 
the same plane. Let AB (fig. 87) be either of these edges, 
C a vertex of one octahedron, not lying in the plane of the 
squares, I) the corresponding vertex of the other. Then CD = a 
side of the square = AB = CA = CB = BD = ADj by definition 
of a regular octahedron. Hence CADB is a regular tetrahedron. 
Ilence if we have a number of octahedra, so placed that one 
plane shall contain a square section of each, and each edge of 
each such section coincide with one edge of each of tiie adjacent 
sections, an equal number of tetrahedra will fill up tiie vacant 
space above the plane, and tiierefore by using twice as many 
tetrahedra as octahedra, we fill up the space above and below. 

6. Prove that the tangent plane at any point of the surface 

[aacf + {byY + (05)* = 2 (f>cyz + cazx + abocy), 

intersecta the surface ayz -|- bzx + cxy = in two straight lines 
at right angles to one another. 
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The equation 

{axf + {byf + {czY = 2 {bcyz + cazx + ahxy) 
may be put into the form 

{ax)^ + (Jy)* + [cz]^ = .(1). 

Also ayz + J^a; + cxy = may be written 

^ + ^4^ = (2). 

X y z ^ ^ 

The equation to the tangent plane to ^1) at any point [xyz] is 

e)*«,^g.,. ©'..=« (3). 

Let (ZjWjWj, {f'J^J^^ be the direction-cosines of the lines in 
which (2) meets (3), then the condition of these being at right 
angles to one another, is 

KK + m^m^ + WjW, = (4). 

Now where (2) meets (3), we have, writing x^y^z^ for ocyz in (2), 

a quadratic in — whose roots are —^ , — ^ . Hence 



Z, 71, «,, 



similarly -^-^ = ( — ] : 

.". IJi^ + w,?w^ + WjW, X (oo?)* + (iy)* H- [czf = O'by (1). 

Hence the tangent plane at any point of (1) cuts (3) in two 
straight lines at right angles to one another. 

7. A certain territory is bounded by two meridian circles, 
and by two parallels of latitude which differ in longitude and 
latitude respectively by one degree, and is known to lie within 
certain limits of latitude : find the probable superficial area. 
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First, to find the chance that the centre of the territory 
which lies between known limits a, /9 of latitude lies in the zone 
between parallels of latitude I and I + hh 

area of zone breadth hi 



This chance = 



area of zone breadth (oc— /9) ' 
27rrco8ZrSi 



/, 



(r the radius of the earth,) 



27rrco8?rSZ 
cosZSZ 



sina — 8in/9 ' 
Then the probable superficies of the territory 



/, 



/3 sina — sin)8 ' 

A being the area of the territory when its centre lies in the zone 
between the parallels I and ? + S? ; 



1 i^^' 
.'. ^ = 360 I 2wTC08<^ rS<^, 



ttt" 



180 

27rr"8in30' 
180 

Therefore the probable superficies, 

2^" sin 30' 



{sin(Z+30')-sin(Z-30')}, 



cos?. 



-/ 



cos*?S?, 



/3 180 (sina — sin)S) 

7rr*sin30' , i^ i / • « • ^r%^^ 

^ T^FT-' ^~o\- a-/94-i(sin2a-8in2i8)}. 

180(sma — sinp) i '^ -'^ '^-'^ 

1851. 

1. A line passing through a fixed point and having the sum 
of its inclinations to two fixed lines through the same point 
constant, generates a cone of the second order. 

Any section perpendicular to either of the fixed lines has for 
a focus its intersection with the fixed line. 
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(a). Let OP be the moving line, 08^ OH the fixed lines. 
Take the lines bisecting the angle 80H and ita interior angle 
respectively, as axes of x and y. Describe a spherical surface 
abont 0, cutting OP^ 08^ OH in P, 8, H] join SB, 8P, HP 
by arcs of great circles, then by the conditions of the problem 

8P + HP = constant, 2a suppose. 

Bisect 8H m Z, join OZ, let 8X ^ HX == fi. Draw PM 
an arc of a great circle, perpendicular to 8H^ let XM= 0j 
PM = if>. Then, by Napier's rules 

cos 8P = cos 8M.co&MP^ 

= cos()S + ^ cos^, 
cosJTP= cosJ23f.cosJ£P, 

= COB{fi—0) COS^. 

8P+^HP SP-HP 
2 



Now COS fiP + cos JTP = 2 cos cos _ , 



p a A. 8P-HP 
.'. cosp cose' CO89 = cosa cos , 

J TT-n on ft • 8P+HP . SP—HP 

and cosjHF — cosoP = 2 sm sm ; 

op ij-p 

.'. sin)8 rintf co8<^ = sina sin , 

therefore adding squares 

, . /cos'/9 cos* sin*)9 sin" 5\ , „ , 

COS"<^ a + ^^~5 = 1 (1)- 

^ \ COS* a sm^'a / ^ ^ 

Now sin A = sinPif = 7-5 , ^ , 

therefore equation (1) becomes 

-cos*/8 jBin")9 ^i j « /^. 

cos'a ^ sm a ^ ^' 

ahcwing that the locus of P is a cone of the second order. 
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(/9). Let a;coB)S + ysm/9 =^ (3), 

be the equation of a plane perpendicular to OH, 
Where this meets OH^ we have 

X = p 008)3, y ^p sin/9. 

The distance of any point {xyz) in (3) from this point is 

If the point [xyz) also lie in (2), this becomes 

\ cos*a sin"a ^ ) ' 

or substituting for y from (3) 

a? co8*/9 [p — x cosfl)" ,) * 



! 



cos a sm a 

which is equal to 

/ a?Q,o^fi 2pxcosfi j?*co8*« y 
\cos a sm a sm a sm a / ' 

xco%8 cos a 

or f » -; — . 

cosa sma ^ sma 

Hence the distance of any point in the curve of intersection 
of (2) and (3) from the point of intersection of OH with (3) is 
a linear function of x, which is a property peculiar to the focus. 
Therefore any section perpendicular to either of the fixed lines 
has for a focus its intersection with the fixed line.^ 

2. The locus of the points in which a principal plane of a 
surface of the second order is intersected by the normals at the 
different points of a plane section of the surface is a conic 
section. 

Let the equation to the surface referred to its principal 

planes, be ^a:* + ^ + Cz^ = 1 ,....(1), 

and to the plane of section 

Ix H- my + nz = j? (2). 



 Sec Hcarn on Cut-vcs of (fie Second Order, p. 65, ct Bcqq. 



y^ 
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Then those to the normal at [piyyz] are 
Where this meets the plane of yz^ we have 

Ay, Az, 

EUminatmg x between (1) and (2), and substituting the 
above values of y and z^ we shall obtain the equation to the 
locus required, which may easily be seen to be of the second 
order. 

3. Normals are drawn to a surface at points indefinitely 
near to and equidistant from a fixed point in the surface: de- 
termine and discuss the equation of the surface generated by 
the normals. 

Take the fixed point as origin, and the principal planes 
through it as planes of yz and zx. Let the equation to tiie 
sorfiice be z = Ax^ + By* +.... 

The equations to the normals at [x^ y, 0), are 

^ / \ ^ dz , \ ^ 

a:,-iC + ^(0,-«)=O, y^-y + — (^^-«) = 0; 

or a?j- X + 2Ax{z^- Ax"" - Bf ■-...) = (1), 

y^-^y + 2By{z,^Aix?^B/^...)=0 (2). 

Again, since the point (xyz) is always at the same distance 
from the origin, we have 

ic" + y* + «■ = a', 

or aj* + y» + {Aa?-^Bf +...)' = a' (3). 

The elimination of a?, y between (1), (2), (3), would give the 
equation to the surface. But since the point {xyz) is always 
indefinitely near to the origin, a?, y, z are always indefinitely 
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small, and we may neglect their powers higher than the second. 
Hence onr equations become 

x^^ X ■\' 2Az^x = 0, 

y, - y + ^Sz^y = o, 

Eliminating Xj y between these, we get 

{^Az^ - 1)» "^ (2j&, - 1)« "■ ' 

the required equation to the surface. 

This surface is evidently of the fourth order, and symmetrical 
with respect to the planes of yz and zx. Its section, by any 
plane parallel to the plane of £ry is an ellipse, which becomes 
a circle when the distance z^ of the cutting plane from that of 

xy =s -2 5 • When «, = -—j , the equation becomes x^ = 0, 

shewing that the section is there a straight line parallel to the 

axis of y, and similarly when z^ = — = , the section is a straight 

line parallel to the axis of x. The points where these lines 
meet the axis of z^ are the centres of curvature of the principal 

sections ^^^ h~j j s^ *^® ^^ principal radii of curvature at the 

origin. When «i > «» (supposing A > B\ the area of the 
section continually increases, as manifestly ought to be the case, 
since the normals altogether diverge after «, > 5-^ • 

4. A plane is drawn through the axis of y, such that its trace 
upon the plane of zx touches the two circles in which the plane 
of zx meets the surface generated by the revolution round the 
axis of « of the circle (x-a)' + «* == <?{c<a) ; find the equation 
to the curve of intersection of the piano and surface, and from 
this equation trace the curve. 
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The eqoadon to the plane wUl be 

z X 



(1). 



c {a* -iff 

The equation to the sinface, generated by the revolution 
round the axis of z of the g^ven circle, is 

which rationalized becomes 

(a^ + y»H_;5» + a»-c7 = 4a*(a^ + y») (2). 

To obtain the curve of intersection of (1) and (2), we must 
torn the planes oiyz and xy round the axis oiy till (1) coincides 
with the plane of xy^ and then put z^O. This is effected by 

writing {a^^cjx^cz. 

1 1 for a:, 

a ' 

ex H- (a* — c")*2f ^ 
i i — for z. 

a 

or since z is to be put = 0, ^^ ^ x for x. and — for « : this 

■^ o 'a 

reduces the equation to 

or (a^ + y H-a»-c-)« = 4 (a« - c«) (a;* + /) + 4cy, 

which may be reduced to 

a* + y'' - a* + c* = ± 2cy, 

or a^ H- (y ± c)* = a\ 

shewing that the curve is composed of two circles, the radius of 
of each of which is a, and whose centres lie on the axis of y, on 
opposite sides of the origin, and at a distance from it = c. 

5. Prove (one of) the two following properties : 

J/ (1). If (-4), (jB) be two given spheres not intersecting each 
other, then every sphere which cuts [A) and (B) in given angles 
will touch two fixed spheres. 



220 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1851. 

(2). If {A)j [B) be two given epheres cutting one another, 
then every sphere which cuts {A) and {B) in given angles will 
cut orthogonally a fixed sphere. 

(1). Take the line joining the centres of the spheres for axis 
of a?, and its middle point for origin : let a, — a be the abscissiB 
of these centres, r^, r, the radii of (.4) and [B) ; x^ y^ z the 
coordinates of the centre of a sphere which cuts [A) and {B) in 
given angles a, iS ; r its radius. Then we must have 

(a? — a)' H- y* + «* =s r^" H- r" -- 2r^r cosa, 

(oj + a)* + y* + »* = r," + r" -- ^rjroo^fi. 

Let (&, 0, 0) be the coordinates of the centre of a sphere 
which this moveable sphere always touches. 

Adding and subtracting die above equations, we find 

a?* + a" + y* + «' = i(^i*H-0 + ^ - r(rjCOsa + r,co8/8), 

and — 2xb = 5^ - {r^ — r," — 2r (r^ cosa — r^ cos/8)}, 

J» ^ a* = ft« - a\ 
adding these three equations, we have 

(a?— J)* + y* + »' = r" — r jrjC0sa + rjC08)9 + - (rjCOsa — rgCOS)9)|- , 

+ if." + < + \ {<-<)] + J* - a" (1). 

It is evident that the moveable sphere will touch the sphere 
whose centre is at a distance troim the origin if the right hand 
member of equation (1) be a perfect square, or if 

jrjCOsa+r,cos/8+- (r^cosa-r^ 008/8)1 «2Jr,'+r,"+-(rj*-r,")|- 

+ 4(ft«-a»), 

a quadratic for the determination of &, shewing that there are 
two spheres which the moveable sphere always touches. 

(2). Also it is evident that the moveable sphere will always 
cut orthogonally the sphere, the abscissa of whose centre is J, 
if the right-hand member of equation (1) assume the form 
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This it will do if 

r, cosa + r, C08/9 + - (r^ cosa - r, cob)9) = 0; 

h r. coflfl — r, cosa 

or - = -« ^ ^ , 

a r, cosp — r^ cosa ' 

which determines the centre of the sphere. 
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1848. 

Assuming that sina; H- is a particular integral of the 

equation 

^ S+l'-l)^-" <'). 

find the complete integral of the equation 

S-('-|)*=^ w- 

We see by substitution that not only 

coso? 
y = sma; + -^ , 

is a particular integral of equation (1), but also 

sinj; 
y = cosx . 

Hence the complete solution of (2) is 

, ( . cosa?\ ^ / sina;\ 
y ^ A I sma; H j 4- B (cosa; 1 , 

where A and B are arbitrary constants. 

Now assume as the integral of equation (2), 

. / • cosa;\ „ / %\xix\ 

y^A [wRX + -^j + B [coBx - -^ j , 

where A and B are now fimctions of x which have to be 
determined. 

By the usual assumptions of the method of variable para- 
meters, we find 

dy J, f sinaj cosa?\ ^ / . cosa; sina;\ 

J dA ( . , cosa?\ dB ( sina;\ ^ ,«. 
and ^ [m.x + _ j + _ ^coso: - — j = 0. (3). 
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Ai dA ( sma; coso^N dB l . cos^r %\nx\ 

Also "T- \ cosa? =- — r- sinaj + 5- ) 

cKcv a? or J ax \ x ar/ 

= a^ (4)- 

From the equations (3) and (4), we proceed to find -r- 9 ;?- 9 

dA [( 8ina?V cosa? / sinajX / . co8a:\* 

_ l^cosx - — j - -^ (coex - — j + (Bina. + — j 



Sin a; 



a?* V 



/ . co8a?\) 



dA - / 8ma;\ 

•- — - — = 'K I OJDSLCr. — I - 



8ina;\ 



= a^r 



and from (3) — = — a:'* f sina? -f j ; 

* 

.•• ^ = a;*sina; — 3/a;Bma^, 

= ai* sina; + 3a;cosa; — 3 sina? H- (7, 
and J? = aj^ cosa; — 3/a? cosa^, 

= aj* cosa? — 3a; sinaj — 3 cosa? + D ; 
therefore the complete integral of (2) is 

/. y ss f sina? + ) [^ sina: + 3aj cosa? — 3 sina; + G\ 

+ (cosa; 1 (a;'* cosaj — 3a; sina; — 3 cosa; + D\ 



= a;' + C?[sij 



co8a;\ ^ / 8ma;\ 

_j+i>^C08X-— j, 



sma; H 1 + i> ( cosa; :— | 

C and i> being arbitrary constants. 



1849. 

A curve is defined bj this property, that the radius of cur- 
vatore at any point in a given multiple of the portion of the 
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normal intercepted between the point and the axis of abfidssse ; 
prove that the length of any portion of the curve may be ex- 
pressed in finite terms of the ordinates of its extremities. 

The lengtiiB of the radius of curvature and normal are 
respectively 

\ _g f aady|l + (J)}*; 

dai' 
hence the differential equation to the carve is 

_^ 
da? 1 



dx 



IT^Q] 



ny 



T . dx ^ n <^^ ft fdx\*] dd 



and cot^-7- = — ; 
ay ny^ 

/. log costf = log(7y ; 

or CO80 = 



{' - (l)T «' I = ('*'*' 

and « = -^ C-y^ + C?', 
n + 1 ^ ^ 

O, 0' being arbitrary constants. 
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Hence the length of any portion of the curve is known in 
terms of the ordinates of its extremities. 

1850. 

1. If y(a? — a, y — ftj « — c) be homogeneous with respect to 
a: — a, y — ft, « — c, then/(ic — a, y — ft, « — c) = is the equa- 
tion of a cone whose vertex is (a, ^j ci)i if the cone pass into 
a cylinder by a, ft, c becoming mfinite, shew algebraically that 
the limiting form of the above equation is 

^ {mx + ny +pz + j, m'x + n'y -\-p'z + j') = 0, 

Let the axis of the cylinder, to which, as its limiting form, 
the cone tends as a, ft, c, are indefinitely increased, be parallel 
to the intersection of the planes 

mx + ny + jp« = 0, 

m'x + n'y +p'e = 0. 

Then we have ma + nft + i>o = a finite quantity, a suppose, 

m'a 4 n'ft 4* p'c »•« a' 

Hence when a, ft, c, become infinite we get, neglecting a, a' 
in comparison with a, ft, e, 

^_ = * = ^ m 

t t » It r ••••••••• l^/» 

tip — tip jw?i — j>m mn — mn 

Now since / is a homogeneous function, we have, if ti be 
its degree, 

(a;-a)f + (y-i)f +(*-c)f=«/ 



dx ^ dy ^ ' dz 



-0, 



...,f+4H-ef..| + yf...f W. 

ax dy da ax ^ dy dz ^ 

Hence dividing each term of the left-hand member of (2) 
by the corresponding member of (1), and observing that when 
a, ft, c, become infinite, the right-hand member will vanish after 
the division, 

(«P'-«» % + (i«»'-y«») 1+ {»n«'-m'«) f = 0...(3) : 

Q 



226 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1850. 

whence, by Lagrange's method, we get 

dx ^ dy _ dz ^ 
np* — ii!p pni — p'm mn' — m'n 

whence mdx + ndy + pdz = 0, 

mdx + n'dy H- p^dz = ; 

.*. Tnx + ny -{- pz -\- q =0, 

m'x -i n'y + p'z + j' = 0, 

;, q' being constants. 

Therefore the integral of (3) is 

[mx + ny +pz 4- j, m'x -f n'y +p'z 4 q') = 0, 

the limiting form of f{x — a, y — &» z-^c) =0^ when a, J, c, 
are indefinitely increased. 

2. Prove the following formulae : 

(1). . = 96 (2 + 2i)(^ + g;j^ +...). 

(2)- ^ + ro-^ 11:3X5:6 +•••= 3 (*+^*««^)- 

/•\ C08{(n-2r) o-«} , cos {(n - 2r) ft - «} . . ^ 

(8). . r ,x . V \ +-=-7l— Twi — r^-h...tonterms=0, 

^ ' sm(a— 6)8m(o— cj... 8m(6— a)8m(ft— c)... ' 

where a is the sum of the n quantities a, ft, c,... and r is any 
integer between 1 and w — 1 inclusive. 

(1). We have 

^^ VLBIj "^ 9.11.13.15 "^"V 

" ^ jvr? ■" 33) "^ V9l5 ~ ILISJ "^-j 

= {(!-») - 3 G-J)} + {(J-A) - 3 (A- A)} +... 

Now }-.J + J-^+...=: J^. 



j 
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Again, generally 

Let a;* = — 1, then x = cos Jtt H — * sin Jtt, 
1 H- a? __ 1 + cosJtt H — * sin^TT 
1 — aj "" 1 — cosJtt * sin Jtt 

_ 2 cos" Jtt H — * 2 sin^ cos Jtt 
2 sin*^ * 2 sin^ cos Jtt 

^, cosiv H — * sini^ 

= cotiv-.— f r %- 

sm^TT  cos^v 

= — *cotj7r 
= 8" *'cotj7r; 

and -— = 



2a; 2* + -*2* 



) 



1, /l+a;\ 2* *2* ,, , ^, , 

•■•2i^'*sfeJ i (- Ht + log coti^) 

= 2:24 Gog cot iir+^Tr) - -^ji^gi (logcot|-iir) . 

Therefore, equaling real and imaginary parts, 

1 - i + J - - = 2J4 G^'g <^i^ + *^)» 
3 - ? + A - - = - 2:2* ^^°^ coti^-iT) ; 

1111 '^ 

/I ^ — ^ ^ 

TT 



2 (2 + 2*) ' 

^2 
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(2). In general, 

• -^ + 1 + 0+- 

Let y « fiKC^ fo being one of the imaginary cube roots of onityf 

.^ ©a? ©W 

then 8-'=l + -~ + yj+... 

Similarly,^ e* = 1 + — + ^^ +..., 

X Q? 

«'=i + i + i-:2+- 

Now 1 + » + «■ = 0, 

But e~ + 6-'' = e(-t-***)' + «(-*--*»*)' 

••• i + i43 + L2:o:5r6-^"- = *(*'+''"'+''^ 



= i(8- + 2e-»-co8^*). 



This problem may also be solved by putting the series = tt , 
we shall then get the differential equation -y-j — u = 0, the in- 
tegration of which, when the arbitrary constants are properly 
determined, will give the required value of u. 

(3). If r lie between 1 and n, we may assume 

cos(n + l — 2r)a; ^ A B 

8in(a? — a) sin(aj — i)... sin(aj — a) sin(aj — J) *"' 

A^Bj ,.. being quantities independent of a;, 

/• cos(nH-l— 2r)a;»-4sin(a?— i)sin(aj— c)...+^8in(a;— a)sin(a5— c)... 

+ ... idenHcalltfJ^ 



* We may justify the aboye assumption by expanding both sides of this 
equation in tenos of sin^ and coax, and dividing by co6**~'x : the left-hand side 



I 
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Putting a? = a, we get 

co8(n + l — 2r) a =» -4 sin (a — J) 8in(a — c)..., 

-^ ^ ^ cos(n+l-2r)a . 

Bin(a — i) Bin(a — c)... '* 

Similariy ^=. . °f (" + !-^!i^ (2), 

' Bin(6 — a) 8m(6 — c)... 






C0B(n + l — 2r)a; C08(n4-1 — 2r)a 

sin(a? — a) ain(aj — 6)... "" ain(a — 6) 8in(a — c)..,8in(a; — a) 

C09(n+1^2r)ft 

Bin(J — a) Bin(J — c)...8in(aj — J) "*' 

co8(n + l — 2r)a C08(n+1— 2r)6 

fiin(6^i) Bin(<»— c)...8in(a-aj) 8in(6— a) 8in(6— c) . . .8in(i— a?) 

+ _22!(!Hti-M£_ . (3). 

8m(x — a) Bm(aj — 6)... ^ ' 

In a similar manner it may be shewn that 

sin (w + 1 — 2r) g 8in(n + l— 2r) h 

sin(a— J)8in(a— c)...sin{a— a:) 8in(6— a) sin(6— c)...8in(6— a?) 



_^ rin(n + l-2rj^j^ (4). 

Bm(aj — a) 8m(a? — 6)... ^ ' 



(3) cos* + (4) sin«, where * = a + 6 +...+ a? gives 

cos{(n + l~ 2r)a — g} cos { (n + 1 — 2r) ft — g} _ 

ffln(a — J) sin(a — c)... sin(J — a) sin(6 — c)... *** "" * 

the required result proved for the n + 1 quantities a, ft,... a^. 



of the equation becomes /(taiid?). (sec jt)*^'^, /being of n — 2r + 1 dimensions, 
or /(tanx) (1 + tan*jr)'''S which is therefore of n ~ 1 dimensions, and the 
equation becomes one of n — 1 dimensions in tand? ; it may therefore be 
identieaUj satisfied by the n quantities A, B,,.. We here suppose n + l^2r 
poeitiTe : if howerer 2r > n + If we may write for 2r, 2n + 2 — 2f , where 
2« > 1 < n 4- 1 ; cos(#i 4- 1 - 2r) « then becomes coB(n + 1 ~ 2f) x, in which 
n + l ^2i is always positive. 
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3. Given f[x)-^f{y)^f{x^y){\^f{x)f{y)], find the 
form of f{x). 

Since fix) +/(y) =f{x + i/) {1 -f{^)Ay)} (1), 

put a; = y = 0, then 

2/(o)=/(o){i-7(om; 

therefore either /(O) = 0, or 

1 -/(0)1' = 2, 
giving /(O) = ± (- 1)*. 

Taking this latter value, and putting ^ = in equation (1), 
fix) ± i- 1)* =fix) {1 T (- l)ifix)], 

which gives f{x) = ± (— 1)* for all values of x ; therefore the 
given equation is satisfied hjf{x) = ± (— 1)*. 

Again, if /(O) = 0, in equation (1) write y = — a:, then 
/H +fi-^) =/(0) {1 -f{x)fi-x)}, 

Di£ferentia1ang (1) with respect to y, considering x constant, 

/(y) =/'(a'+y) {i-f{x)f{!/)} -/(^+y)/(a^)/(y); 

therefore, putting y = — a:, 

/(-^)=/'(o){i+/Rl'}; 

or putting — a? = «, 

fiz) =/'(0) {1 +7(^''}. 

Now/'(0) = some constant, G suppose, 

.-. ^ = c {I +,m*}. 

Whence /(«) = tan Cfe, 

or /(ic) = tan Cb, 
which determines the form oif[x\ C being an arbitrary constant. 
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1851. 

1. Let P (fig. 98) be any point in a curve and B a given 
point in a stndght line A8\ draw 8TJ perpendicular to 8P^ and 
let the tangent at P meet 8TJ^ BA respectively in 27 and T\ 
find the nature of the curve when BTJ bears a constant ratio 
to5r. 

Let the curve be referred to P as pole and 8 A as prime 

radius: then 

8V\ BTv. miBTU: sinBUT 

:: sin(tf+/8PZ7) : co&BPU 

:: Bind + cosdimBPU: 1; 

.'. sintf + costf tan/8P?7= constant, e suppose. 

Now tan/8P!7=r^, 

dr ' 

/» du . /I 

.-. rcos^ — = e — sm^, 



or 



dr 
cosd dd 1 



e — sintf rfr r ' 



and log(6 — sin d) = log - , 



or sm^= e — . 

r 



Transforming this equation to rectangular coordinates, 

y = 6(0:^+3^)* -C, 

or e'ic' + (c'- 1) y* - 2cy - c* = 0; 

shewing that the curve is an ellipse or hyperbola according as 
e is > or < 1. 

2. The equation c — a cos0 cos^ — 6 sin0 sin^ = may be 
considered as the complete integral of 



(«» cos* 5 + 5" sm' ^ - c')* " (a" coa' + 6* 8m> - c")» 
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If c — acosd coB^ — b sinO sin^ » (1), 

(a sin COS ^ — & cos sin ^) ejfd -f (a cos sin ^ — & sin 9 cos ^) <2^ =: 0, 

and (1) may be considered as the complete integral of this 
equation, or of 

du d^ ^ ^ i^\ 

acosd Bin0 — b%\n0 co80 asind cos^ - Jcosd rin^"~ '"\ n 

c being considered an arbitrary constant. 

Now (acos^sin^— 5dndcoB^)'+c"=(acosd8in^— isindcofl^)' 

+ (acosdcoB^ + 6cosdsin0)*by (1) 
= a'co^d + J'sin'^, 
.•. a COS0 sm^ - h %md cos^ = (a* cos*d + ft" sin*^ — f?)^ ; 
and similarly, 

a sind cos^ — J oosd sin^ = (a' oos*^ + V sin*^ — <f )*, 

therefore equation (2) becomes 

d0 d4> 



(a* cos'^ + 6* sin*5 — c*)* (a sintf cos^ — J cosd sin^)^ 



= 0. 
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1849. 

1. Shew that 

Putting X = tan'd, we get 

f ^];?S£ db? = 4 rtm'd log tan<?d0. 

Jo (l+«) Jo 

Now generallj I /(a?) dx = 1 /(a — x) dxj 

Jo J Q 

/. [ AdF0 log isjOLdde ^ j COB* log coidde 

Jo Jo 

;=- I cos"dlogtaiidd». 

•'o 

Adding these equal qoanlitieB and dividing bj 2, 

f 7rz^«^ = -2 f co82dlogtan5(fd. 

Now, integratmg by parts, 
- /cos2d log taxtOde = - ^sin2(9 log tan (9 +^ + (79 

.-. - j QO&20 log tan^rf^ = Jir, 





.CO 



2. Shew that 

j log X log (^^r^j <fe = Ta (log a - 1). 
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Let j logo? log ^-^j dfe = u, 

then ^ = 2a I - ^ 7 , dx; 
da Jo ^ + ® 

put X = a tan9, then 

^ = 2j*'log(atanfl)rf5 (1). 

Now generally, / f{x) dx^ I /(a — x) dxj 

•■' ^ = 2 riog(acot^rf^ (2). 

(1) + (2) ^vee, dividing by 2, 

| = 2£'logarf(? 

= Tfloga, 
.'. u=^ira (loga — 1) + (7. 
And when a = 0, m = 0, 

.-. (7=0, 
and tt = ira (loga — 1), 
which was to be shewn. 

3. Prove that 

the upper or lower sign being taken according as 6 is less or 
greater than unity. 
We have 



r 26jf (1 + e*) cosO ,-j _ 

j (l + 26C08e + eT 1 + 



sinO 



(1 + 26 cosfl + e')" 1 + 26 cosO + ^ ' 

. r' 26 + (1+6*) cosO . f, ^ /, «x 7« 

• • A (1+26 cose +6T ^^S' (' -^'^ ^^^+^) ^« 



■■i 
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sinff r COB 9 



= ...+ 



+ ^ J«l + 



1 + 2e cosO + e" J^ 1 + 2e costf + e' 

= — I T~r~s 5~: — « i between the limits, 

J,, 1 + 2eco80 + e*' ' 

26 i, "^ 2e j, l + €* + 2eco8© 

_ 1 + e' r rfg w 

2e j„ 1 +e' + 2ccosfl 2e' 



And 



r ^ 

J. 1 + e* + 



J0 



^^ ^ , ^ , 2e cosO 



j, (l+6)«co8«ifl + (l-.6)*Bm-ifl""^;, (l + «)" + (l-6)"tan« 
= i tan"* tan^ = :; s if € < 1 

therefore the definite integral becomes in the two cases 

1 + «■ -w TT 2e" , 2 

— ;r* = T :r — ?:: i\ and — TT 



ifl 



2e 1 - e" 26 2e (1 -e") 2e (1 -e") 



6** 



l-e • 



1850. 

1. Shew that 



(a) . I tan x log (tan a;) cfo = J tt", 



and that 



(fi). I 1 '^ die = Tra tane or ira cote, 



sln2e 
according as e is < or > Jtt. 

(a). We have, a being < 1, 



.00 ^a-1 






z sin an* 

(See Gregory's Examples^ p. 477,) 
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Differentiating with respect to a, 

TT* cos air 



r ^ y :, ^C0> 

Putting B tan*x, the limits of x will be 0, \ir^ hence 

4 1 tan"^ajloff(tanaj)&j=s j-s , 

Jo o\ / Bin aw ' 

whence, putting a » }, 



tan a; log(tana;) dx = — — 

Bin* 



27"" 8 5 
3 



.*. / tan 2; log(tana;) dx = ^tt^. 

•'0 



()9). Putting x^ a sind, we have 

-5 a5 ^^^ -; sin^ 

8m2e 8m28 

therefore writing — d for d, 

^at ^^' SB. 

Bm28 
Adding iheae equals aad dividing by 2, 

8in2s fiin 2e 

- -£- r*^ (a cofl'2& ,>, 

~ 8in2e J.J, V (1- 8in'2eBm»^ ^*^» 

Tra cos*28 T** sec*^ 



8m2e 
sec" 5 



— a 



cos'28 r^ sec'e^ j^ 
Bin2e j , l+cos*28tan*5 



^'^^ I 1 + cos*2e tm^e ^ '^ "^^^ tan-'(co82s tmff) + C; 
■*• sec'^ 

■i 



r"; rsri — tb d6 = w Bec2e : 

'iir ^ + co8'28 tan*^ ' 
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J^ a \8m28 8m2e/ 



am 28 

= Tratane. 



The above investigation holds if s < Jtt. If e > Jtt, let 
e = J^ — e' (s' being < J^), then 

Bin2e =s sin2B') 



and I > f ag = iratane> 



Bin2s' 



= Tracote: 
,-. / \ r dx = Tra tans or ira cote* 



— a? 



sin 26 
according as e < or > ^. 

1851. 

1. If y be a ftmction of x defined bj the equation 

a"* = (y - fio?)*^^ (y + na;)""^, 
shew that / — -3- = j 3 — ;2^ = » . ^ log2( — ?^ . 

Since a** = (y — wa?)**^(y + na?)""^; 

thereforci taking the logarithmic differential, 

ndx 
^ nx 

--rr^^igi [{(w + ^)(y + wa?) + (n 

+ n{(n-i8)(y-na?) - (n + i8)(y + na?)}c&] 
= 4_^,^ {(y + ^a?) t?y - [fiy-k-ffx) dx] : 

<fo rfy 

y + fix " fiy + «"« ' 
e£v [ ^y 



^ ' y — na? ^ y + 



. f flto ^f ^y 

" J y + fix J fiy + n'x^ 
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between proper limits of the variables. Now when a; == 0, y = a, 



-f. 



a 



the required result. 



n + i8 



(w + )8)(y + nx) ' 



2. Determine the value of the definite integral 

C x^' (1 - x)^' dx 



Let 



X _ y 



X -\- a 1 + a ' 
then when a; = 0, y = 0, and when a; = 1, y = ^9 



X = 



1 + a-y' 

1 + a -y 

l + o 
a; + o = a 



l+o-y' 

(a; + a)^ o^ 1 + a 

Also-^^--^^ 



(a?+a)* (l+o) 



a 9 



X " y 1+a-y' 
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^ 1 r(a) rpQ ) 

a/»(l + o)" r(a + /8) ' 
the required value.* 



* See Oreyory't £miiip{m, p. 471. 
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CALCULUS OF FINITE DIFFERENCES. 

1851. 

1. PT^ pty (fig. 90) are two tangents to a curve drawn at 
the extremities of any chord FSp passing through iixe pole 8j 
and meeting a given line 8A in Ty t, respectively ; it is required 
to prove th»t the curve in which the sum of the reciprocals of 
8T and 8t is constant has for its equation 

-=1 +ecos(?+/(sin^", 

where /(sin ^* denotes any rational function of (sin^\ 

Let the angle 8PT^ 0, Pfi^r= 5, fiP= r, then 

r ^ sin(tf-f ^) 
ST" sin^ ' 

=: sm0 cot^ + cos5, 

r du ' 

•'• ^=-smtf^ + iieC0B5, 
putting U9 ss - . 

Similarly, writing 5+ tt for 5, 

i = -8m(d + x)^ + «^C0B(d+^), 



I 



do 



V Bind ;• 
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I^ow by the conditions of the problem, 

^7p + ^ = ^ constant, c suppose ; 

" d0\ Bind y""sin«^' 
.'. tt0^^ — Wj = sintf (6 — c cot 5), 

ft being an arbitrary constant, 

= ftsind — ccosd, 

2e 
5= CDS {0 + a), changing the constants. 

But by measuring from a proper point, we shall get a =: 0, 

so that we may write 

2e 

**6+» ~ ^e ~ costf, 

an equation of differences, which, when integrated, gives 

t«^ = - cosd + G„ 

C^ being any function of which does not change its value 
when IT + is written for A 

Therefore we may put 

^ ^ l4/(8mg)' 

* a ' 

and our equation becomes 



t*tf = 



_ 1 +ecQsg+/(sin^' 



a 



or, smce i^^ "= - ^ 



-= 1 + eco%0+f{sm0y. 



The following Problem in Geometry of Three Dimensions 
(set in 1851) has been omitted. 

Determine the surface generated by a tangent to a right 
cylinder which moves parallel to the base, and with its point 

B 
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of contact lying on a helix : shew also that a hyperboloid of 
one sheet may be constructed touching the cylinder along its 
base, and such that the required surface and the hyperboloid 
are dcTclopable, the one on the other. 

(a) Take the axis of the cylinder as that of «: let a be 
its radius, and let the equations to the helix be 

z . z 

X == a cos - , ?/ = a sin - . 

Let f , 17, 5i t>® ^^® current coordinates of the required 
surface, the equations to the generating line touching the cy- 
linder at (ar, y, z) will be 

z z 

P COS - + 17 sin - = a, f = «. 
c c ^ 

Eliminating z between these equations, we get 

t cos - + w sm - = a 
c c 

as the equation to the required surface. 

{fi) It is obvious that the inclinations of a generating line 
of the cylinder to a tangent to the helix and to a generating 
line of tiie hyperboloid, are respectively constant, and that tiie 
arbitrary parameter of the hyperboloid may be so determined 
as to make these two angles equal to one another, each equal 
the angle ^ suppose. Let a, a' be two points on the base of the 
cylinder, indefinitely near together, a)8, a^ the generating lines 
of the hyperboloid passing through them. Also let -4, A be 
two points on the helix, such that the elementary arc AA 
equals the elementary arc aa'; and let AB^ A'B' be the gene- 
rating lines of the hellcoidal surface passing through -4, A 
respectively, and make a^ = a'/S' = AB = AB\ 

We may then shew that BB'^^P^^ whatever be the mag- 
nitude, of a/8. Therefore, if the circle in which the hyperboloic 
touches the cylinder be laid upon the helix in which the heli- 
coidal surface touches it, the element of surface between twc 
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consecative generating lines of the former figure may be super- 
imposed on the corresponding element in the latter figure, and 
so for the other elements ; the flexure only taking place round 
the consecutive generating lines. Hence the two surfaces are 
developable, the one on the other. 

We proceed to shew that BB' = ySyS*, as above stated. 

It is easy to see that 27rc is the distance between the sue- 

cessive threads of the helix, and therefore ~ = cot £ : hence 

a 

the equation to the required hyperboloid is 



.V 






a c 



It is manifest that y9, P lie upon the same circular section 
of the hyperboloid ; the radius (r) of this section, whose altitude 
call «, 

r = afl+-^j by the above equation 
/ ^ off sin%\* 

Also fiP subtends at the centre of its section the same angle 
that aux does at the centre of the base of the cylinder ^ 

.-. /Sis' = - aa' 
a 

a/S* sin'^^N* , 

Again, B and B* lie on the surface of a cylinder with the 
same axis as the proposed, and whose radms {r) 

= (a« + AB^)\ 

Also BB* is the same part of the thread of a helix on this 
cylinder that AA is of the given helix; the helices having 
the same distances 27rc between the threads, and therefore 
their lengths being 

{(29rr7 + (27rcn* and {(27ra)' + (27rc)*}*, 

or 27r (a« + ^5* + c»)i and 27r(a» + c7; 

R2 
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.-. BB' =^ (l + 4^^ ^^' 

/ AB* Bin* A* .^, 
= ( 1 H i 1 AA ^ \' c = a cot*, 

/ off sin^A* . ., 

therefore BB" =s lb\ and the surfaces are developable, the one on 
the other.* 



* We are indebted to Mr. Cayley for the Bolution of the second part 
of this problem. 
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STATICS. 

1848. 

1. A unifoim slender rod passes over the fixed point A 
(fig. 91) and under the fixed point B^ and is kept at rest by 
the firiction at the points A and B: determine the limitifig 
portions of equilibrimn. 

It is evident that the firiction must always act upwards, and 
the limiting poedtion of equilibrimn will be one in which G 
is 80 near A^ that the firiction is only just able to support 
the resolved part of the weight along the rod. 

Let AB = a^ AQ = Xj when G^ is in the limiting po&dtion. 

Besolving the forces on the rod along it and perpen^cular 

to its length, 

fiR + flit! = TFcoso, 

B" B:=Wsma; 

and taking moments about Gj 

B{a-\-x) = Bx : 

whence the above equations become 



uJSfl + —^1 = PTcosa, 

'^ \ a + xj 

b(i ^) = Trsina. 

\ a + xj 



Whence, by division, 

a + 2x 



= cot a, 



a 

and a; = i f Ija, 

which is the least possible value for x: G may be as high 
above it as is consistent with the leaning of the rod against B, 
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If A were lower than J9, O might be as low as we please, 
but at no less distance from B than the above value of x. 

2. Four uniform slender rods, AB^ BG^ GD^ DA^ (fig. 92), 
rigidly connected, form the sides of a quadrilateral figure, such 
that the angle ^ is a right angle, and the points i?, (7, i>, 
are equidistant from each other: when the whole is suspended 
at the angle -4, determine the position of equilibrium. 

Let S, y be the coordinates of the centre of gravity of the 
system referred to AB^ AD as coordinate axes; and let 
AB = 2a, AD = 2 J, and the angle ABD = a ; 

.-. {2a + 26 + 4 (a* + J'')*} i 

= 2a.a-h 2 (a''+ J*)* [2a+ (a'^+i')* {cos (120°- a) --cos (120'+a)}] 

= 2a* + 2 {a^ + V)^ [2a + (a* 4 6')* 3* sina} 

= 2a* + 2(a» + &»)*(2a + 3*.J). 

Similarly, 

{2a + 2i + 4(a- + i7}y = 26* + 2(a* + i*)*(2J + 3*a). 

Hence, if d be the inclination of AB to the vertical, 

t,nff-y-^ '-K«^ + y)M2&H-3*.a) 
^ I "" a« + (a- + hy (2a + 3i.6) " 

3. A string of given length is attached to the extremities 
of the arms of a straight lever without weight, and passes 
round a small pulley which supports a weight : find the position 
of equilibrium in which the lever is inclined to the vertical, and 
prove that the equilibrium is unstable. 

The inclination of the lever to the horizon will be deter- 
mined in this case in the method to be shewn in the next 
problem but one, the point G being now the fulcrum, and P 
vertically below O insfead of above it. 

To determine whether the equilibrium is stable or unstable, 
let the lever be turned through a small angle ; then the weigh 
will assume the lowest position it can, and the normal at thii 
point to the ellipse mentioned in the above problem will bf 
vertical. 
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Hence it is evident that the vertical, through the weight 
in its displaced position, will intersect the lever on that side 
of the fulcrum which is lowered in the above arbitrary dis- 
placement : hence the system will tend further from its position 
of rest, and the equilibrium is unstable. 

4. Two equal strings, of length Z, are attached to the fixed 
points -4, JB, and C, J9, respectively, which, if joined, would 
form a horizontal rectangle; a sphere, whose diameter equals 
AB^ is laid symmetrically upon the strings: find the position 
of equilibrium and the tension of either string, supposing 

l> AC^\irAB. 

Shew also how the problem is to be solved when this condition 
is not fulfilled. 

The centre of the sphere must lie in the vertical line through 
the point of intersection of the diagonals of the parallelogram 
ABCD^ and each string must lie wholly in the plane through 
its points of support and the centre of the sphere. 

Let ^5 = 2a, AC=2b^ and the depth of the centre of the 
sphere = z ; 

.-. Z = 2(6' + «'')* + 7ra, 

or z = [\[l-iraf-V]^ (1). 

Let T equal the tension of either string ; 

.*. ^T yj^ jr-^ = weight of the sphere (2) : 

from equations (1) and (2) T is known. 

K Z = 2i + ira, « = and jT = oo , the centre of the sphere 
being in the horizontal plane ABCJD. 

K Z < 25 + Tra, we must suppose the part of the string not 
in contact with the sphere to become rigid, so as to support 
the sphere above the horizontal plane ABCD, Each string 
must still lie wholly in the plane through its points of support 
and the centre of the sphere. 
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1849. 

1. Two unequal weights, connected by a straight rod with- 
out weight, are suspended by a string fastened at the extremities 
of the rod, and passing over a fixed point : determine the po- 
sition of equilibrium. 

Let O (fig. 93) be the centre of gravity of W and W\ the 
two weights, P the pulley : PO must be vertical, and bisect the 
angle WPW\ 

Let WPW = 2Z, WW = 2a : then PG is the normal of the 
ellipse, which has WW for foci and 2l for axis-major ; hence 

WP: Wa :: WPW : WW\ 

o^ ^^-wTw^^^ 

w 

hence the sides of the triangle WPW are known, and thence 
its angles : therefore Z WPG = ^ WPW is known, and WGP 
= tr — WPG — PWG is known, which is the inclination of 
WW to the vertical. 

2. A smooth body, in the form of a sphere, is divided into 
hemispheres, and placed with the plane of division vertical upon 
a smooth horizontal plane : a string, loaded at its extremities 
with two equal weights, hangs upon the sphere, passing over 
its highest point, and cutting the plane of division at right 
angles : find the least wei^t which will preserve the equilibrium. 
Determine whether the equilibrium is stable or unstable. 

Let a = radius of the sphere ; 

X = distance of the centre of gravity of the hemisphere 
fi'om the plane of division ; 

W = weight of the sphere ; 

w = weight required. 

We may consider the string to become rigidly attached 
to the sphere without disturbing the equilibrium : we then have 
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each system of a hemisphere and weight attached prevented 
firom taming about the line of intersection of the horizontal 
plane and plane of division, by the tension Wj at the highest 
point of the hemisphere. 

Hence, taking moments about this line, 

w.2a = Wx -f loa] 

... w^^W^^W (1). 

To consider whether the equilibrium is stable or unstable. 

If we give either hemisphere a small angular displace- 
ment (0) about the above line, the weight w rises through 
a space ad, and the centre of gravity of W falls through a space 
x.d. Hence the common centre of gravity of the hemisphere 
and weight rises through a space 

wad- Wx0 = Oy by (1), 

and the equilibrium is therefore neuter. 

3. A slightly elastic string, attached to two points in 
the circumference of the base of a right cone, at opposite 
extremities of a diameter, is just long enough to reach over 
the vertex without stretching. The cone is suspended by it 
from its middle point: find approximately the increase of its 
length. 

Let 2l = unstretched length of the string ; 
h = height of the cone ; 
a = radius of its base ; 
z = the depth through which the cone falls ; 
2 (? + \) = the stretched length of the string. 

Then, by the principle that " tension varies as extension", if 
T be the tension of the string, 

T= E y. E 9k constant weight : 
L 
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and 2 T = — — = W the weight of the cone. 
Also, (A + ;^)* = (Z + XrH-a'; 

I l-v X 

or, omitting X* and the higher powers of X, 

4. An equilateral triangle, without weight, has three unequal 
particles placed at its angular points ; the system is suspended 
from a fixed point by three equal strings at right angles to 
each other, and fastened to the comers of the triangle: find 
the inclination of the plane of the triangle to the horizon. 

Let 5, y, i, be the coordinates of the centre of gravity of 
the three weights referred to the strings as axes : 5, y, i, will 
be subject to the condition 

S + y -f « = Z, 

if Z be the length of the strings. 

Let be the angle between the normal to the plane of the 
triangle and the line joining the centre of gravity with the 
origin, which is vertical; this angle will be the required in- 
clination of the plane to the horizon. The direction-cosines 

of theee Imes are p, p, p, and ^^-^^-^, _^_j, 

[£' + ^* + -£')* ' ""esP^cti^ely ; 

- _ 1 X + y + z 
.: co8P-p.^,_|__,^_.^j 

_ l^ I 
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5. A piece of Btring is fastened at its extremities to two 
fixed points : determine from mechanical considerations the form 
which must be assumed by the string in order that the surface 
generated by its revolution about the line joining the fixed 
points may be the greatest possible. 

By GuldinuB^ property of the centre of gravity, that curve 
will by its revolution generate the greatest surface whose centre 
of gravity is fortiiest fit>m the axis, i.e. is lowest, when the 
axis is made horizontal and the plane of the curve vertical. 
Now we know the centre of gravity will assume the lowest 
possible position when the string is in equilibrium under the 
action of gravity: hence the curve required is the common 
catenary. 

6. It is required to support a smooth heavy body, in the 
form of an ellipsoid, in such a manner, that a given radius 
in the body shall be vertical, by means of supports at three 
points: shew that if /, m, n, be the direction-cosines of the 
radius, and the equation of the ellipsoid 

a? v" «* 

o- ^ 6« ^ c' ' 

then the three points in question must be on the curve of 
intersection of the ellipsoid with the cone 

We will assume the normals at the three points to meet 
in some point of the vertical radius.* 

The equation to the normal at x^y y^^ 2^, is 

?! y, «i ' 

a' 



V c* 



* This 18 an assumption: for the ellipsoid wUl be supported if two of 
the normalB meet in a point not in the yertical radius, provided the resultant 
of the coiresponding reactions meet the vertical radius in the same point 
as the third normal does. 
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and this line passes through the points Ir^ mr^ nr ; 

Ir — X, mr — y, nr — z, 
.'. ' = ^^ = 1 = 8 suppose : 

a* V c« 

with similar equations for the coordinates of the other points 
of support. 

These equations may be written 

nr \8 =^ z.i 

c *' 

whence, eliminating r and a hj cross-multiplication, 

».(^-f)-^.(?-^)-'.(i-?')=»= 

or, dropping the suffix, we have 

as the equation to the cone on which the three points of support 
must lie. 

1850. 

1. A right cone is cut obliquely, and then placed vrith its 
section on a horizontal plane: prove that, when the angle of 
the cone is less than sin"^^, there will be two sections for whidi 
the equilibrium is neutral, and for intermediate sections the 
cone will fall over. 

Let ABC (fig. 94) be the section of the cone through its 
axis, by the plane of the paper, to which the cutting plane 
is supposed perpendicular. Let the trace BP of the cutting 
plane make an angle with BC: draw PD perpendicular to 
BPj and draw AEF through F^ the bisection of BP. 

Let 2a be the angle of the cone; then L ABP= ir — a — 0^ 
BDP^0-^a^ and APD^0-a. 
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Also, let AE^n.EF^ then 

^AE_ A P sin AP E _ 2AP sin [0 - a) 
** EF' PF miBPD " BP 

_ 2coB{0 + a) sm(g-tt) 
"~ Bin 2a * 

or n Bm2a = sin2d — 8m2a; 
.'. 8m25 = (w+ 1) sin 2a. 

If n = 3, E will be the centre of gravity of the part cut off, 
which will therefore stand on its base in neutral equilibrium, and 

sin2d =s 4fiin2a. 

Hence, if sin 2a < ^, there will be two values of d, each acute, 
such that the corresponding cutting planes shall give neutral 
equilibrium. For intermediate sections, 

sin2d > 4 sin2a, 

and therefore n > 4; 

h^ice the centre of gravity will lie outside the vertical line Pi), 
and the section will fall over. 

2. The three comers of a triangle are kept on a circle 
by three rings capable of sliding along the circle, and the 
drcle is inclined to the horizon at a given angle: find the 
podtions of equilibrium. 

It is evident that, as the triangle is moved about, its centre 
of gravity describes a circle about the centre of the drde, the 
positions of equilibrium are those in which the centre of gravity 
is at the lowest and highest points respectively of this circle. 
The corresponding positions of the triangle are easily found. 

3. A smooth cylinder is supported in a position of equi- 
librium by a string which is wound m times round it, and then 
has its extremities attached to two points A and B in the 
same horizontal line. The position of equilibrium being that 
in which the coils are separate, shew how it is determined, 
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and how to find the length of the string in contact with the 
cylinder. 

Produce the straight lines of the string to meet, as they 
must do, in a point: project these produced parts and the 
curved part of the string upon the axis of the cylinder ; these 
projections must be equal; but the inclination to the axis of 
the straight and curved parts of the string is the same ; hence 
the produced parts of the string must be equal in length to 
the part in contact with the cylinder. Hence lie straight 
parts of the string occupy the same position as they would 
do if the string, instead of supporting the cylinder, ran under 
an indefinitely small pulley supporting a weight. This con- 
sideration determines the inclination of the straight part of 
the string to the vertical. 

Let 6 = the inclination of the axis of the cylinder to AB'^ 

<l> s= the inclination of the string to the axis ; 

fl> = the angular distance from the lowest generating 
line of the cylinder of the points where the string 
leaves the cylinder ; 

2a = the distance AB; 

2l — the length of the string. 

Then, if we project the line AB and the string upon the 
axis of the cylinder, we have 

a cos5 = I COS0 (1). 

Again, if we project AB and the straight parts of the string 
produced to meet as above on the plane of either extremity 
of the cylinder, the line AB would be projected into a line 
of length 2a sin^, and the string into two lines, each touching 
the circular end of the cylinder, and of length I sin-^ : and 
these lines touching the circular end of the cylinder, they mak^ 
with each other the angle ir — 26>. Hence 

a sin 5 , ^, 

COSft) = T—; — - (2). 

^ sm <^ ^ ' 
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Alfio the produced parts of the Btring each equals half the part 
in contact with the cylinder = (wittt + ow) cosec^. 

Hence, from the above projected triangle, 

(wTTT + or) cosec 6 

tano) = ^ ^ 

r 

= (WTT+W) CO8eC0 (3). 

From (1), (2), and (3), we may determine and 0; or the 
position of the axis of the cylinder and (o : whence the length 
of the part of the string in contact is known. 

Another condition is, that the centre of the cylinder must 
be symmetrically situated with respect to A and B, 

1851. 

1. A right cylinder upon an elliptic base (the semiaxes of 
which are a and b) rests with its axis horizontal between 
two smooth planes inclined at right angles to each other : de- 
termine the position of equilibrium, (1) when the inclination 

of one of the planes is greater than tan"* r ? (2) when the 
inclination of both planes is less than tan"' t • 

Since the locus of intersection of tangents to an ellipse at 
right angles to each other is a circle, the locus of the centre 
of gravity of the cylinder, as the cylinder is turned about in 
a vertical plane, is a circular arc; and the centre of gravity 
is at the extremities of this arc when the axes of the cylinder 
are parallel to the planes. Also these extremities are the lowest 
points of the arc when the inclination of both the planes is less 

than twi~* T ; but if one of them be greater than tan"* ^ , one 

extremity is the highest point of the arc and the other the 
lowest: hence, in this case, the position of equilibrium is that 
in which the major axis is parallel to the plane whose inclination 
is least ; and in the former case there arc two positions of equi- 
librium, viz. when each axis of the cylinder is parallel to either 
plane. 



256 SOLUTIONS OP SENATE-HOUSE PROBLEMS. [1851. 

2. Aj Bj O, are three rough points in a vertical plane; 
P, Qj Bj are the greatest weights which can be severallj sap- 
ported by a weight TF, when connected with it by strings 
passing over Ay B^ C, over -4, Bj and over -B, (7, respectively : 

1 OR 

shew that the coe£Scient of firiction at J9 = - log, ^^f? • 

We may consider each of the rough points -4, B^ C, as cy- 
linders of indefinitely small radius : hence, by a known theorem 
relating to strings passing over rough surfaces, if ^ be the 
angle through which the string is bent at any of the points 
whose coefficient of firiction is /*, and jTj, T^ be the tensions of 
the strings on the two sides of the point, if all possible fiiction 
is being exerted, we have 

Let /A^, /i., /ic9 be the friction at A^ B^ and (7; a, 7, the 
inclinations to the horizon of BG and AB respectively : then, 
by the question, 

P=8'*A(*-^>.S'*B<''-"^6'*c^*'*'>.Pr (1), 

g = 8'*A<i'-^>.6'*.<*'*^^Tr (2), 

i2^e^.(|w-*).6Me(W«)^pjr (3). 

.-. (2) X (3) ^ (1) gives 



IT 



••• /*»= -l«>gtp^- 
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1848. 

1. If a and na be the respectiye distances of a satellite 
and of the Sun from a planet, p and mp the perio^c times of 
the satellite and planet, which are supposed to describe circles 
round the planet and Sun respectiyely : shew that the orbit 
of the satellite will always be concave towards the Sun, pro- 
vided n be greater than m". 

Let the angular velocities of the satellite and planet respec- 
tively in their orbits be called to and men] then it is plain 
that the rectangular coordinates of the satellite referred to the 
Sun as origin and axes rightly chosen, are 

X = na co8fi>^ + o coBmatf 

^ = na smoi^ + a eimmtof. 

Now, if the path of the satellite pass at any time t from 
being concave to convex towards the Sun, we have at that time 

da?"^' ^ dt de dt de -"^ 

.". (n sinco^ + m sinma>^) (n sina»^ + w? smma>f) 
+ (ncos(o^ + mcosma»f) (ncosoo^+^'cosmoyf) =0; 
*". w* + w' + mn(w+ I) cos(m — 1) tat = 0, 

In order that this equation may not give a possible value 
of <, we must have 

»* + m* > mn [m + 1) ; 
.\ n* — w (*» + 1) « > — w', 

or n > m", 

s 
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which is therefore the condition to be fulfilled, in order that 
the path of the satellite may be always concave towards the 
Sun* 

2. A body of given elasticity is projected with a given 
velocity, and rebounds n times at a horizontal plane passing 
through the point of projection: determine the direction of 
projection, so that tiie angle between the direction of projection 
and the direction of the ball immediately after tiie last impact 
may be the greatest possible. 

Let a, Oj, Og ... a^, be the angles of the first projection, 
and after the successive impacts; 

.'. tana^ = e tana^^^ = e' tana^^ = ... = e* tana, 

if e is the modulus of elasticity ; 



^ , . (1— e ) tana 

.•. tan(a--aj = V-; — nh — 5~' 
^ *^ 1 + 6 tan*a 



we have to determine a, so that this shall be a maximum. 

Taking the logaritimiic differential of this expression with 
respect to tana, we have 

1 2e" tana 

tana 1 + e" tan"a ' 

.'. 1 — e* tan*a = 0, 
and tana = -r- . 

3. K a body be projected with a given velocity about a 

centre of force which oc .,. ^ ., , shew that the axis-minor of 

(dist.) ' • 

* Since the above condition assigns an inferior limit to the value of m 
(n remaining constant), it manifestly precludes the possibility of a motion 
of the satellite about the Sun in a direction opposite to that of the planet 
i,e, a .retrograde motion as seen from the Sun« which would clearly require 
m to be greater than when its path is mefely alternately concave and 
convex and not looped. 
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the orbit described will vary as the perpendicular from the 
centre of force upon the direction of projection ; and determine 
the locus of the centre of the orbit described. 

Let r be the distance, a the angle of projection : 

then V = SY.HZ^ the product of the perpendiculars from the 
foci on the direction of projection, 

= iSP sin a. -HP sin a, 
= r (2a — r) sin* a. 

And a b constant since the velocity of projection is so ; 

.'. b Qc sina, 

QC r sina, 

QC the perpendicular from ;S^ upon the direction of pro- 
jection. 

Also, if p, ^ be the polar coordinates of the centre of the 
curve referred to the centre of force as pole, and initial radius 
vector as prime radius, p = ae^ ^ = angular distance of the 
apse, c == distance of projection, 

1 _ 1 1 — 6C0S^ 

c^a 1 - e* ' 
^ 1 — - cosA 

a 
or p' - cp cos^ + oc — a* = 0, 
from which equation we see that the locus required is a circle. 

4. Two bodies, A^ 5, when acted on by gravity, are pro- 
jected from two given points in the same vertical line with 
the same velocity, and in parallel directions: shew that if A 
be higher than By a pair of tangents drawn to B^s path from 
any point of -4's patb, will intercept arcs described by J? in 
equal times. 

S2 
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For if we join the two points of contact, the chord so formed 
will be an ordinate to the vertical diameter through the point 
in which the tangents meet: let 2y be this double ordinate; 
then, if A be the height of A above B^ and the equation to 
f 8 path referred to this diameter be 

we have y' = Vh. 

Also, if Z be latus-rectum of the parabola, and a the in- 
clination of the ordinates of the above diameter to it, the 
horizontal distance between the points of contact 

= 2y sina, 

= 2^* sin a. A*, 

= 2Z»A*, 
is constant. 

Therefore also the time of passage between the points is 

constant, 

5. A body is acted on by a force = . ,. >, tending to a 

fixed centre 8: shew that in general there wiU be two direc- 
tions, differently inclined to A 8^ in which the body may be 
projected firom a given point Aj with a given velocity v, so as 
to pass through another given point B, 

Prove also that if ^, t' be the times of moving from A to B 

in the two cases, either t^( or * + ^' = 2'n-fi ( -^ — v^j • 

Let the body be projected from A (fig. 95) in a direction 
making an angle a with the distance, so as to pass through B\ 

^-4 = a, SB = bj LA8B^fi. 

The equation to the orbit is 

5»*"*"*'~rVsin«a"" ' 
or u= t %^' t {l-ccos(5-7)} (1), 

du u, .//IN 

du V a sura ^ " 
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Now, when ^ = 0, w = - , 

' a 

du 1 , 

.*. - =s / . (1 — 6 COS7) ; - cota = i i . , e riny. 
Eliminating 6 CO87 and e «m^ from equation (l), we have 

u = ^ a . 1 I -5-5^-5-5 I cosd cota.Bind: 

tro^sma \tra sm a a/ a ' 

but when d = /8, ** — rj 

•■• J = ;[^« (l+cot?a) - 1^ (l+cot"a) - 4 cob^-- cota sin^, 

a quadratic equation, from which the two values of cota can be 
detennined ; which proves that there are in general two different 
directions of projection. 

Now (Hymers^ Ast,^ Art. 326) tiie time from A U> B can 
be determined in terms of the focal distances 8A^ 8B^ tiie chord 
AB^ and the axis-major; and the velocity being given, the 
axis-major is independent of the direction of projection : hence 
8Aj ABj BSy and the major-axes of the two orbits, are the 
same. Therefore the periodic time in the two orbits is the 
same; and also the time from A to B. 

J£ tj t' he the times of describing ABj and the bodies be 
projected so as both to describe the angle A8Bj t = tf. But if 
one describes the angle A8Bj and the other 27r — A8Bj t + t' 

equals the periodic time in the conic section » — ^ — , where 

A equals the semiaxis-major = _^jpp > ^^^ 

_M_ 8F{2A - 8P) . 
SP'' A ' 

-I 



.-. t + t' = 2irn {—- iA .* 



* For this solution we are indebted to Mr. Oaakin. 
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6. Force varying as . ,. ., ^ shew that, when the lato^- 

rectum is given, an angle = 2 tan~^5^, measured from the nearer 
apse, will be described very nearly in the same time, whedier 
the body moves in an elliptic or an hyperbolic orbit, whose 
eccentricities are 1 — a and 1 + a respectively, a being smalL 

We have 

and r = Z {1 + (1 T a) costf}"*, 

in the ellipse and hyperbola respectively, where I is the common 
latus-rectum : also A' = id is the same in both cases ; hence 

r 

= -(2co8"i^?acos5)-» 
h 

_ V sec^j^^ / cosg ^^ 

~ h 4 V " cos'i^j 

= 5 Bec'i^ (l ± 2« ^) very nearly ; 
•'• ' " £ /(aec'i^) {1 ± 2a (860^^ - 2)} rf tan^d 

= ^ /{! + tan* Jd ± 2a (tan*i(? - 1)} d tan^d. 

Hence, if 2^ be the time of describing an angle ^ from the 
nearer apse, 

r = ^ {tani/9 + J tan'i/8 ± 2a {\ tan»i/3 - tani/9)}. 

Hence the difference of times of describing this arc in the 
two cases 

= H^'(itan'i/8-tani;8), 
which vanishes if )8 = 2 tan"* 5*, and the proposition is true. 
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1849. 

1. If the equation for determining the apsidal distances in 
a central orbit contain the factor (te ^ a)\ shew that a will be 
a root of the equation 

where ^(t^) is the central force. 

The differential equation of the orbit will be 

^ + « - *M (I) 

du 
Multiply hj 2 -^, and integrate ; 



dd 






The general condition for an apse is, that jfn^ ^7 ^^^ there- 
fore the equation for determining the apsidal distances is 

'(l>{u) du 



^ fq>(u) du ^ ^ 



K this equation contain the factor [u — aYj let us suppose that 

then ^ = (tt - a) ./(«), 
, d*u _du d fdu\ 

W~dd'dii'\de) 

=/(«) {/(«) +/' («) .(«-«)}(««-«); 

henoe « = a is a root of the equation 

d9' "' 
that is, a root of the equation 

<^(m) - *V = 0. 
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2. A body moves from rest at a distance a towards a centre 
of force, the force varying inversely as the distance : shew that 
the time of describing the space between fia and fiTa will be a 

maximnni if ^ = ^ . 
We have here 



/dxv , a 



since x ^^ a^ when ^ =3 ; 

^ I ^ dx 



M 



Now, let 7 be the time of describing the space between 
fia and fiTa} then 

In order tliat this may be a maximum, we must have 

.-. nyS^' F(/9"o) - F(fia) = 0. 

therefore the above condition becomes 



or n^/S^' -1=0; 



r 
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the required expression. 

3. A particle is attached to the extremity of a fine stringy 
which is partially wonnd ronnd a cylinder of diameter c; if 
the unwound portion of the string be kept stretched, and the 
particle be projected perpendicularly to its length with a ve- 
lodty Vj prove that the string will be wound up after the lapse 

of the time -^ , where I is the length of string unwound at the 

time of projection. 

Let r be the length of the string unwound at the time t 

after projection, - the arc which has become covered with 

string in that time: then, since the only force on the particle, 
viz. the tension of the string, is always perpendicular to its 
instantaneous direction of motion, the velodty of the particle 

is unifonn; 

dd 
.'. r-^ s: a constant: 

and at the time of projection 

d0 y^ 

dd j^ 
Also, r = l''-0*, 

and when « = 0, 5 = 0; /. G^)^*\ 
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Let T be the time when the string is all wound up ; 

/. « = r, when Z-|5 = 0; 

Z" 

4. A particle describes an ellipse about a centre of force 
in the focus 8 (fig. 96) ; about 8 as centre a circle is described, 
which *is cut by the radius vector 8P in the point Q ; from Q 
a line is drawn perpendicular to the direction of the particle's 
motion, which meets the major-axis in Ri prove that R is 
constant in position, and that QR is proportional to the particle's 
velocity throughout the motion. 

From P draw the normal PG^ and from 8 the perpendicular 
SY upon the tangent; also draw OL perpendicular to SP^ PL 
is half the latus-rectum. 

Now QR is parallel to PO ; 

.'. 8R = -™ . 8Q 

^e.8Q, 
by the property of the ellipse ; therefore 8R is constant. 

Agam, QR-=-^.8Q=^ ^p . 8Q 

PL.8Q PL.8Q 1 

— — OC " 



8PcobP8Y 8Y 8Y' 

and velocity oc -^^r 5 

.'. QR oc velodty. 



Q. E. D. 



1850. 

1. A heavy particle is fastened by two equal strings of 
given length to two points in a horizontal line, and then whirled 
round in a vertical plane ; the velocity is such that, if one of 
the strings break when the particle is either at its lowest point 
or half-way between its highest and lowest points, the particle 
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will Btill continue to describe a circle: find the least distance 
between the point to which the strings are fastened that this 
may be possible. 

Let I be the length of either string, be the inclination 
of the strings to the horizon when the distance between the 
points is the least possible. Let V be the corresponding ve- 
lodtj of the particle at its lowest point before the string breaks ; 
then [V*-'2fflmi0)^ will be its velocity when the strings are 
horizontal. 

Now, if one of the strings break when the particle is at 
its lowest point, it will proceed in a horizontal circle about 
the vertical line through the point of support of the unbroken 
string, if the velocity be such as to produce a centrifugal force 
just suffident to keep the string at the same inclination to the 
horizon, or, resolving the forces perpendicular to the length of 
the string, if 

or V^:^gl^ (1). 

If one of the strings break when the particle is half-way 
between its lowest and highest points, it will proceed to de- 
scribe a vertical circle about the point of support of the other 
string, provided the velocity (F* — 2^Z sin^)* be great enough 
to carry the particle over the highest point of the circle, t.e. if 

F*- 2^Zsin^>3^Z. 

Now, Q is supposed to have received its greatest possible 
value, and therefore, from (1), F its least possible value ; hence 

F"-2^Zsine = 3^Z, 

or gl ^^ - 2^? sin5 = ^gl\ 

.-. l-sin'^-2sin*d = 3sind, 
or sin*5 + sin^ = J, 

and Bin^ = -i + (i + i)* 

2 
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[1850. 



And the least distance between the points of support 

= 2Z cos5 

= (§)* {1 + (21)*}* I. 

2. If P be the perimeter of a closed curve described about 
a centre of force, r the time of a revolution, h twice tlie aiea 
described in a unit of time, and p the radius of curvature 

at the time tj prove that F^ hj — . 

'^ P 

We have 

vdi 



-/■ 

•'0 

J« p 

-f. 



P 



-/ 



« P 

r -I- . rdr 
dr 



P 
rdr 



i^-py 

Now let (*^-i>")*=/(d); 



between proper limits. 



'■ / (i^ _ *\i between the above limits 

= ffid) dB 

Jo 

=/(2»)-/(0)-0; 
. P- f P^P 



■1: 



pr dr 
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dr 



-I- 

Jo P 



P 

» p 

dt 



3. If any number of bodies be projected from a ghren point 
with the same velocity in one plane, and describe ellipses round 
a central force which varies inversely as the square of the dis- 
tance ; find the law of force tending to the same centre, under 
the action of whidi a body will describe the curve which is 
tlie locus of the centres of the different eUipses. 

Let fA be the absolute force, V the velocity, and c the dis- 
tance of projection. Then, if a be the axis-major, 

i.'-i- (.). 

a c fi 
Also the equation to the orbit is 

1 _ 1 1 — « cos(5— a) 

and our object is to find the relation between e and a ; for if 
p, <l> be the polar coordinates of the centre of the ellipse, 

. /> = a6, ^ = a. 
Now, when 5 = 0, r = c ; 

I 11 — 6 cosa 
c a l — e ' 

^ 1 — - cosA 

II a ^ 
or - = - I • 

c a p^ 

And from (1) a is constant j hence this equation shews that the 
locus required is a circle ; we may put it in the form 



^-/,co8* = a'(i-l) (2). 
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Now, by Newtofij Sect. Ii. Prop. 7, if -F be the force in the 
circle, 

And from equation (2), 

^P.^F=a«c(i.l); 



\a cj p' 

and Pr=p-ha"cf---')-; 

\a cj p' 



. Foe i ™ 



p-^-a^cl ] - 

; \a cj p 



QC 



1-— » 

'"(Ft 

1851. 

1. If a body be acted on by a vertical force so as to 
describe the common catenary, shew that the force and velocity 
at any point will vary as the distance of that point firom the 
directrix. 

The equation to the catenary £rom the directrix, as axis of Xj 
which we suppose horizontal, is 

- _« 

and the force is wholly vertical ; 

and -y- = constant = V suppose. 
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at ax at 

.*. if » = whole velocity, 

v'= F* + iF«(J-c'') 
= iV'{J+e-'Y, 

* * 

and v = \V{^-\-e') 
V 

or the velocity at any point varies as the distance of that point 
from the directrix. 



. . <?*» d fdy\ dx 






= p-y 



«3'; 

or the force at any point varies as the distance of that point 
from the directrix. 

2. Force vaiying inversely as the square of the distance, 
a body is projected from a given point in a direction making 
an angle of 45*" with the distance, and with a velocity = n times 
the velocity in a circle at the same distance: shew that the 
direction of the major-axis will be unaltered when the angle 
of projection is increased to cot"*(l— n*). 
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The general expressionB for the elements of the orbit in 
terms of the distance (c), the velodty (7), and the angle O) 
of projection, are 

g cosa = ^'^ ^^ ^ - 1, a the apsidal angle, 

V^o sm/9 coB/8 

and e sma = ; 

•A* 

.*. cota = tan^ — tts — , — -o~t~o • 

'^ V^c smp cosp 

Now, in the present case, 

F* = n' (velocity in a circle at distance c) 

c c ' 

.*, cota = tan/8 — j-^ 



n' sin/8 cob/8 



'^ n'taniS ' 

/. if i8 = 45\ cota =1 5 , 

andif /8 = cot-*(l-n»), 

..t«- ^ l+(l-nT n«-l-(l-ny _ l+l-n» _. 2, 

hence the apsidal angle, and therefore the direction of the axis- 
major, is the same in the two cases. 

3. A body describes a parabola under the action of two 
equal forces, one tending to the focus and varying inversely 
as the distance, the other parallel to the axis : find Ae velocity 
at any point and the time of moving between the vertex and 
the extremity of the latus-rectum. 

The resultant of the two equal forces will bisect the angle 
between them, and therefore be normal to the parabola : hence 
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the velocity ib constant; and if p be the radius of curvature 
at P. 

— = resultant of the two forces 
P 

_2fi.SY 
"" fiP" ' 

and V s= 2/A^, the required value. 

Again, if ;$ be the length of the arc from the vertex to the 
extremity of the latus-rectum, the time (T) of moving over it 

where y* = 4?a?, 

- + « + (fo + aj*)* 

= ^Hog ^ + (fo + a^)* 

c 

= iZ log (3 +2.2*) -f 2*.Z (between the limits) 
= {log(l+2*) + 2*}Z; 
.-. T = 2/A* {log (I + 2*) + 2*} I 
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4. If the product of the velocities at two points Pj Q of tlie 
parabolic path of a body acted on by gravity be constant, sihew 
that the locus of the pole of PQ is a circle having the focus of 
the parabola for its centre. 

Let a, /8 be the angles between the axis of the parabola and 
BP^ 8Q respectively; then the equations to the tangents at 
Pj Q referred to /S as pole are 

1 2 

-s= y {cos^ + co8(^ — a)}, 

i = J {cos^ + cos(^-/8)}. 

Hence, at the pole of PQ, 

oo8(^-a) = 008(^-/8), 

and a does not equal fi ; therefore 

a + /8 



0^ 



and at the pq^ 



_.(^eos-^-hcos^ 
4 a /8 

= -^C08-CO8-. 

Now iaP=j9ec»^, 

and velocity* at P= 2g.8P^ 

Q^^g-SQi 

.*. SP,8Q = constant (by the question), 
or sec'^a sec*i)8 = constant; 

therefore the value of r at the pole is constant, or the locus of 
that point is a circle about the focus as centre. 
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5. Force varying as the difltance, let P, Q (fig. 97) 'be two 
points in the orbit described by a body round a given centre of 
force C^ and let PT (the tangent at the point P) meet CQ 
produced in 7; join PQ and draw TA parallel to PQ meeting 
CP produced in A ; draw QA meeting PT in Z7, and CU 
meeting PQ in F^; in (727 take OR a mean proportional between 
CV and CU, then the body will pass through the point B^ and 
the time of moving from P to £ will be half the time of moving 
fromPto Q. 

Let (7P= ttj CQ = bj then the equation to the ellipse referred 
to CPj CQ as axes will be 

a*^ c" ^ b* ^ ^" 

Let CA = a', Cr= b' ; the equation to Pr will be 

M- (^)- 

To express the condition in order that this may touch the 
ellipse, take (1) — (2)*; therefore 

an equation to be satisfied only by the coordinates x = (Lf y = ; 
therefore 

or b = - - 
a 

Also, since ATi» parallel to PQj 

a ^yb -.^, 

which is evidently the condition in order that QA may toudi 
the eUipse. 

Hence QU^ PU both touch the ellipse, and by a known pro- 
perty of the ellipse, -B is a point in the curve if GB" = CU.CV. 

t2 
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Again, let 6^^ (f>^ 6^ be the angles CP, CR^ CQ respectivelj 
make with the apsidal distance, then the time in whidi the 
particle will reach P from the apse 



= ^ta.-gtan^,), 



where a and b are now the semiaxes. 

Let (A,, AjJ, (Ag, k^ be the coordinates of the points P, ^ re- 
ferred to the axes of tiie figure, the equations to PUj QZ7 will be 

a*id ^ a + jj y =^ 1, 
and the equation to (7 Z7 through their point of intersection 

and this line passes through the origin ; therefore 

X = - 1, 

and the equation to (717 becomes 

h, — h, , h- K 
-»^ « + -S-jF-* y = ; 



therefore time firom P to £ 



1 a tan<^ — tan^. 



1 + 



Ts tan^j tan0 
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oi b' b* 



b* 

ah g'y 

6* "*■ ? 
1 A.A. - h.h 



'I '* "f'a 



an expression which only changes sign when the suffixes 1 and 3 
are interchanged ; it therefore 

= time from BtoQ. 

Q« £• D. 

6. Two bodies A and B revolve in the same conio section 
round the same centre of force in the focus ; shew that if A and 
£ be at opposite extremities of any focal chord, B will appear 
(to a spectator on A) to move with a constant velocity perpen- 
dicular to SPj or with a constant velocity perpendicular to the 
transverse axis, according as A and B describe the conic section 
in the same or opposite directions. 

Let PT^ QT (fig. 98) be the tangents at the points Pand ^ 
at the extremity of the focal chord PSQ\ draw /SF, 8Y per- 
pendiculars from 8 upon those tangents. 

First^ suppose the bodies A and J3 to be moving in the same 
direction about 8^ then the relative velocity of A and B per- 
pendicular to P8Q 

^ V,mi SPY -\- }\mv8QY\ 
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if F, and V^ be the velocities of A and B 



h 

~ 8Y 


8Y 
 8P 


h 
'^ 8T 


8P 


= *Up+ 


8P) 






h 


iQ r 


•rknafo 



\ lat. rectum 

Secondly^ suppose A and £ to be moving in opposite direc- 
tions about 8^ then their relative velocity perpendicular to the 
transverse axis 

= V^ CO&PT8 - F; co^QTS 

. i COSSPY- ^p. .^a/nv> • - cosher 



"" SPsmSPY' e ^ SP smSQY' ' e 

= - (m cot0 — m' oot^') suppose. 

Let ASP = 0^ then 

2 

M = - (1 + e cos^ [I the latus-rectum), 

1 du 
andcot0 = --^j 

.•. u cot9 ~ ~ ^j^ ™ T ^"^"? 
and writing ir •\- for 0, and neglecting the change of sign, 

since cot A' = — -53- and not , -te ^>^ above, we find 

^ u du u du ' 

u cot^' = y sin^, 

whence we see that the above expression gives the relative 
velocity perpendicular to the transverse axis equal to zero. 
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7. A body m moves with a uniform velocity v = -r — /a* 

in a circular tabe whose radins is a, and attracts a body m' 

within the same tabe with a force s -jJ—^i ghew that if m 

and W be originally situated in the opposite extremities of 
a diameter and m' at rest, the two bodies will meet one another 

2aa 



at the end of the time 



b sina* 



Let Py Q (fig. 99) be the positions of m' and m at the tune t 
after the beginning of motion, and let POAj QCB be their 
angular distances fimn their original positions A^ B at the 
extremities of the diameter ACB] let PCA^B^ PCQ^^'y 

also QCB ^-ti jom PQ\ then, for the motion of m', 

Of 

~ (2o)' sin'^^ ' ?.• 

Also, 6 =: V — A * — t', 

a 

*"*''* (ft (ft* " 4a« sin'i^ <ft ' 

\dtj i^Vsm^^ / 

_ t?* cos*a f 1 ^\ 

Now, when « = 0, ^ = — , ^ = w; 

v" t;^ cos*a 



a"" a» 



(1 + C); 

.•. C = sec"a — 1, 
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dt _ a. BJn^^ 

" d^"^ V cosa {1 + 8111*^0 (sec^a- 1)}* 



V cosa {sec*a — (sec'a — 1) cos* J^}* * 

, ^ 2a 1 . .i(8ec"a-l)* , . , ^ 

and ^ =s 7 — = rxi sin -^ — cos^^ + u 

vcosa (seca— Ij* seca *^ 

ss — ; — sin'* sina cosiA -f C7(=0). 
vsina ^ ' 

And if 7 be the time that elapses before the collision, 

T = — : — sm sina 
vsma 

2aa 



vsina 



8. A strtdght rod AB (100) slides between two planes 
OAj OBj one of which is horizontal and the oilier yertical: 
then, if a body acted on by gravity descends from rest from 
the highest point, down the curve which always touches ABj 
the time down any arc : the time down the corresponding 
chord :: twice the arc : the chord. 

Let the length of the rod AB = c, the equation to the 
curve which always touches ABj referred to Cxj Cy^ the ho- 
rizontal and vertical axes through its highest point, is 

We will shew that GD is tiie curve which has the reqmred 
property. Let x\ y be the coordinates of the point P. Then 

time down arc GP 



*iofw 



2\l 
chord GP = - — tj , I the length of the chord. 
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Hence the property in the question gives 






da 



1 da' _ i da' 8 l"da , 



3 



^__2_ 1 fds, 
')* dy'-iayTy'l.dy'^'' 



" Kay') 

or dropping the accents, 

ds ^ cTs 

d^ 

or - + 3 ^ a 0, 
y ^ 

logy + 3 log ^ = logo; 

i 



<^y Vy/ 



or 1 + l'$l = (r) ' 



(1) - ©' 



<fa^(c^-y¥. 
rfy y* ' 
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and the curve passes througli the origin ; 

.'. C = — c, 

and (oj — c)* + y* = <r 

is its equation^ shewing that the curve which has the required 
property is the curve generated as CD is. 



( 283 ) 



RIGID DYNAMICS. 

1848. 

1. A GIVEN inelastic mass is let fall from a given height 
on one scale of a balance, and two inelastic masses are let fall 
from different heights on the other scale, so that the three 
impacts take place simnltaneouslj : find the relations between 
the masses and heights in order that the balance may remain 
pennanently at rest. 

Let M be the ^ven mass, h the height from which it falls ; 
Jlf^, M^ the other two masses, A^, h^ the heights frx)m which 
they fall : then the momenta of the three will be 

M{2gh)\ M^[2g\)^^ K^^ff^J^ respectively: 

in order that equilibrium may not be disturbed, we must have 

sum of momenta of if^, M^ ^ momentum of Jf, 

or Jlf^V + Jlf,V = ifA* (1). 

Also, in order that the balance may remain permanentiy at 
rest, we must have 

Jlf, + Jlf, = if (2): 

(1) and (2) are the required relations. 

2. A cannon-ball is fired at a mark at a place whose north 
latitude is I] shew that in consequence of the Eartii's rotation 
the vertical plane contaming the axis of the cannon must be 
inclined at an angle of I5t sin 2 seconds to the left of the vertical 
plane passing through the mark, t being the time of flight in 
seconds. 

The Earth's motion (a>) of rotation about its axis of figure 
may be resolved into two ; one about the vertical line at tiie 
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place in question, and another about an axis Hirough the Eardi's 
centre at right angles to the former. The latter rotation will 
not affect the relative position of the cannon and mark. 

The former velocity of rotation is oosinZ, and carries the 
mark round the cannon from right to left: consequentlj the 
vertical plane through the cannon and mark will in time t 
revolve through an angle wsmLtj or ^^q^ shiLt degrees, if 

t be the number of seconds in the time of flight, or through 
an angle ^ sin 2.^, or 15 sinZ.^ seconds : in order, therefore, that 
the ball may hit the mark, it must be aimed 15 siaLt seconds 
to the left of the mark. 

3. An imperfectly elastic homogeneous rough sphere is pro- 
jected obliquely, without rotation, agamst a fixed plane ; if e, i' 
be the angles of incidence and reflexion, X the coefficient of 
elasticity for direct impact, and p the ratio of the tangential 
force of restitution and compression, prove that 

2p =a 5 — 7X tant" cot*. 

Let Bj B^ be the normal impulses up to the time of greatest 
compression and during the whole impact respectively : 

F^ F^ the same tangential impulses, 

F, V the velocities of the centre of the sphere before and 
after impact; 

.*. B == Fcosifcjr, 

i?, = (l+X)iZ, 

B 
and F' cosi' = -jj^ — Fcost = XFco8t (1). 

Also tangential velocity before impact = Fsint; and at the 
time of greatest tangential compression the tangential action F 

F 
has diminished the velocity Fsint by the quantity -jr^r^ and has 

generated an angular velocity ^ where 

2}fk'^ = Fa. 
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We must alBo express the geometrical condition that the 
point in contact with the plane is at rest, or 

F 
Fsin* — Tir= aw. 
M 

Hence Fsini — -Tr= ttt^ 5 

.'. F^ -5 — T5 JfF sin t. 

a* + ** 

Also J?; = (l + p)!^; 

.•. F' sint" =s Frint - ^ 

m 



-•'"••^ «^ 



(2) -!- (I) gives 



., tani o* — pTf 



or, sabstituting fa' for V^ 



., tant 5 - 2p 

tant = . : 

\ 7 ' 



.\ 2p 8= 5 — 7X tant" cott. 



4. Two given masses are connected by a slightly elastic 
string, and projected so as to whirl romid: find the time of 
a small oscillation in the length of the string. iQ^ive a nu- 
merical result, supposing the masses to weigh lib., 2 lbs. re- 
spectiyelj, and the natural length of the string to be 1 yard, 
and supposing that it stretches ^ inch for a tension of 1 lb. 

The tension, and therefore the exte&sion, of the string will 
evidently depend only upon the relative motion of the masses, 
not upon their absolute motions. Now the relative motion of 
the masses will not be affected if we apply at each instant to 
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T 

both bodies (Jf and M) the acceleratmg force ^, equal to that 

acting npon if, and in the opposite direction : and if, further, 
we apply at the instant after projection to both bodies the same 
velocity, viz. a velocity equal to if' s velocity of projection m 
the opposite direction to it. But by these means M is reduced 
to rest : let it be taken as the pole of coordinates. Then, if 

— = the unextended length of the string, 

- = the extended length of the string at time f, 

and T =» tension at time f, 
we have, by the principle that ^ Tension oc Extension', 

r= Jg^ ^ ^(ta j;!fiLZjf J5 a constant weight 

u 
Now the equation of if 's motion is 



Let w = u^ — a, a will be very small. 



or:;." + «-^(^ + ^)!^=0. 



.„d^-«, + a + ^(^ + ^,) « (l4.3^j = 0; 



or, omitting a", 



{^ + a|^(f + F') 



35^ + ^^ + 



a-w.«0; 



which equation shews that a undergoes periodic inequalities, 
whose period 

1 



T^2ir 



hi^i^^wT 
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this IB the time of the small oscillatiomi in the length of the 
string : h must be determined by the circmnstances of projection. 

Ex. Let M^ 1 lb., Jf' = 2 lb., - = 1 yard, and E such a 



weight that a tension of 1 lb. stretches the string ^ inch, or 



llb.-i??-^^p=^ = £^, 

or J? = ^ lbs.; 
/. r = 27r ■— »■ ^ I seconds 



= 27r 



/ 32,2 x^ 8 360 3\* ^'^^^ 



wh«^ t7 is the velocity of projection, expressed in yards, of M 
or M' in their relative orbits, 



— ±-, seconds very nearly. 



5. A rongh sphere rolls within a hollow cylinder with its 
axis vertical, so as to be in contact with the curved surface 
and the flat bottom: find the reactions and the Motions, in 
terms of the angular velocity with which the sphere goes 
round, and explain the indeterminateness of the problem. 

Let 09 be the angular velocity of the centre of the sphere 
about the axis of the cylinder ; 

00^ w^ m^ the angular velocities of the sphere about that 
axis and two other axes of rectangular coordinates ; 

£,, £y, R^ and ^,, S^^ JS', the mutual actions at the 
base and other points of contact parallel to the axes 
of a;, y, and z respectively ; 

a and r -\- a the radii of the sphere and cylinder. 
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Then the equationB of motion are 

Ml^^ = -B,a- R,a imQ 

at ^ ' 

[d the angle between the radius vector and axis of x^ 

MJf ^ = Ea sind - if a cos^. 
(ft * 

The geometrical condition to be expressed is, that the two 
points of contact must be instantaneously at rest. 

Hence, 
horizontal motion of {he point of contact of the curve surfaces, or 

ao^ — ri» =s ; 

vertical motion of the same, or 

ao)^ sind — aoo^ cosd = ; 

and horizontal motion of tiie other point, or 

a(»^ cos^ + a«. sin5 — r© = 0. 

Hence, 

om^ = rctt cos^, 

acOy =s roosind; 

.•. a -^ = T co^d.f^ r sind.co*, 
d<o 



(where /= -|) , 
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a -=-* = r em6./-\' r cosd.©", 

Also, 

X = r cosd, 

y = 9»sin9; 
,'. -^ = — r sin^./— r cos^.co*, 

-^= rcoB^./— rsbftw*. 

Hence the equations of motion become 

- Jfr sin^./- Jfr cosd.©" = 5, + ^. (1), 

Mr cos^./- Jfr sin^.o)* = i? + -B*^ (2), 

= 5+^.- % (3), 

i«i"r oos^./- Jfjy'r sin^.w" = - 5^ - iZ'.a* sin^ (4), 

MJfr sme.f+ Mi?r cos^.©^ = Bja^ + iZ'.a* cos^ (5), 

ifi^i/ = iZ'.a'* Bind- ijycos^... (6), 

(4) wad + (5) Bind + (6), 

2Mi?ff= (i?. + i?J a'sind - (i2, + i?,) a'cosd 
^^Ma'ff, by(l)and(2)i 
.-. /= 0, 
and tu is constant. 

Hence (4) cosd + (5) Bind, 

= B„ smd - 5 cosd, 
and (1) smd - (2) cosd, 

= 1?. sind - B^ cobA 

Hence there is no action perpendicular to llie plane through 
tiie radius vector and the axis of the cylinder. Let It and It 
be the horizontal pressures in that plane on the base and at 

u 
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the Other point of contact. Then (1) cosO -f (2) sin^ and 
(5) coB^ — (4) sin^ give 

R-^-E =:-- Mrw* (7), 

and B-¥B,=^ Jf ^ra>« (8)^ 

(3), (7), and (8) are the only equations for determining Bj Ej R^ 
and E^. 

4 

The indeterminateness of the problem arises from the cir- 
cumstance, that there are more pressui^s on the sphere than 
are necessary to produce the motion required. Thus, there are 
the two vertical forces R^ and E^ to support the weight, the 
two radial forces R and E to curve the path of the centre 
of the sphere, and the two, R and E^^ to oppose the tendency 
of the sphere to rotate about a horizontal axis perpendicular 
to the radius-vector. Hence the above equations contain the 
sums of couples of these quantities. Considerations of elasticity, 
which prevents all such ambiguities in nature, would remove 
them from the solution of the problem. 

i/^ 6. A uniform bent lever, whose arms are at right angles 
to each other, is capable of being enclosed in the interior of 
a smooth spherical surface; determine the position of equi- 
librium. 

Find also the time of a small oscillation when the position 
of equilibrium is slightly disturbed. 

Since the reactions of the sphere all pass through the centre, 
it is plain that the resultant force of gravity upon the lever must 
also pass through the centre of the sphere ; hence, its centre of 
gravity must lie vertically under the centre of the sphere. 

Let C (fig. 101) be the angle of the lever ACB^ join AB] 
bisect AB^ AG^ BG^ in 0, Z>, and E^ and in ED take the 
pomt (?, such that EG : ED :: AG : AG + BG: join OE^ 
i)G^ CD: G will be the centre of gravity of the lever, and 
Oi>, OE^ will be perpendicular to AGy BG: also O \vill be 
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the centre of the sphere. Hence we must have 00 vertical. 
But EG : OD:: CD :EC:: OE: Oi>; therefore 00 bisects 
the right angle OD^ and A (7, BG^ are equally inclined to the 
horizon. 

When the lever is slightly disturbed in its own (vertical) 
plane finom its position of equilibrium, it will manifestly oscillate 
as if it were attached to an axis through 0, an^ the sphere 
removed. Hence we have to find the radius (k) of gyration 
of the straight lines AC^ BC^ about an axis through 0, per- 
pendicular to the plane of BC^ CA^ 

Let fc„ i,, be the radii for AG, BG, respectively : then 

k* ^ Oiy + i^Aiy ^EG"-^ \Aiy 
= i" + Ja^ if J0=2a, 5C = 2i. 
Similarly, 

V - a" + W, 

and A« = f*lii* = i^±f^±^i±i*:==J(a + 6)'. 

Agun, to find OG {= 2), the distance of the centre of gravity 
of the lever from 0. We have 

J _ -pp amOEG _ a „^ anOED 
~ ^^- ainEOG ~a + b tmEOG 



+ 5' 
Aerefore the time of a small oscillation 

" 3* '^ {gab)^ ' 

7. A section of the surface of a circular right cone (whose 
axis is horizontal and vertical angle 60°) is formed by a plane 
perpendicular to the slant side, so as to contain the vertex; 

U2 
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shew that when the surface so cut off makes small oficillatioiis 

21a 

about the axis, the length of the isochronous pendulum = — - 

(whether the elliptic base be included in the surface or not), 
a being the length of the perpendicular drawn from the vertex 
upon the elliptic base. 

Let h be the radius of gyration of the section about the axis; 

*'• ^ " 28/S~ ' 

r being the distance of the element Z8 of the surface from 
the axis. Let h8 be projected upon a plane perpendicular to 
the axis^ and hS' be the corresponding elementaiy surface ; 

.-. SS' = S/Scos30''; 
w « S85V 
•'• ^ ■" ^t8' 

= the square of the radius of gyration of the elliptic 
projection on a plane perpendicular to the axis. 

Similarly, the radius of gyration of the elliptic base equals 
the radius of gyration of its projection on the same plane, which 
is the same as the projection of the whole section. To find 
this radius we must first find the axes of the elliptic base BC 
(fig. 102). 

Since the vertical angle BAG = ^(f^ we have, if -4(7= a, 

and if h equals the semi-axis minor, 

{2hY = GF.BE = a.ia\ 

.: b* = K- 

We may now also finB Oo, the distance of o, the centre 
of the base from 0, the point where the axis pierces the base. 
We have 

Oo'^oC-OC 

3* 1 
2 3* ' 
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and Oo'^ = 106" ^ j^% 
or Ocl = Ja. 

Let a', h\ be the semi-axes of the ellipse BD^ which is the 
projection upon the plane BE of the conical surface, as well 
as of the elliptic base B0\ 

.-. 2a' = BD^ CF-^ \[BE'- CF) 

and al = |a, 

and V = semi-axis minor of BG 
1 

Hence the radius^ of gyration of BD about Oo* 

= o : 

4.16 ' 

and tlie length of the simple pendulum of BJ) about the axis 



4.16 06 
= }So + ia 

Since the length of the simple pendulum for the conical 
surface is the same as for the elliptic base, it is the same for 
the conical surface alone and taken with the base. 

1849. 

1. If a uniform inextensible string, in the form of any 
continuous curve, be subjected to an impulsive tension at its 
extremities, the tension at any point will vary directly as the 
velocity communicated to that point in the direction of the 
radius of absolute curvature, and inversely as the curvature. 
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Let T be the tenmon at any point, then ^T-p , ^ '¥'1 ^-j 1 

are the tensions in directions of the axes ; and since the tensions 
are impulsive, we have 

difference of tensions at the extremities of any small arc 
oc velocity conmimiicated to the arc ; 

"P^^^v^'i ("■ 

Similmly, ^dT+T^d,<c^ (2), 



|ir+rg*«* (a). 



(1) 






dx cPx dy d^y dz d'z 
J, It W^Jt l^'^di d? 
* fd'xV (d^yV /d'z\' * 

d*x dx^ rf*y dy d^z dz ^ 

Now, the direction-cosines of the radius of curvature are 

d*x d^y d'^z 

Also, if /) be the radius of curvature, 

.'. T QC velocity communicated to {xyz) in the direction of the 
radius of absolute curvature, and inversely as the curvature. 

2. The nut of a screw rests upon a smooth horizontal plane, 
over a hole cut so as to allow a free passage for the screw, 
and the screw descends through the nut by its own weight: 
determine the motion. 
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At tiine Met P be the whole action between the screw and 
nnt perpendicular to the thread of the screw, which makes an 
angle a suppose with the horizon. Then 

the whole vertical force on the screw = Jf^—Pcosa, 

moment of the whole horizontal force =Pa sina, 

on the nut = ^ Pa aina. 

Heiiice, if y = depth of any point of the screw below a fixed 

plane, 
60, co', the angular velocities of the screw and nut, 

(Pif _ P cosa 
W^^" "IT"' 

j^dm ^Pa sina 

, ^ df» ^ Pa sina 

^ 'dt IT^ 

The geometrical condition is, that each two corresponding 
points of the screw and nut in contact have the same motion 
perpendicular to the thread; 

dy , . 

.'. ato sma — -^ cosa = ato sma. 

Differentiating this equation and substituting from the above, 

do) d*y . da>' 

«8u,a^-co8a^=aflma-^; 

Pa* Bin*a P cos'a . Pa* sin*a . 

whence P is constant^ and its value known : by substitution of 
this value we determine the three required parts of the motion, 
which thus appear to be uniformly accelerated. 

3. The centre of a rough sphere is fixed ; if another sphere 
be placed on the top of it and just displaced, determine the 
motion of both spheres. 

Let 0, o, (fig. 103) be the centres of the spheres at the time t ; 
0(7, oc^ the two radii which in the beginning of motion were 
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vertical, 80 that O, c, coincided : then, calling the different parts 
and angles, as in the figure, we have for the equations of motion, 

for the lower sphere, 

Mie^^Fa (1). 

for the upper one, 

Jf' ^ = -B sin^ - i^cos^ (2), 

JIf' ^ = 5 CO80 + -Psb^ - M'g (3), 

M%-^^Fb (4); 

and for the geometrical condition we must express the circum- 
stance that the spheres roll without sliding j 

/. a[4>^0)^h(ff-4>) (5). 

Also we have 

*- a: = (a + i) sin^, 

y = [a + b) cos^. 
Taking (1) ft — (4) a, we have 

(Ur or ' 

whence we find 

Hence (5) becomes 

a(^-^)=:nftd- J^y 

or r = 5 A : 

and ^ = n ? 6. 

a + wft^ 

Now the expression for the vis viva gives us 

^©'+^{("+»>'(t)"-^''(f)}='^>(«+»-»" 
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and substituting the above values of and ff^ we get 

[«'(^)"-^|(»-»)--(i^)"--'i](t)' 

= 2Jlf'^(a + J) (1-cos^): 
wluch may be written shortly 

'^V = im* (1 - 008^) = w«sin"ii^ ; 

dt I 



m 



m 



dtf> sin^^ ' 
and nU + C ^2 log tan^^. 

The constant G may be detennined by supposing ^ to have 
a very small value a, when < = ; whence 

mt = 2 log ^ ^y , 
^ tanja' 

and tan^^ = tan^a e*"*, 

which determines 0, and thence 6 and ^, in terms of t 

4. What must be the angular velocity of a horizontal 
cylinder, in order that a heavy string of given length attached 
to it may be just wound up? 

Let I be the whole length of the string, x that of the part 
hanging down, fi the mass of a unit of length ; T the tension 
of the rope at the point of its contact with the cylinder. Then 
for the equation of motion of the cylinder, and that part of 
the rope coiled on it, 

{MW + f,{l-x)<^}^ = -Ta (1); 

and considering the part of the string hanging down as one 
mass, the coordinate of a fixed point of which (the extremity) is Xy 

d*x 

^de"'^^^ (^)' 

and / — ic = a0. 
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Now (1) — (2) a ^ves 

or {MI(? + /jb{l-'x) a"} -^ + fia*x -^ = figc^x^ 

d^x 
or ( J/F + fdc?) -^ ss ligcfx. 

dx 
Multiply ^7 ^ 'ji'i *"^d integrate, 

and ;^ = 0, when a; = ; .•. (7=0; 






Hence, In the beginning of motion, when a; = /, 

A"" a eft '"(Jlf*" + /iia*)*' 
which is the required angular velocity. 

5. A heavy rod is suspended from a fixed point by two 
inextensible strings without weight, the strings and the rod 
forming an equilateral triangle ; if either of the strings be cut, 
determine the initial tension of the other. 

Let the fig^e (104) represent the position of the beam at 
the lime t after the string has been cut ; ON being the vertieal 
line through the point of support. Hence the equations of 
motion will be 

M^=T^0 (1), 

M^ =:Mg-Tcosd (2), 

Ml^^==- Ta 8m(^ + ^) (3). 



Also the geometiy gives us 

X = 2a sind — a sln^, 
y = 2a coad -f a cos^. 
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Hence, differentiating twice, we find 

-«C0B(^-H^)(fy 

T 
= g cobO — -^0082^, 

by (1) and (2). 
Hence we find, by substituting the value of -^ fix)m (3), 

-J{cos2^+ ^ fsm\e+4>)} =gcoH0 + 2a(^) +aco8(^+^)f^y . 

Now, in the beginning of motion, — = 0, ^ = 0, ^ = 30**, 
and =B 90'' : let T^ be the initial tension ; 

and i* SB ^a' ; 

•••^.(^!-)-*4'. 



the required tension. 






6. A man standing in a swing is set in motion : shew that 
he can accelerate the motion and increase the arc of oscillation 
by crouching and rising in the swing; and prove that the effect 
will be greatest if he crouch when the swing is at the highest 
point, and rise when it is at the lowest point of its arc of 
oscillation. 

Since the ropes of the swing are not supposed to slacken 
or bend, we may suppose them to become rigid, and rigidly 
connected with the swing. 

If the man do not crouch and rise, the arc of osdllation will 
be unaltered, the effect of gravity being to accelerate the motion 
while he is descending, and to retard it while he ascends. 
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Now, if the man riseB when the swing is at its lowest point, 
the moment of the force of gravity on him about the axiB 
through the points of support of the swing is diminished, and 
the motion less retarded than it would have been if he had 
retained a mean position ; hence the swing will rise higher than 
it otherwise would : if he crouches when at the highest point 
of the arc of oscillation, the motion will be more accelerated 
while the swing descends than it would have been if he had 
remained in a mean position ; hence the velocity at the lowest 
point will be increased on account of his having both croached 
and risen; hence the arc of oscillation will be increased by 
such a motion of his body. 

It is evident that it will be most increased if he rises at 
the lowest and crouches at the highest point of the arc <^ 
oscillation. 

In addition to the above reasons why the supposed motion 
of crouching and rising' will increase the arc of oscillation, ia 
another, viz. that the principle of the conservation of areas 
must hold during the sudden motion of rising at the lowest 
point. For during that motion both the forces on the man, 
viz. gravity and tiie upward pressure of tiie swing, may be 
considered as acting in a vertical direction, that is, normally 
to his instantaneous direction of motion. The consequence will 
be, that his linear velocity will be increased as he rises, and 
therefore approaches the horizontal axis through the points of 
support of the ropes. 

If the swing be supposed to have mass this effect will be 
diminished, since his rising will not so much raise the common 
centre of gravity of himself and the swing. This diminution 
of the effects of the principle of conservation of areas will be 
practically caused by a change of the friction between the swing 
and his feet, which will for the instant retard his motion more 
than it usually does. 

The above reasoning has, of course, no place as applied to 
his crouching when at the highest point of the arc of oscillation, 
since he is then describing no areas at all about the horizontal 
axis through the points of support. 
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7. A circular hoop rests upon a smooth horizontal plane 
with a particle at its lowest point, and receives a horizontal 
velocity of projection F in its own plane : find the valae of V 
in order that the particle may just rise to the height of the 
centre of the hoop. 

Determine the motion when V is greater, and also when it 
is less than this value ; and find the time of an oscillation of 
the particle in the hoop when V is small. 

Let P be the position of the particle in the hoop (fig. 105) 
at the time t from beginning of motion. Let AN^ Xj NP= y, 
be the coordinates of P referred to Ay its position at projection, 
as origin, AM = x\ The principle of the conservation of the 
motion of the centre of gravity in a horizontal direction gives us 

^S+^'^=^'^ w- 

The expression for via viva is 

Also x' — x^ a sinfi, 

y =5 a (1 — COS©) ; 
ux dx ^ dJo 

••• -^--31''"^^ It (^)' 

l = ««^^S (*)• 

From (1) and (3), 

<if+j.f')t = J^'(^-«coseD, 

(3f + if) ¥ = ■M' F + ifa coBfl ^ . 
Hence equation (2) becomes 

(F^. {jOf'(F-a cosof)' + (j.f'r+AfacoB0D] 

= Jf'F»-2j%, 



°'jlf 



^^, |ilf ' 7" + Ma' coB»0 (^yi = MV- iMgy. . . (5). 
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If the particle just rises to the height of the centre, ^ = 0, 
when B = 90° and y = a ; 



or F= 



\ M 



^) M*. 



When V is greater than thb value, equation (5) gives the 
height to which it will rise before ^ = 0, viz. 

M' F« 

At this time the particle is moving horizontally with the 
same velocity ais the hoop : it will now fall down in a parabolic 
path and will strike the hoop at a point at the same distance 
below the horizontal diameter as the point at which it left the 
hoop is above it. 

If V is not sufficiently great to make it rise to the height 
of the centre, it will rise to the height 

^'^ M+M' 2g' 

and since the above equations apply for both directions of 

• motion of the particle, we see that it will continue to oscillate, 

rising on both sides of the vertical diameter to the above height. 

dQ 
If F be very small, and -^ will be very small : in this 

case differentiate (5); 

= — Iga sinO 3- , 



" u 



^^^-<nT»m]-^-' 



fd6\* 
or omitting fl* and 6 f -^J , 



r" 
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de^ M' a ' 

the equation of osinllatoiy motion, the time of oscillation being 

8. A heavy lamina, in the form of an equilateral triangle, 
suspended from a fixed point by three equal strings, is drawn a 
little aside from its horizontal position (the strings being all 
stretched) ; its centre of gravity then receives a small horizontal 
velocity of projection perpendicular to the plane in which the dis- 
placement was made, while at the same time a velocity of rotation 
is communicated to it in its own plane : determine the motion. 

The motion of rotation of the lamina in its own plane is 
evidently independent of the motion of its centre of gravity, and 
wiU continue uniform. 

By the principle of the superposition of small motions, the 
oscillations of the centre of gravity in the two perpendicular 
planes wiU be independent of each other. 

The equations of these small motions will be 

6 = 0^ cosn^ 
and ^ = ^j sinn^, 
0^ and ^j being the semi-arcs of oscillation ; 

and the centre of gravity will move very nearly in a small 
ellipse about its position of equilibrium as centre, with axes 
rO^ and r^,, r being the distance of the centre of gravity from 
the point of suspension. 

9. A man hangs by a rod which swings in a vertical plane : 
compare the exertion required to raise him from one given point 
of the rod to another, 1st, when he draws himself through a 
given small space always when the rod is vertical, and 2ndly, 
if he makes the effort when the rod is at its greatest inclination 
to the vertical. 

See Prob. 6, 1849. 
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Let V be the velocity of the man at the lowest point before 
he begins to raise himself, 2a the arc of oscillation: then, if 
a be his original distance from the point of support, 

t^ = a(l — cosa). 

Now, if he raises himself always through the given small 
space 8 at the lowest point of the arc, the velocity at the lowest 
point will receive a sudden increase; and it will be with this 
increased velocity that he will next arrive at the lowest point: 
the arc of oscillation will also continually increase. 

Let v^ be the velocity with which the man arrives for the 
r^ time at the lowest point of the arc, when he raises himself 
through the r^ small space £. The exertion of doing this 



= ^{^ + a-(Jll)4 ^- 



To determine v^. The relation between v^ and v^^ is given 
us by the equation 

which expresses the conservation of areas during the man^s rise 
through the small space £. We may hence deduce the equation 

v^ {a — (r — 1) B] = va. 

This equation we may also derive from the consideration, 
that the man returns each successive time to the point when 
he raises himself with the velocity with which he quitted it; 
and therefore we may consider that he raises himself by one 
effort through the space (r — i)S, the conservation of areas 
holding all the while. This consideration gives us the above 
equation immediately. We thus have 



v^ «V 



a-(r-l)S"{a-(r-l)8}»' 
Hence the r^ exertion 



= ^f+{a-(r-l)S}-}«- 



Let us call (r— 1)S, x] then we may call S, cfe, and we 
shall have, as an approximation to the true result, supposing 
B extremely small. 
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whole exertion 



^"-{(^■i 






If the man raises himself at the highest point of the arc, 
the arc of oscillation will remain imaltered, but the velocity 
at the lowest point will be increased after each effort. Hence 
eveiy exertion will be the same, viz. Mg sina.£, and the whole 
exertion 2^sina.A. 

Hence the ratio of the two exertions 



-V^2g(a-hY) 



coseca. 



10. A semicircular board, moving in its own plane without 
rotation, and with its curved boundary foremost, comes in con- 
tact with a smooth fixed obstacle : determine at whai point the 
impact should take place in order that the angular velocity 
generated may be the greatest possible. 

Let P (fig. 106) be the point where the impact should take 
place, the radius GP making an angle with CD the bisecting 
radius. Let Fbe the velocity (in CD) of the centre of gravity 
of the board before impact, t;, Vj those parallel to CD and CB 
after impact, v the angular velocity after impact, B the im- 
pulse : then, if G^ be the centre of gravity and CQ = a, 

B 



V = F- ^^costf, 
v' = rry sintf, 



tj = 



Ba sind 



(A): 
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Also we have the geometrical condition, that P must have 
no motion in the direction CP after impact ; whence 

V cob5 - «' rin^ - ^PG smGPC = 0, 
or V coB^ — V sin^ — «ra sin^ = 0. 

Finding Vjv\ from equations (A) in terms of «r, and subsd- 
tuting in this last equations, we get 

( y cotd ) cos^ Bind — wa sin^ = 0, 

V a / a 

/i* 1 . \ 

or Fcos^ — (— -7-^ + a sin^j «r = 0; 

V BJnO cobO 

- + a sin'e 

a 

which is to be a maximum bj the variation of 0. 
Now, a = ;r--«f 

Fa sinO cos9 
^a" - a* cos'tf 

Fa8in2g 

-a"-a*(l + cos2e)* 

Taking the logarithmic differential, 

a'8in29 



= cot2e r^ i/, . o/i\ J 

a' -a (1+00820)' 

or (a* - a") cot 2© - a" C08ec2fl «= 0, 

or cos20 = -s 5 

16 



~ 97r" - 16 ' 
which determines the position of the point P. 

11. A imiform solid cylinder is revolving with a given 
angular velocity about its centre of gravity, which is fixed ; the 
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cylinder then receives a blow of given intensity in a direction 
perpendicular to the plane in which the axis moves: determine 
the subsequent motion. 

Since any section of the cylinder through its axis is a prin- 
cipal section, the blow takes place in a principal plane, and 
therefore only generates a velocity about the axis (that of 
X sappose) perpendicular to the axis of previous rotation (diat 
of y), and the axis of the cylinder (that of z). 

Hence, if ^ be the moment of inertia about the axes of 
X and y, C that about the axis of z ; and o»„ <»,, o),, be the 
angular velocities about these respective axes at any time t 
Bftsr impact, we have as equations of motion, 

and 0)3 = constant 

= 0, since that is its original value. 
Hence also w^ == constant 

= that generated by the blow 

TO 

= -1- f if ^ be the blow, a the distance from 
A ' ' 

the centre of its point of application^ 

and 0)^ ~ constant 

= its original value before impact. 

Hence the cylinder revolves uniformly, and the instantaneous 
axis is fixed in it, viz. in the plane xj/ ; hence this axis is also 
fixed in space, and the axis of the cylinder, as before, sweeps 
out a plane. 

x2 
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i2. A solid cone is suspended bj its vertex from a point 
in a perfectly rough wall : if the cone be slightly displaced from 
its equilibrium position, the surface remaining in contact with 
the wall, determine the time of a small oscillation. 

Let be the angle which the line of contact of the wall 
and cone make with the vertical at the time t] m the angular 
velocity at the same time about the line of contact; 0^ the 
original value of 0; A the height and 2a the vertical angle 
of the cone : then, ranee the line of contact is the instantaneous 
axis, the equation of vis viva gives us 

Jffe^o)* = 2Mg,^h cosa (cos9 — cosOJ, 

, S gh cosa , ^ ^ v 

or ® = o jfe^i — (<5O80— cosOj. 



Now, to connect no and 0, we have two expressions for the 

de 

dt 



motion of the centre of the base, viz. h sina. a> and h cosa . -r- ; 



d9 
.'. © = ^-- cota: 
cU ' 

/rfflx" 3 gh 8in*a , ^ ^ , 

.'. -jpr — ~ 7 VM ®"^^ 7 ^ ^® length of the side ; 

or if the motion be very small, 

d^ S ghm'a 

eft* "^ 4 A'* '' " "• 

Therefore the time of a small oscillation = Air 



{Sgl}^ sina ' 



13. An indefinitely great number of indefinitely thin cylin- 
drical shells, just fitting one within another, are revolving with 
different angular velocities, but in the same sense, about their 
common axis; also the angular velocity of each shell is pro- 
portional to a positive power (the n^) of its radius, and that 
of the outermost shell is co. Prove that if the system of shells 
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be suddenly united into a solid cylinder, the cylinder will revolve 

about its axis with the angular velocity j . 

If the bodies composing the Solar system were suddenly to 
become rigidly connected, explain what the nature of the sub- 
sequent motion would be. 

If a>^ be the angular velocity about the axis of any particle, at 
a distance r from the axis, the area described by it in the time t 

if a be the radius of the outer shell. 

Hence the sum of the areas described by all the particles in 
the same cylindrical shell, of thickness Sr, 



a 



t,Sr, 
Hence the sum of aU a«a« described by all particles in time « 

a Jo 



a* 



n + 4 



If « be the angular velocity after uniting, the sum of the 
areas described by all the areas in an equal time 

= irvt . — . 
4 

By the principle of the conservation of areas, the two above 
sums of areas must be equal, or 

a' . a' 



TT^t -r ^^ frtot 



4 n-h4' 

4a> 






n + 4 
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In the Solar system the areas of the orbits rarj as the square 
of the mean distances, and the periodic times squared as the mean 
distances cubed, and therefore the mean angular velocities vary 
as the square roots of the mean distances. Hence, if all the 
bodies of the system were suddenly to become rij^dly connected, 
the bodies nearer the sun would have their motions suddenly 
accelerated, and those furthest from it would be suddenly re- 
tarded ; after which all would proceed with a common uniform 
and, so to speak, an average angular motion* 

1850. 

1. A parallelogram, whose centre is fixed^ is rotating about 
one of its principal axes in its plane ; find how it must be struck 
that, after the blow, it may rotate with the same angular ve- 
locity about the other. 

Since the eflfect of a blow upon the velocity of rotation of 
the body about a principal axis depends only upon the moment 
of the blow about that axis, it is plain that the blow must in 
this case be perpendicular to the plane of the parallelogram, 
and its moments about the two principal axes in its plane must 
be equal and be due to the velocity of rotation already existing 
aibout one of them, and in a direction to destroy it. 

Xiet Ay By be the moments of inertia about these principal 
axes, Q> the velocity of rotation about A before the blow (/) 
is given, i, y, the coordinates of iihe point of application of the 
impulse ; 

_ A(D 

which equations determine the point of application of the im- 
pulse. 

2. Three equal smooth spheres (radius r) are placed together 
on a horizontal plane, and kept in contact by a string passed 
round them in the plane of their centres. A cone of given 
weight {W) and vertical angle (2a), is placed between them 



1850.] RIGID DYNAMICS. 311 

90 that its axis is vertical: find the tension of the string; and 
if the string be suddenly cut, find when the cone will strike 
the plane. 

If £ be the pressore between any sphere and the cone, we 
have for the equililibrimn of the cone 

SB sina = TT; 

and for that of any sphere, 

Bcoaa = 2TcoB^ir 

rr, TITcota 

the required tension. 

At the time t after the string is cut, let y be the height of 
the yertex of the cone above the plane, x the distance of any 
sphere from the axis of the cone : the equation of via viva gives 
us, if W be the weight of any sphere, 

where y^ equals the height of the vertex of the cone in the 
position of equilibrium. 

We have also to express the condition, that the motion of 
the point of any sphere In contact with the cone in the direc- 
tion perpendicular to the generating line of the cone through 
the point of its contact with that sphere, is equal to the motion 
of that point in the same direction : or 

dx dy . 

j7 cosa = — ^ sma ; 
cU at ' 

dx dy ^ 

Hence the above equation becomes 

(Tr+3Pr'tan*a) {^ = iWg{y,-y): 
or dififerentiatiug, 

^y Wg . 
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a constant retarding force. And the cone starts from rest; 
therefore the time of describing the space y^^ 

To find y^. From fig. 107 it is evident that ON^ the per- 
pendicular on the axis of the cone from 0^ the centre of any 
sphere in the position of equilibrium, is the distance of any 
angular point of any equilateral triangle of side 2r from its 
centre ; 

.•• OJV^=r sec- = pr; 

2 

.'. OT = ON seca = -^r seca, 

and Pr= ^^seca-l^r; 
.-. (7r=Prcoseca 

" ( S ®®^^ coseca — coseca J r ; 

~ lil (^®^* coseca — tana) — cosecaj- r 

= (^ cota — cosecaj r^ 
and y^ s= r — CN 

= f 1 + coseca — ^ cota j r ; 
2Wg 







+ coseca-r|COtaj ( Tr+ 3 TT' tan*a) r 



3. Two equal particles of mass m are fixed at the ex- 
tremities of the axis of a prolate spheroid, of which the mass 
is JIf, the eccentricity of the generating ellipse being e. The 
spheroid is struck by a couple and then left to move freely; 
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shew that tliroaghoat the motion it will constantly have contact 
with a single plane, if 

The spheroid will manifestly have contact with a fixed plane 

parallel to the invariable plane, if it be similar to the momental 

spheroid of the system consisting of the spheroid with the two 

masses (m) at its poles. Let A^ By be the moments of inertia 

of this system about its axis of figure and an axis through its 

centre perpendicular to its axis of figure. Hence, if a, &, be the 

semiaxes of the generating ellipse, the condition of contact with 

a single plane is 

A€f^BV (1). 

Now ^=|ifi», J5 = iJf(a' + y) + 2wa', 

and ooncUtion (1) becomes 

XticfV = JJf (a" + V) V + 2waW, 
or 2ma« = JJlf(a«-y); 

.-. m = ^ J— 

4. A small arc of a hoop is removed and replaced by two 
small strught lines, tangents to the circle at the ends of the arc, 
their mass being so disposed that the centre of gravity remains 
still at the centre of the hoop. If the hoop be now rolled along 
a horizontal plane, suffidently rough to prevent sliding, with an 
angular velocity m not great enough to make it leap, shew that 
motion will never cease unless 



, f a»* a* + A:* cos'a ) 
^ \^ga " (1 ~ cosg) cosaj 



be a whole number ; where a is the radius of the hoop, h its 
radius of gyration, and 2a the angle subtended by the arc 
removed. 
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The motion of rolling on the circular rim will be uniform : 
hence the angular velocity at the time of impinging on the apex 
of the tangent will be to. To determine the motion immediately 
after this impact. See fig. 108. 

Let ^, jP be the impnlsiye actions between the apex and 
the plane along the plane and perpendicular to it; v^j v^ the 
velocities of the centre of gravity in the same directions^ and 

V the angular velocity after impact. The equations for finding^ 

V , V , and «r, are 

F 

r 

MJd^vr = MJg^fo + Fa- F'a tana. 

Also, to express the condition that the apex must be at rest 
after impact, we have 

v^ - a« = 0, 

v^ — a tana.f7 «= 0. 
Hence we have 

A*tj s Jt^to 4- a* (tt> - «r) — (a tana)".<7, 

'''' ''"•a«(l + tan«a) + «'-'^ 
= no» suppose. 

Next, to consider the continuous motion of turning about 
the apex : let 9 be the inclination to the horizon of the radius 
to the apex at the interval t after impact. Then, taking the 
equation of moments about the apex, 

Jf (A'^ + a'sec^a) ^ = — -^^ s«ca cos^; 



/d0\ 2ga sec a . ^ ^ 



^ 7-11 



2qa seca , . ^^ x 

r^— = =- fsm ^ — cos a). 

+ a sec a ^ ' 
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n 1 (^^^ 



W. 



In passing from a motion of rotation about the axis to a 
motion of rolling on the circular rim, there is no impulsive 
motion ; hence the angular motion at the time of the second 
impact of the apex on the plane is « or na>. Similarly, the 
angular velocity at the time of the r^ impact is rCm. 

Now, if the hoop ever comes to rest it must be by just 
balancing on the apex : suppose this happens when it is rolling 
over the apex for the m^ time; then equation (1) shews that 
we must have 

HT -^ a sec a ^ '^ 

or 2mlog« = log{^^-^^^.(l-coBa)}, 

^ (2flra ' (1 - cosa) cosa) 
or m = \ t(^ \ n ^  r , 



2log|r+^^^tan«a| 



by inverting both the quantities under the logarithmic sign. 
Hence^ if this expression for m be a whole number, the hoop 
will come to rest as it is rolling over the apex for the m^ time : 
if it be not a whole number it will never come to rest. 

6. Two similar homogeneous cords are similarly stretched, 
and one of them loaded at its middle point with a small 
weight fA ; shew that the fundamental note of the loaded cord 
will be lower than that of the other, and that if t denote the 
time of vibration of the loaded cord for any possible note, the 
values of t are given by the equation 

- {t (;)1 - ^. (•* 

where I is the length of the cord, e the mass of a unit of length, 
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and T its tension. Under what initial circumstances will both 
strings sound the same note? 

See Duhamel in the Joum. de VEcole Polytech, tom. XYii. 

It is evident that when the loaded cord is sounding its fun- 
damental note, its two halves meet in a salient angle pointing 
from the line joining its extremities. Thus the two halves are 
portions of the trochoid which a longer cord would assume in vi- 
brating, and will vibrate in the same manner as if they actually 
were parts of such a trochoid : hence the loaded cord is virtually 
longer than the unloaded one, and capable of a deeper note. 

Let Xj y, be the coordinates of any particle of the string at 
the time f, referred to the line joining the extremities of the 
string, and a line through its middle point perpendicular to it 
and in the plane of vibration, as axes of x and y. The equation 
of transversal vibrations will be (Poisson, Micaniqu^ n®. 490) 

y = A sm -— \\l — x) cos — - o^, 

where h is the greatest value of y for any particle, a = {-\ , and 

X a quantity to be determined by the circumstance that the 
middle point of the string is attached to the weight fi. 

Let y* be the ordinate of this weight at the same time t : 
the equation of motion of fi is 

de 



"^-'KD 



fl^« 



_ h/mir nnr I mir 

= — 2t . -r-~ cos -r- - cos -r- al\ 
At \ ^ A0 

, 2t Ax 1 mir I mtr 

/, y = — . . -5 COS — - - cos -r~ CU. 

fA mir a X 2 X 

Now y' = y^ 

, . mir I mir 
= A sm -r- a cos -— a< ; 

A0 d At 

• tan — ^ — Hi ^ ^ 
X 2 fA ' mir * a" 



2e X 

— . — , smce a" = - 



s T 
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Now, let t represent the time of vibration ; 

_ 2X 1 _ 2X /e\* 
mam \rj ' 

and the above equation becomes, by eliminating X, 

the required equation for the determination of all possible values 
of <. 

The value of t answering to the fundamental note is its 
greatest value; it is plainly such that 

Now suppose fA indefinitely small, or the weight removed, 
the value (f of t then answering to the fundamental note is 






and therefore t > t\ or the fundamental note is lower for the 
loaded than for the unloaded cord, as shewn above. 

The two cords will evidently sound the same note when the 
middle point of each is made a node ; in which case the note 
will be that due to a length which is any subnmltiple of ^L 

6. If a body hang by a string, and through any point of the 
string a aeries of horizontal lines be drawn, with any one of 
which the body may be rigidly connected and perform small 
oscillations about it, the time of oscillation will be a maximum 
about a line at right angles to the one about which it is a 
minimum : prove this, and shew how to find the position of these 
two lines, and the time of oscillation about any other, in terms 
of the times about these two and the angle which it makes with 
them. 

If « be the time of the body's oscillation about any one of these 
lines about which its moment of inertia is Q^ we have the relation 



318 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1850. 

where M is the body's mass, h the depth of its centre of gravitj 
below the horizontal line in question. Now the general ex- 
pression for Q is 

therefore if we make the horizontal plane through the lines the 
plane of xy^ ^Stos^ is the same for all the lines, and the relatiTe 
magnitudes of Q for the different lines will depend upon 

But this expression will be unaltered if we project eyery particle 
of the body upon the plane of xy. Hence, as in the case of a 
plane lamina, we shall have two axes in the plane at right angles 
to each other, for one of which Q will be a maximum and for 
the other a minimum: hence the first part of the proposition 
is true. 

Also, as far as the part 2Sw (a?* ^y") of Q is concerned, we 
shall have the usual relation 

where Q^, Q^ are the maximum and minimum moments, and 
the angle which the axis of Q makes with that of Q^ : hence the 
true relation between Q, d> and Q^ is 

Q - S8»i.«* = (e,-SSm«»)cos«tf + {Q^-:S;8m^)«in% 

or Q = Q^ cotfd + Q^ sin*^, as before. 

Hence, if ty t^y £,, be the times about the lines about which 
Qi Qty Qi) a^ ^^ moments of inerda, 

To find the positions of the lines of greatest and least 
moments in the given horizontal plane. 

Let the direction-cosines of this plane referred to the prin* 
cipal axes through the point where the string pierces the plane 
be ly my n; and let Q be the moment about the line whose 
direction-cosines referred to the same axes are a, /8, 7 ; then we 
are to have, if Ay By (7, be the principal moments, 

Q = -4a" + B/3* + Cy = a maximum or minimum 
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subject to the conditions 

a" + /8* + 7^ = 1, 
and h + mfi + wy =s 0, 

which last is the equation to the horizontal plane. 

Differentiating these three equations with respect to a, /3y 

and 7, we find 

Aada + Bfidfi + Cydy = (1), 

ada + fidfi +7(^7 «0 (2), 

and UoL-^-rndfi + ndJy «0 (3). 

Using the arbitrary multipliers X and /a, we deduce the equations 

^a + Xa = III (4), 

J5/8 + \/8 = fim (5), 

Oy + Xry =s ^n (6). 

(4) a + (5) )8 + (6) 7 gives 

C + X = 0; 

(5-G)/8 = /*m[ (A). 

Hence a«+ ^+ y = 1 = ^^ {^-j^ + ^^^. + [G^]'"^'^)^ 
and 

which gives a quadratic for the determination of Q^ and Q^. 
The substitution of the value of fi from equation (7) in equations 
(A) will give us the values of a, /8, 7, and so determine the 
positions of the lines of maximum and minimum moments. 

1851. 

1. The locus of an axis passing through a fixed point of a 
solid body, and such that the moment of inertia round it of the 
body is constant, is a cone of the second order, and the cones 
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corresponding to different valueB of the constant moment have 
the same directions of circular sections. 

The expression for Q^ the moment of inertia about an axis 
whose tirection-cosines referred to the principal axes are a, )3, 7, 
in terms of the principal moments Aj By (7, is 

or if the axes of A^ J9, C^ are those of x^ y^ and z^ 

e(a^+y" + «*) ^A^ + Bf^-G:?, 
the equation to a cone of the second order. 

Let Ay By Qy Gy be in descending order of magnitude, the 
above equation may be put in the form 

{A-Q)a?+ {B-Q)i/' - {Q-G)s? = 0; 

and ]£ z = mx + ny + c 

be the equation to any plane which cuts the cone in a drcle, 
we have {Gregory' a Solid Geometry^ Art. 124) 

_ ( A-Q-jB-Q) ]^ 

-^\b-q-\.{Q-o\ 

A-B\i 



m 



(A - B\^ 



which shews the direction of the circular sections to be inde- 
pendent of Q, 

2. Determine the motion of a heavy solid composed of two 
equal right cones placed together base to base, and which rolls 
without sliding upon two intersecting lines inclined at equal 
angles to the vertical, the common base of the cones moving 
in the plane which bisects the angles between the vertical planes 
through the lines. 

We shall apply the principle of vis viva. 
Let GAy GB (fig. 109) be the two lines; and at the time t 
let them touch the two cones in P, P' : let OM the height of 
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the centre of gravity of the solid above the horizontal plane 
through C = Zj CM=i x. Then if r be the distance of P £rom 
the axis of the cone, and S the inclination of the plane A CB 
to the horizon, IWthelieight of P= « — rcosS, or if OP^ p^ 

pflin7 = « — rcosS; 

.•• z = p9in7 + rcosS (1). 

Ako, if zJfCZV^^s, 

X = CNcoBB = pco87 cose (2), 

Now as the cone rolls along, the locus of P on the cone will 
be a curve like the dotted curve in the figure: let & be an 
element of the length of this curve answering to the jx)tation 
of the solid through a smaU angle S0, then 

Ss ^ 8(rcoseca)co6ec/9... (3), 

if ^ be the inclination of either rod to the common base of the 
cones, or 2)3 the inclination of the rods to each other : also 

S(rco8eca) = S(r9)tan/8 (4)^ 

^\ 8p = — & = — 8rcosec« cosee/9 by (3);; 
.-. p =5 (r^ — r) coseca cosec^S, 

if r^ is the radius of the common base of the cones: also by (4)^ 

r — r^ = r0 tan/9 sin a, 

if 9 = when the solid touches both the lines at C] 

/. 9 = f 1 — 2 j cot/8 coseco. 

Hence, by (1) and (2), 

z = (r^ — r)coseca cosec/S sin7 + rcosS (5), 

X = (r^^r) coseca cosec/8 cos 7 cose. 

Now the equation of vis viva gives us 

(l)'-(l)'-KD"-'('.-". 

T 
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where b^ is the height of p where the soEd starts from rest ; 
/. {cosecV cosec'/S coB'7 co8*e + (coseca cosec/S 81117 — cosS)* 



+ — j2. cot^^ coseca} l-^j 



= 2g [z^ — r^ coseca cosec/8 S1117 

+ r (coseca cosec/S sin^ — cosS)}, 

an equation which, when integrated, will give us r, and there- 
fore also X and z^ at any time t 

From equation (5) it appears that as z will necesisarilj be 
diminished by the force of gravity, if the solid starts from rest 
it will roll toward G or from it, according as 

coseca cosec/3 sin7 > or < cos& 

3. Shew that the difference of the moments of inertia of 
a body round two axes in a given plane which are equally 
inclined to a fixed line in the same plane, is proportional to the 
sine of the angle between those axes. 

Let Qj, Q, be the maximum and minimum moments about 
lines in that plane, Q, Q the moments about any two lines in 
the plane making angle 0, ff with the axis of the moment Q^ ; 
then, by Problem 6, 1850, 

^ = e,cos«0 + G.8in«», 

.-. Q^ g = Q^ (cos«e-cos*(>') + Q, (sin'«-sin'flO 

= G,8in(e'-») sin(0 + e') + i2^sin(e-e') sin{e + <>') 
= (G,-(2Jsin(e+e')sin(©'-0) 
= (<2,-<2>m2a sin (©'-©), 
where a is the angle the fixed line makes with the axis of (?, 
ac sin(0'-e), 
Qc sine of the angle between the axes of Q and Q. 
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HYDROSTATICS. 

1849. 

1. A plane body, one of the edges of which is a straight 
line, is immersed in water so as to have this straight line coin- 
cident with the smface; shew how the depth of the centre of 
pressure may be deduced from observation of the time of a small 
oscillation in vacuum of the body about its rectilinear side. 

When the body is immersed with its plane vertical, ' 

let si be the depth of the centre of pressure below the surface, 

... z gravity i..., 

... z any point of the body 

Igpzdz 

~ Mz « ' 
(where Tc is the radius of gyration about the straight edge] 

the length of the simple pendulum when the body makes small 
oscillations about the rectilinear side. Hence, if T be the time 
of small oscillations, 

47r' 



•••«'= ^=i7 7-«J 



the formula for the determination of z* from T, 

2. A cylinder the radius of which is a, having its axis 
vertical and containing incompressible fluid (density p), re- 
volves about its axis with an angular velocity a)=f7^-j , 

T2 
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n being > 1 ; a sphere (density p)^ whose radius is also a, on 
being pnt into the cylinder, is supported in such a position that 
it touches the free surface at its vertex : shew that 



e' . (, - ly. 

P \ nj 



p 

The equation of equilibrium is 

volume of fluid diqdaced = — .fwa" (1). 

Fig. 110 shews the position of the sphere in the fluid, the 
dotted line representing the continuation of the section by the 
plane of the paper of the free surface. 

Let Vj the vertex of the free surface, be the origin of 
coordinates, the axis of the cylinder that of 0, and r the distance 
of any point fit>m it. Then the equations to the fi-ee smfeuse 
and that of the sphere are 

,2 2a 

a>*^ n * 

and f^ = 2(zz — z* : 
therefore if z' be the height above Vo{ tiie circle of intersection, 

= 2a ^1 - i^ «' - z'^j 

,' = 2«(l-l). 

Hence the volume of the fluid displaced 

2a ^ 



or z 



= ir{a(l-i)«"-K} 
.w(.-l)-{a(.-l)-,«(,-l)} 

-,w(l-i)'i 
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therefore from (1) 

ore:-(i-iy. 

p \ nj 

3. If Xj F, Zy be the forces acting at a point {xyz) of a mass 
of heterogeneons fluid in equilibrinm, and Xdx + Ydy + Zdzj 
be not a perfect differential, then the pressure and density will 
be constant throughout the curves of which the differential 
equations are 

dx _ dy dz 

dY__dZ^ d2^^^ ^_3Y' 
da dy dx dz dy dx 

Let jPj p be the pressure and density at the point {^xyz)\ 
p + dp the pressure at the point (x + dSsc, y + Jy, « + e&), then 

dp =^ p {Xdx + Ydy -\' Zdz) (1). 

In order that this equaticm may hold, and therefore equi- 
librium be possible, we must have the right-hand side of this 
equation a perfect derivative of three independent variables, 
or we must have 

dpY^dpZ 

dpZ _ dpX 
dx dz ' 

dpX^dpY^ 
dy dx ' 

fdY dZ\ „dp ^dp 



dy) dy dz 

fdZ dX\ _ jrdp ^ „dp 
^ \dx dz) ^ dz dx 

f dX dY\_ ydp ydp 
\dy dx)'' dx dy. 



(A). 
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Multiplying these equations in order by X^ Y^ Z^ and adding, 
we get 

^(dY dZ\ ^rfdZ dX\ „fdX dY\ 

as the condition which the forces X^ Y^ Z^ must satisfy in order 
that they may be able to produce equilibrium. 

Now let dx^ dy^ dzj in the expression (1) for dj)^ be such that 

dx dy dz . 

^TT^^^T^^^T^ ^^' 

dz dy dx dz dy dx 

then dp will be the variation of ^ as we pass from one point to the 
adjacent point of any of the curves of which these are the dif- 
ferential equations. Now, combining (l) and (3), we get by (2) 

dp -0^ 

wherefore p is constant along the curves whose differential 
equations are (3). 

Also from equations (A) we may put equation (3) in the form 

dx ^ dy ^ dz 

r,dp ^rdp ^dp „dp ^dp ^dp ^^ ' 

^^-^S ^S-^S ^H-^Ts 

and multiplying these equations by -^ , ^ , ^ , respectively, 
we get ax dy dz 

or p is also constant along these curves. 
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1850. 

1. Three equal cylinders are placed in contact upon a 
horizontal plane, sufficiently rough to prevent sliding: find 
how much water must be poured into the space between the 
cylinders, in order to disturb the equilibrium. 

Let h be the depth of the water poured in when each 
cylinder is on the point of turning about a tangent line to its 
base, in which case the water will run out between the cylinders. 

Now the moment of the fi^uid pressures upon each cylinder 
about the tangent line to the base about which the cylinder 
would be^n to turn, is the same as the moment of the fi^uid 
pressures on a vertical rectangle of height h and breadth equal 
to the radius (r) of each cylinder about its base* 



^ r \ gp{Ji — z) zdz 

J o 



- r.^M' (4 - i) 

Now this must equal the moment of the weight [Mg] of 
each cylinder about the same line or Mgr^ 



is the required height. 



* - o 



2. All space being supposed filled with an elastic fluid whose 
volume at a given density is known, the particles of which are 
attracted to a given point by a force varying as the distance: 
find the pressure on a circular disc placed with its centre at the 
centre of force. 

Let /L6 =s absolute force of attraction at distance unity ; the 
attractions X, F, Z, parallel to the axes at the point [xyz) are 



* For this is the nature of the section of each cylinder supposed of a 
height A, made hy a plane through the lines of its contact with the other 
cylinder^. 
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" /Aa?y — iiy^ — lAZ^ the centre of force being origin : hence 
dp^ p{Xdx-\'Ydy-\-Zdz) 

^-- fi,p[xdx'\-ydy-^zdz) ^ — fi^prdr if r^ = a;* + ^ + «*; 

and p "= ^ ; 

.•. -^ = — uJcrdr : 
P 

To determine C, we have 

.*. SJ(f = mass contained between two con- 
gecutiy e spheres having G for cen- 
tre, radii r and r + Sr 

= 47r/:)r'Sr = 4wCA.r*e'*'^Sr; 

.'. J(f := whole mass, and therefore known, 

Let i/AAr* = «, 



'-©'•'' 



2^ 
and r^dr = «*& ; 






and r«*e^<& = r{|) = ir(i) 

and Jf is known ; hence G is also known. 

Hence, if P be the pressure on the annulus (radius a) we have 

SP = 27rr8r.^ 

= 27r^Sr8-*^; 
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fipom r = 0| *  M 

to r = a| ^?][G ^^^^ 

3. A hollow cylinder is filled with inelaBtic fluid and made 
to revolye about a vertical axis attached to the centre of its 
upper plane face with a velocity sufficient to retain it at the 
same inclination to the axis. Find at what point of the face 
a hole might be bored without loss of any fluid. 

Let 0» be the angular velocity of rotation : then, if the fluid 
were contained in an open vessel, the latus-rectum (Z) of the 

generating parabola of the free surface would be -4- ^o^ 

nnce it is empposed by the question that there is a point in the 
upper plane face where the pressure of the fluid is zero, it is 
maoifest that the face touches the above free surface at this 
point. This point will evidentiy lie in the diameter of the face 
most inclined to the horizon, at a distance r suppose fi^m the 
centre of the face. Let a be the inclination of the face to the 
vertical, h the distance of tiie vertex of the supposed free surface 
above the centre of the face, the equation to the free surface is 

y* =:Z(a?-*), 

and for x, y we may write r coso, t sino, 

.•. 7^ sin'a = Z (r cosa — h) ; 

the roots of this equation are equal, 

,7 cosa 
" sm a 

_ g cosa 
m sm a 

4. A mass of inelastic fluid is contained between three co- 
ordinate planes, each of which attracts with a force which varies 
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as the distance, and the absolute forces of attraction fjb^^ fjb^j /i,, 
are in harmonic progression. Half an ellipsoid is fixed with 
its plane surface against one of the coordinate planes, and its 
surface touching the other planes ; its axes being parallel to the 
coordinate axes and proportional to /a^"*, /n^y fi^^. If there 
be not sufficient fluid quite to cover the ellipsoid, tiie uncovered 
part will be bounded by a semicircle. 

The attractions X, Y^ Z^ parallel to the axes are - /x^o;, 
.'. dp = Xdx + Ydy + Zdz (if p = unity) 

therefore the equation to the free surface is 

Ik^ + ytt^y" + ^j«' « a constant ■» (/suppose (1). 

The equation to the ellipsoid, if it be bisected by a»;, is 

^^{x-af + A*y + M.(i5-c)» = C (2). 

(1) — (2) gives for the plane of intersection 

2/Ajaa; + 2/AgC« = a constant = 2(0')* .4 suppose; 

••• /*> + A*8*« = ^ (3), 

(3) may be put in the form 

M8«" = ^" - 2Afi^^x + fi^a^ ; 
subtracting this equation €rom (1) gives 

2fi^x* + fiy = 2AfM^^x "A^-hC (4), 

the equation to the projection on (xy) of the curve of intersection. 
Let <l> equal the angle at which (3) is inclined to xy ; 

... tan* = (^J, 

and co8*A = -iis— = H^« , 

/*. + /*, A*. 

since /*„ ^,, ^„ arc in. harmonic progression. 



since o = I — 1 , c — ' ' 
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This equation, taken with (4), shews that the axes of the 
projection on xy of the curve of intersection parallel to x and y 
respectively, are in the ratio of cos^ : 1; hence the curve of 
intersection must be circular, evidently a semicircle, whose 
diameter lies in xz^ and its plane perpendicular to xz. 

5. A rectangular vessel is filled with fluid of twice its 
weight, and placed with its open end downwards upon a hori- 
zontal plane, which is then made to revolve round each side 
of the base successively, one of these sides being greater and 
the oiher leas than three times its height : find when the fluid 
will begin to escape in each case, supposing the centres of 
gravity of the vessel and the fluid to coincide. 

If the vessel had a base instead of being opened at the lower 
end, tiie moment of the fluid pressure on its inside about any 
side of the base would be the same as that of its weight acting 
at its centre of gravity : hence, when the vessel is open at the 
lower end, the moment of the fluid pressures about a side of the 
base will be tiiat of the weight acting at its centre of gravity, 
minus the moment of the fluid pressures on the plane on which 
the vessel rests. 

To find this moment, M suppose. Let tiie horizontal plane 
be supposed to have been turned through an angle a, and let r 
be the distance of any poijit in it from a horizontal line in it, 
at tiie same height as the highest edge of the vessel : the dis- 
tance of the edge about which the vessel is being turned will be, 
if a be this ed^e, h the otiier edge, and h the height of the 
vessel, ft + A cota. Hence 

J hoota 

rh*hcota 

= fffHi sina I {(J + A cota) r — r*} dr 

J kOOta 

= ^/)aisina{i(i+Acota) (J+2Acota)-J(i'+3&Acota+3A'cot'a)} 

= gpab sina (Ji' + ^hb cota). 

Let W be the weight of the vessel, and therefore 2 W that of 
the fluid : then, when the water begins to flow out, the moment 
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aboat the edge a of all the forces on this vessel, Induding its 
weight, is zero, or 

3 Tr(^ cosa - ^A sina) - Jf==0, 

or, since W = gpobh^ and h = Znh suppose, 

ih 

-^ [Znh cosa — A sina) — Znh sina (^.dnA + \h cota) == 0, 

or dn cosa — sina — n (n rana + cosa) = ; 

2n 

which ^yes the value of a when the two values of n are 
substituted, one >, the other < 1« In both cases, however, 
a is < 45''. 
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HYDRODYNAMICS. 

1848. 

1. A cylindrical vessel, with its axis vertical, is filled with 
fluid, which issues from a great number of smaU orifices pierced 
in the aide: find the surface which touches all the streams of 
spouting fluid. 

This surface is evidently a surface of revolution, having the 
axis of the cylinder for axis. Its generating curve is the line 
which touches all the parabolic jets of water from the different 
orifices in the same generating line of the cylinder. These jets 
have all this generating line for axis, and a common directrix 
in the plane in which they lie, viz. the horizontal line at the 
level of the surface : for the velocity of efflux is that due to the 
distance from this line. 

Hence, making the common axis and directrix axes of x 
and y respectively, the equation to the jet whose point of efflux 
is at a depth h is 

y* = 4A(aj— A). 

To find the line which this curve always touches, differentiate 
with respect to A, considering Xj y constant ; 

.-. = a: - 2A, 
and eliminating A, 

or y = a?; 

the equation a straight line through the origin, inclined to the 
vertical at an angle of 45''. Hence the surface required is a 
right-angled cone placed on the cylinder in an inverted position. 

2. A closed vessel is filled with water, containing in it a 
piece of cork which is free to move ; if the vessel be suddenly 
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moved forwards by a blow, shew that the cork will shoot for- 
wards relatively to the water. 

Suppose, for an instant, the cork removed, and its place 
occupied by solidified water ; when the blow is struck this mass 
of solidified water will instantaneously receive a velocity K equal 
to that of the surrounding water, and the impulse on it will be 
MVy if JIf be its mass. But when the cork is in the place of 
this solidified water, the impulsive actions on it of the surround- 
ing fluid will be the same as they were on the solidified water, 
and therefore the impulse on it will be the same. But the cork 
is lighter than the same volume of solidified water, and therefore 
the same impulse will impart a greater velocity to it, or the cork 
will move forward relatively to the water. 

3. A closed vessel is filled with water which is at rest, and 
the vessel is then moved in any manner: apply the principle 
of the conservation of areas to prove that, if the vessel have any 
motion of rotation, no finite portion of the water can remain 
at rest relatively to the vessel. 

The principle of conservation of areas about any axis must 
apply to the whole mass of water. But if any portion of the 
water remain at rest relatively to the vessel, we may suppose 
it to become solidified and rigidly attached to the vessel without 
altering the motion of any particle of the water: but in this 
case it is evident that the principle of the conservation of areas 
about any axis must also apply to the part of the water not 
solidified ; consequently it must also apply to the solidified por- 
tion of the water which, since the water is originally at rest, 
can therefore have no motion of rotation, which is absurd if 
the vessel have any motion of rotation. Therefore, if the vessel 
have any motion of rotation there cannot be any finite portion 
of the water which remains at rest relatively to it. 

1849. 

1. Supposing the efiect of friction in the case of aerial 
vibrations in a tube of uniform bore to be the production of 



c^^ ain —- 
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a retarding fiSree on each partide equal to / x velocity, 
prove that the equation of motion will be satisfied by taking 

■! o f 1 — T^-5 ) ^— «[• as the type of the vibrations. 

Let X be the coordinate of any particle at rest, a; + | its 
coordinate when displaced at time t ; then the equation of motion 
will be 

Now, if we assume 

f -^ (x:^^ sin -:;- [naJt — x), where n' == l ^ A ^ n i 
* X ^ '' 16a TT ^ 

we have 
~+/f = cs"*^ < cos TT- [nat — a;) +^ sm — \nat — x) 

.-. -~ +/-^= -ce"*^ -^ — rnr- sm — [nat'-x) +^ sm — [nat'-x) • 



df '^ dt 



X" X ^ '4 X 



, ^ 4-11^0' . 2'jr , ^ . 
^—ce*-^ a 8111 — (/la^ — a;), 

by substitution of the value of n. 

Also a -r^ = ^t- ^ * ^^^ T" (na< — a?) ; 

dx X X ^ 

and the equation of motion is satisfied. 

2. Steam Is rushing from a boiler through a conical pipe, 
the diameters of the extremities of which are D and d respec- 
tively : prove that if F and v be the corresponding velodtics 
of the steam, 

^ ^ d* ' 



336 SOLUTIONS OF SENATE-HOUSE PB0BLEM8. [1851. 

where k b the pressure divided by the denmty, and supposed 
constant. The motion may be supposed to be that of a fluid 
diverging from a centre, the centre being the vertex of the cone, 
of whieh the pipe forms a portion. 

Let p and p be the pressure and density at the distance r 
from the centre of motion at the time tj when the velocity at 
that point is u] then, since the motion b wholly radial, its 
equation is 

--^s= — -g = — U-J-, smc» the motion is steady ... (1). 

Also p sz kp (2). 

The consideration of continuity gives the equation 

upf^ ^ constant, 

or upr* 3= constant (3). 

From (1) and (2), 

k dp du 

or k log^ = (7 — Jtt". 
Let P, p be the pressures at the two extremities of the pipe, 





or — = 8 » . 
P 


But from (3), 


P veT 




p~ VD" 


 





1861. 

1. K a regular homogeneous tetrahedron be placed in any 
position whatever in a fluid whose density varies as the depth, 
shew that when the resistance of the fluid is neglected, the 
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tetrahedron will make yertical oscillations in the time 27rf~] , 

h being the depth of the centre of grftvity of the tetrahedron in 
the position of equilifariunL 

We shall first shew that the centres of gravity of the tetra- 
hedron and of the cBsplaced fluid are in the same vertical, whalr 
ever position the tetrahedron occnpies in the fluid. 

Let the centre of gravity of the tetrahedron be at a depth z' 
below the surface, and be taken as origin of rectangular co- 
ordinates (a?y«), the latter vertically downwards. Let the den- 
sity at a depth z below the surface be fiz : the density at the 
point xyz will be /*(«' + «) ^ c + fiz suppose. 

Let Xj y, Zj be the coordinates of the centre of gravity of the 
displaced fluid ; 

.•. (mass) 5 = fff{c + fiz) xdxdydz : 
but 

fffxdxdydz = 0, 

because the centre of gravity of the solid is origin, and 

fffxzdxdydz = 0, 

because every system of rectangular axes through the centre of 
gravity of a regular solid is 2k principal system ; 

.". £ ae Q, and similarly y = 0: 

hence the centre of gravity of the fluid displaced lies in the 
vertical line through that of the tetrahedron. 

Thus, in whatever position the tetrahedron be originally 
placed, its centre of gravity will move in a vertical line, and 
make finite oscillations in that line. 

The force acting downwards on the solid at any time 

:= the weight of the solid — weight of fluid displaced 

-ffffV'-gfffic + fiz) dxdy dz 

(if V be the volume of the tetrahedron, <r its density) 
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nnoe the centre of gravily is the oligin of coordinates, and 

therefore 

fjjz dxdy dg ^0. 

Hence the equation of oscillating motion is 
since c = fiz'^ 

and the time of an osdllation 



-©'• 



Now A, the deptii of the centre of gravity in the position, is 
tiie value of 0' in the above equation, when -^ sO; 

.•.f»-», 

or A=t-, 
and the time of an oscillation 

This proposition is equallj true of any homogeneous regular 
solid. 



( 339 ) 



GEOMETRICAL OPTICS. 

1848, 

1. Compare the brightness of the Earth as seen from Venus 
with the brightness of Venus as seen from the Earth, supposing 
the sizes and reflecting powers of the two bodies equal. 

Let Sj E^ Vj (fig. Ill) be the respective positions of the Sun, 
and the centres of the Earth and Venus, at the time when their 
brightness is to be compared. 

From E draw the straight lines Ea^ Eb perpendicular to E8 
and EV in the plane of the ecliptic, and similarly Vc^ Vd peiv 
pendicolar to V8 and VE\ the part of the Earth seen from 
Venus will be contained between planes perpendicular to the 
ecliptic through Ea,Eb] and the part of Venus seen from the 
Earth between the planes Vc^ VcL 

Let Q be the quantity of light that falls upon a imit of 
the surface of Venus which has the Sun in its zenith. To find 
the quantity of light reflected to the Earth from any element 
S8 of the surface of Venus. 

Let the latitude and longitude of the element S8j referred 
to the Sun as origin, and plane of the ecliptic as plane of 
longitude, be and 0. The quantity of light reflected to the 
Earth from B8 will 

= QS8 X cosine z. D. of Sun x cosine z. D« of Earth 

= QS8.cos0cos(l>.co%0co9{V-<l>\ V^l8VE^ 

= Q.f^S0 cosd S<f> . cos'5 cos^ cos( F— 0), 

if r = radius of the Earth or Venus. 

Hence the whole light reflected to the Earth 

= ^//cos'tf cos^ co8(r- ^) d0 d4> 

= i^//cos'5{cosF+cos(F-20)} d0 d<f> 

= i^/cos»tf {co8F.^-i8in(7- 2(f>) -h C\ d0: 

z2 
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'} 



to ^ = ^ir 

= i^/coB»^{cosF(9r-F) + i8m(9r-F) 

-i8in(r— ir)}i» 

= iG»^{(^- F) cosF+sinFj/cos'^rfff 

= i^{(w-F)co8r+BinF}/(co88^ + 3co8^<W: 

from i9 = — J7r| 
to tf = + iwj 

= f^{(^-F^coBF+8mF}. 
Sixnilarlj, tike whole light reflected from the Earth to Venus 

when Q' is the quantity of light that falls, upon a miit of the 
Earth's surface which has the 8\m in its zenith : 

and the required ratio 

8V (v-E) cosjg+sin^ 
^fiS**(9r-F)cosF+sinF" 

2. Find the geometrical focus of a pendl of rays refracted 
through a hoUow gkss sphere, whose external and internal radu 
are r, r' respectively. 

Let tc, v^y v^<f v^y and v^ be the distances from the centre of 
the sphere of the foci before the 1** and after the 1*^, 2°^, 8*^, and 
4^ refractions respectiyely. 

Then, by the common formula, 

1 /i — 1 fJL 

tJ" "^ ~^u ^^^» 
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ort^fLl^ + l (2), 

i = ^+^ (8), 



/ft /ft — 1 1 , . 

or i- = - i- + — (4). 

Adding (1), (2), (8), and (4), 

A?«2(;ft.l)a,-i) + ^: 
v^ \r rj u 

and for glass, /ft = f ; 

wUdi determines t?^. 

3. Light, proceeding from a given point P, suffers any num- 
ber of reflections and refractions : if consecutive rays of a g^ven 
colom: come out parallel, in the direction determined bj angular 

coordinates 0^ (f>j shew that -r- y ^ may be obtained bj dif- 
ferentiating as if the differently coloured rajs which seTerall j 
come oat parallel to their consecutives started from P in the 
same direction. 

Applicatian. In the Case of the rainbow of the p^ order| 

given 

2> =|Mr + 2^ — 2{p 4 1) ^'i ffln^ = /& sin^', 

find the order of the colours. 

tn general, if d, ^ be the coordinates upon emergence of the 
raj whose coordinates as it proceeded fix)m P were ff^ <f>j and 
if /ft be the refractive index of the ray, 
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Now, if and (f> be the coordinates of the rays of refractive 
index /i which come out parallel to their consecutives, ffj <l> 
may be fomid in terms of fi from the equations 

dO dO dff> _^ 
dff'^d^"dff^' 

dff^ dif>" dff ' 

those consecutive rays being supposed to come out parallel 
which before incidence lie in a plane defined by the particular 

value of ^ . 

Now, supposing and ^ to retain the particular meaning 
assigned to them above, since 9 and ^' are now functions of /t, 

de_fde dO^ d^\dff M 
dfjL ■" [dff ^ d<l>' ' dff) dfi'^ dfi' 

d<f> fd<f> d<l> d<l>\ dff d^ 
dii^\W^d^''dff)dii.'^dii.' 

The first terms in these expressions for -j- , -~ correspond 

to the variation of the direction of emergence due to the va- 
riation of the direction of incidence ; the second terms correspond 
to the variation of the direction of emergence due to the va- 
riation of II in tiie differently coloured rays. But we have seen 
that the first terms are each equal to zero; hence the whole 
variation of and ff> is due to the variation of //& in the dif- 

ferently coloured rays, or we may obtain ;7~ j ;^ ^7 differen- 
tiating as if the differently coloured rays which severally come 
out parallel to their consecutives started from P in the same 
direction. 

In the application to tiie case of the rainbow all the incident 

d6 dA 
rays are parallel ; we may, however, differentiate for -j- j -^ 

as if all the angles of incidence of rays which come out parallel 
to their consecutives were equal. 
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Here each ray which comes to the eje moves in the same 
plane; and since the rays incident npon the raindrop are all 
parallel, the angular coordinate after emerg^ice wUl be D^ 

dD 
the deviation. Hence, to find -j- we differentiate D^ consider- 

mg ^ constant; 

and sin^ = /i sin^' ; 
.'. = sin^' + fA cos^' ^ , 

and -T- = "^ i tan^' is positive : 

hence the red rays which conle ont parallel to their consecatives 
will be more deviated than the violet rays which come out 
parallel to their consecutives. 

It only remains to find in which direction the rays which 
form the rainbow have been deviated. To ascertain this, we 
most differentiate D with respect to ^, considering /i constant, 

and put 

dD ^ 

This equation will give ns a value of ^y which substituted in D 
will determine the amount of deviation of the rays of the re- 
fi:uctive index fij by which the corresponding part of the rainbow 
is seen : let this value be 

then, if '^ be < tt, the deviation at the first refraction will be 
towards the eye, and the red rays will appear on the inside of 
the arch : if '^ be > 7r, the deviation at the first refraction will 
be frx>m the eye, and the red rays will appear on the outside of 
the arch. 

4. Every diameter (rf) of the extreme boundary of a sphe- 
rical reflector subtends a right angle at C the centre of the 
sphere : suppodng parallel rays (inclined at an angle a to the 
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axU of the reflector) to be incid^it upon every point of the 
extreme botindary^ shew that the section of the reflected pencil 
made by a plane pascnng through C and perpendicidar to the 
axisy will be an hyperbola, whose axes are d and d coto. 

Let CO (fig. 112) be the axis of the mirror AOB\ let Gx^ 
parallel to the direction of incident rays^ be taken for axis of a;; 
Oy^ perpendicular to it in the plane OCxy for axis of y, and Cn 
perpendicular to Cx^ Cy for axis of z. 

Let Cx pierce the mirror at the point o : Join P, any point 
in the boundary of the mirror by arcs of g^^eat cirdes, with 
0, or call Po^ PoA^ ^ and ^: OP will be 45". 

The ray reflected from P will pass through the point D 
of Coy such that the perpendicular from D upon CP bisects CP, 
f.e. liurough the point (^ seed, 0, o) : also the coordinates of P 
are a cosd^ a sin0 cos^, a sind sin^. Hence the equation of 
the reflected ray is 

x — jgsecg y z .. 

acosd — ^asecd ~" asin^cos^ ' asin^sin^ ~ uppuao.,.^ ;• 

Also, from the triangle OPo^ 

COS45'' ^ cosd cosa — sind sina cos^ (2). 

Our object will be to eliminate 6^ ^ from these equations, 
and find the relation between 17 and z when we have written. 

X = rj sino, 
y = 17 cosa: 

the equation so formed will evidently be the equation of the 
curve in which the plane through G cuts the surface formed by 
the refracted rays. 

From (1), 

X cosfl -^ ^a ^ oK cos*8 — JaX ; 

.% aV cos'fl - a\x cosfl + ^a^ = Ja*X(X- 1) + Ja^; 

.-. aXcosfl = iaj+ {ia'X(X-l) + Ja?"}* (3). 

Hence equation (2) becomes, multiplying by aX, 

-^ aX = [\x + (ia"X(X - 1) + Ja?")*} cosa - y since, 
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or {ia*X (X— 1) + Ja^}* cosa = rj oX + y Bina — ^a? coso, 

or {4a'X(X — 1) + J17' sin'a}* coaa = 5} «^ + fiy Biira cosa ••.(4) i 
hencei Bquaring, 

i<A.(X— 1) 008*0 = ^cfX* + ^aXi7 8ina cosa; 

/• aX rin*a + a cos*a « — 2^ sma coBa, 

and aX =a — 2*17 cota — a cot^o.. 
Agaiii| from equations (1), 

aV8in«^=ny« + a*: 
adding this equation to (3)', 

aV = ia? + y" + «" + ia*X{X- 1) + {ia*X(X- 1) + i«"}*a?, 
or by (4), 
\€f\ (X+ l)=li;*+iiy*C08"a+«'H ( ^ aX+Ji; sina coaaj ff sina ; 

or retaining only the second powers of 17 and Zj 

V co1?a = Ji;'(l + cos*a) + «* - 1?" + ity* ffln*a + Ac, 

or «^ cot"a — «" = &c.; 

shewing that the required locus is a hyperbola, tiie ratio of 
whose axes is cota. 

Now the axis in the plane OCx is evidentiy d: hence the 
axes are d and d cota. 

1849. 

1. A ray of light is incident upon one of two reflectors 

inclined to each other at an angle - , in a direction parallel 

to a line which is at right angles to their intersection, and 
bisects tiie angle between them: supposing the intensity of a 
ray reflected at an angle ^ to be to that of the incident ray 
as e co&if> to 1, shew that the intensity of the ray afker it has 
suffered n reflexions will be to that of the incident ray as «" 
to 2*"*. 



. n-1 wy , 
.-1:1. 



346 SOLUTIONS OF SENATE-HOUSE PROBLEMS. [1849. 

From the problem on p. 60 it appears that, if n be eyen, the 
successive angles of reflexion are complementary of 

Iw 3w n— l7r n— Iw 3w Iw 
2n'^n 2 n' 2 n 2n'2n 

Hence the intensity of the ray after n reflexions : that of the 
incident ray 

»/ • 1 w . 3 w 

:: e sm- - .sm- - ... sm ^ , 

V 2 n 2 n 2 nj 

Similarly, when n b odd, this ratio is 

- / . 1 ^ . 3 ^ , n w\* , 
6 (sm- — .sm - - ... sm-. -I : 1. 
\ 2 n 2 n 2 n/ 

Both these ratios may be expressed by the general formula 

-.Iw , S If .2n — Iw^ 

e sm- - .sm- - ... sm — : 1: 

2 n 2 n 2 n ' 

and in Hymers^ Theory of EgtuUianSj Art 22, Ex. 20, it appears, 
by making d == 0, that 

. I IT . B IT .2n— Iw 1 

sm- - sm- - ... sm — = r^gz: , 

2 n 2 n 2 » 2*^* ' 

whether n be odd or even : hence each of the above ratios 

= e" : 2-\ 

2. A transparent medium is bounded by two parallel planes ; 
the refractive index is constant throughout any plane parallel 
to the bounding planes, but varies continuously in the direction 
of the normal to those planes: shew how to find the path of 
a ray of light through such a medium, and prove that in passing 
through a section for which the refractive index is a mftyimnm 
or a minimum, the path will in general have a point of contrary 
flexure. 

It is evident that the path of any ray will He in one plane : 
in this plane take two lines, one perpendicular to the bounding 
planes, the other parallel to them as axes of x and y re- 
spectively. 



1850.] GEOMETBICAL OPTICS. 347 

At the point [xy) let the inclinalion of the path to the axis 
of a; be ^, and let the refractive index he fi: at an adjacent 
point {x + Sxj y + 8y), let these be ^ + S^, /i+ S/a: then, by the 
law of refraction, 



= (l + ^) (sin^ + cofl^S^), 
or s 00B^£^ 4- - sin^S/i; 



therefore, proceeding to the limit, 



^ . di I da 

UU/ fib tCwC 

.'. logging + log fi = constant = logO, 

• J. ^ 
.'. Bino = — , 



or 1 + 



(l)'-(S)". 

which, since ^ is a known function of a;, is a differential equation 
for the determination of the path. 

When fiis A maximum or minimum, we have J- = 0^ 

'• c&«~ C» \\CJ J dx 
-0, 

and ad the raj passes through such a section, its path usually 
suffers inflexion. 

1850. 

1. If a string be wrapped round a glass prism, whose section 
is an equilateral triangle, so as to be always inclined at the same 
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ao^le to the axis of the prism, the portion of the string seen by 
internal reflexion will appear to be parallel to the portions se^i 
directly. 

Let AB (fig. 113) be a portion of the string seen directij, 
BG a portion Been by internal reflexion at the anrfiEu^e AG of the 
prism : and first, let the eye be in sach a position that the small 
pencil of rays by which any point of BG very near B is seen^ 
shall pass through some point of the surface ABB' very near 
to B\ a point in the edge AB\ Then, if the eye be at a con- 
siderable distance from the prism so that the axes of small visual 
pencils may be considered parallel to each other, any point of 
BG very near C will be seen by a small pencil which passes 
through the surface ABB' at some point very near G' a point 
in the edge BG\ Let B'E^ CE be tiie directions of these small 
pencils upon emergence. Now the plane GG*E is parallel to 
the plane BB'E] and if we draw a plane through A parallel to 
these, the plane BB'E will be equidistant fix)m the other two, 
since the prism is equilateral, and AB^ BG equally inclined to 
its axis; hence BG'=^AB'^ and B'G' is parallel to ABx 
hence BG appears parallel to AB. 

Now let the eye be moved in any manner without approaching 
too near the prism ; it may easily be seen that the locus of the 
points where the rays from f C? to the eye cross the plane ABB' 
is parallel to B'G'^ and therefore to AB, Hence BG will always 
appear parallel to AlB\ and the same may be shewn of any 
other portion of the string seen by internal reflexion. 

2. A rectangular box, at the bottom of which is a plane 
mirror, contains an unknown quantity of water; from the angle 
at which a ray of light must enter through one of two small 
holes in the lid in order that after refraction and reflexion it 
may emerge at the other, determine the height of the water in 
the box. 

Let a be the height of the box, x the depth of the water, 
ib the distance between the small holes in the lid; ^, ^' the 
angles of incidence and refraction when the ray enters the water, 
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they will also be the angle of refraction and incidenoe as it 
emerges from it : hence we have 

b = {a-'x) tan^ + a;tan^', 

sin^ s /isin^'; 

_ otan^ — b 
"" tan^ — tan^' 

ataD<^ — b 
. . sin^ ' 

**^*"(/.--sinY)* 

whence x is known fi^m ^, which is the angle the ray makes 
with the vertical upon entering the hole in the lid. 

3. If a luminous point be reflected by a small plane mirror, 
80 as to be seen by an eye in a given position, and the mirror 
move in such a way that tfie Imninous point always appears to 
be upon a given conical surface, of which the point is the vertex 
and a line through the eye the axis ; find the form of the surface 
upon which the small mirror must idways be situated. 

Let Oj E (fig. 114) be the position of the luminous point and 
eye respectively, M any position of the mirror, P the corre- 
sponding position of the image of 0\ then will EMP be a 
straight line, and MP = MO, Take OEx for axis of a?, Oy 
perpendicular to it for that of y ; x^ y the coordinates of Jf ; 
a^, i/ those of P. Then 

MP^MO\ 

.-. .(a?'-a?)' + (y'-y)' = a5^+y, 
or 0?'* + y*" - 2xx' - 2yy* = (l) : 

£, Jf, P, are in the same straight line, 

.-. -^=-/- (2). 

a? - a a? — a ^ 

Let the equation to the generating line of the cone on which 

Pisntoated, be 

j/ = wiaj' (3): 

between (1), 2), (3), we have to eliminate a?', y\ 



350 SOLUTIONS OF SENATE-HOUSE PBOBLEMS. [1850. 

From (2) and (8), 

a;' - a _ m{x — a) 



X = 



y — fn{x^a) ' 
From (1) and (3), 

{l+m*)x' - 2{x + my) =0, 

or 2 (a? + my) [y-m{x^ a)] — (1 + m*) ay = ; 

.-. 2m(y-aj^) + 2(l-m*)a5y + 2maaj - (l-7ii")ay = 0, 

the equation to an equilateral hyperbola; and the required 
surface b an equilateral hyperboloid of revolution. 

4. If the earthy supposed spherical, were covered to a depth 
h with water, h being small compared with the earth^s radius, 
shew that the height to which a person must be raised above the 
surface of the water in order to see as far below the horizon at 

A* 
when he was on the surface of the earth is . ,^ v nearly, 

/i being the index of refraction for water. 

Let (fig. 115) be the centre of the earth, A the station of 
the observer on the earth's surface : in order to see as far below 
the horizon as possible he must look in the direction AB^ such 
that OBA is the critical angle ; he will then see objects utuated 
in the line BC^ if BG be a tangent to the surface of the water 
at B. Hence P, the raised position of the observer, must be the 
intersection of (7J5, OA, Let A OB = d : then, if AP = a?, 

= cos^, 

r -\- X ' 

or, since d, - , - , are small, 

... ^Lzl = ^8', 
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Also from the triangle OAB^ 

^, 8mf«in-'l + ^) 
r + A \ II / 

r . . ., 1 

Sin BIB - 

A* 
= 0080+ (/A"-l)*8m&, 

or l + ^=l + (At««l)*e, 
or rs 



(/*"-!)*'•* 



aj — A ^ ^ __ A* 



or oj — A = 



2r(/A"-l)' 

the reqmred distance to which the man must be raised above the 
sur£EM:e of the water. 

1851. 

A nmnber of vertical plane reflectors are placed together so 
as to meet a horizontal plane in a polygon of n sides : find the 
path of a ray of light which, after reflexion at the n plane 
reflectors in succession, will continue to proceed in its original 
course. 

Shew also that when there are four reflectors the problem 
18 either indeterminate or imposuble ; and that when the number 
of reflectors is even, and the polygon capable of being inscribed 
in a circle, the problem is indeterminate. 

Let 6^y ^B**-^« be the complements of the successive angles 
of incidenoe or reflexion^ o^, Og^'-a. the angles of the polygon: 
then 0^, 9,, Oj, are the angles of a triangle ; 

80^. + ^. = ,r-a.. ^^^ 

e A- 6 - IT --a 
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Again, let u^ s 0, u^ss 0,... fi^ = 0, be the eqoations of the 
saccessive parts of the ray's path, a^ =» 0, a, = 0,... a, = 0, the 
equations of the sides of the polygon ; the equations being all in 
such a fonn that u considered as a function of x and y is the 
distance of the point {xy) from the line u = 0. 

Now a^ is the external bisector of u^j u,, whence 

Wj + ttj = 2ajCos5j. 

For let Ou^j Ou,, Oa^y (fig. 116) be the lines u^^ u^^ a^ ; take 
any point P, join OP, and draw JPr^ Ps^ i%, perpendicular to 
these lines respectively. Then 

iV + B = OP(BinPOr + emPOt) 

= 2 0P8ini(P0r + POt) cosi(POr - POt) 

^20PBmP08Cost08 

= 2Pjcos5j. 

Hence, if a;, y, the coordinates of P, be substituted in u^, u^ a^, 

we shall have 

' Wj + ttg = 2ajCOs5j, 

and the same may be shewn wherever the point P is taken; 
hence generally, 

tt, +u^ — 2a^cos0^z\ 

so w, + t*,=:2a,C08e, \ 

w,+ w, = 2a,cose,^ 

From equations (A) d^, d^,... 6^ must he found, and .thence 
t^^, u„... u^ from equations (B), and the path of the ray will then 
be fully determined. 

If there be four reflectoni we find, by adding the 1"* and 3*^ 
of equations (A), 

^1 + ^« + ^a + ^4 = 29r - 0, - a,: 
similarly, by adding the 2''^ and 4^, 

^1 + ^« + ^« + ^4 = 29r - a, - a, : 
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heaoe we moft have 

or the quadrilateral mnst be mscribable in a circle in order that 
the problem may be possible. 

If however this condition is satisfied, still the problem is 
indeterminate; for if we treat equations (B) as above, we find 

a^coB0^ + OgCos^^ = OjCos^g + a^cosd^ (1). 

This is an identical equation ; it will therefore lead us, by means 
of equating the coefficients of x and y on the two sides of the 
equation, to three conditions between d„ 0^j 0„ 0^^ and constants : 
between these constants there are also two relations arising from 
tiie circumstance that the quadrilateral may be inscribed in a 
drcle, and the three conditions between 0,, 0^ 0^ 0^^ and 
constants amount to only one equation independent of equa- 
tions (A). 

This condition, togetiier with equations (A), will determine 

^ij ^1? ^«? ^4* -^^^ "^^^^ ^® h&YB derived the condition (1) from 
equation (B), it shews that those equations are equivalent to 
only three independent equations, and u„ u^, u^ u^ are therefore 
indet^minate. The direction only of the different parts of the 
path of the ray can be determined; with these directions any 
position will satisfy the probleuL 

Similarly, if there be any even number of reflectors, we may, 
from equations (A), deduce the condition 

€t, + fl?, + ... + flt^, = a, + ^4 + ... 4- a„, 

or the sums of the alternate angles must be equal : this condition 
is satisfied if the polygon can be inscribed in a circle, and the 
problem is then possible. 

The problem is still indeterminate, for from equations (B) 
we may deduce the condition 

a,cos^j+a,co8^,+...+a^,co8d^^=a^co85,+04COs^^ +...+ «„cos5^ : 

this identical equation will lead, as before, to one equation of 
condition independent of equations (A) between 0^j &„ ... 0^ 
and constants, which, with equations (A), serves to determine 

AA 
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0^j 0^y . . 0^. Still equatioDB (B) are equivaleiit to only n — 1 
independent equations, and u^^ ^^y* ^« ^^i^ therefore inde- 
terminable. In fact, we have shewn in Problem 2, page 59, 
that ^ if a ray of light, after being reflected any number of tames 
in one plane, at any number of plane surfetces, return on its 
former course, the same will be true of any ray parallel to the 
former which is reflected at the same surfaces in the same 
order, provided the number of reflexions be even.' 
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ASTRONOMY. 

1848. 

1. J£ there had been no stars, how might the absolute 
periodic times of the Earth and planets have been determined, 
even if the equator had coincided with the ecliptic? 

We imight first have determined the synodic time (T) of the 
Earth and any superior planet by observing the interval between 
successive conjunctions. Let E, P he the periodic times of the 
Earth and the planet, 

•'. "gT* ~ "p = relative angular velocity of 

the Earth and planet 



or E 



=-('4)- 



We might then have observed the elongation from the Sim 
of P and the other planets at their points of station : this gives 
the ratio of the distances of the Earth and each planet from the 
Sun, and therefore, by Kepler's law that the squares of the 
periods are as the cubes of the mean distances, it would give 

approximsBtely the ratio of the periods or -p for each of the 

planets; whence from above K, and the periods of all the 
planets, would be known. 

2. A star map is laid down on the gnomonic projection, the 
plane of projection being parallel to the equator: give a gra- 
phical solution of the problem, to determine the time at a 

aa2 
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known place bj observing when two stars laid down in the map 
are in the same vertical plane. 

Since the place is known, we may draw about the centre of 
the map the circle described by the projection of the place on 
account of the Earth|s daily rotation. Let a line through the 
two stars intersect tills circle in two points A and B. Then it 
is plain from the metiiod of projection, that when the projection 
of the place is at ^ or Bj the two stars are in the same 
vertical* 

Let the differences of longitude of the Sun in its place 
among the stars on the day of observation, and the points A 
and Bj be observed ; this longitude, converted into hours at the 
rate of 15 degrees to an hour, will give the interval since last 
noon or the true solar time. 

3. Shew that at tiie equinoxes the extremity of the shadow 
of the style of a vertical south dial will trace upon the dial-plate 
a horizontal straight line at a distance acosec? from the upper 
extremity of tiie style, a being the lengtii of the style and I the 
latitude of tiie place. 

On the day of the equinox the Sun appears to move In a 
great circle of the celestial sphere. We may consider the 
extremity of the style as the centre of that sphere, or that the 
Sun moves in a plane through the extremity. The normal to 
this plane lies in the vertical plane through the north and south 
points, therefore its intersection with the dial-plate will be a 
horizontal straight line ; this is the line traced out by the ex- 
tremity of the shadow of the style. 

Let the plane of the paper be the vertical plane containing 
the style AB (fig. 117). Draw AG vertical and BO perpen- 
^cular to AB: then, since AB is parallel to the Eartii'a 
axis, and the Sun is in the equator, G is the extremity of the 
shadow at noon, and AC is the distance of the horizontal line 
from -4 : it = ABcoaecACB = a cosec/. 
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1850. 

1. If a rod be fixed into a vertical wall which faces the 
BOttth and the shadow of it be cast upon the wall by the Sun, 
find the curve upon which the shadow of the end of the rod will 
be situated every day at mean noon, the Sun being supposed to 
move uniformly in the ecliptic with his mean motion. 

The mean Sun is situated on the equator at the same dbtance 
firom on as the true Sun ; it is mean noon when this mean Sun is 
due south. 

Let Sj 8' (fig. 118) be the true and mean Suns, then 
T 8^ V 8'j and if we draw 8D an arc of a great circle perpen- 
dicular to the equator, and call T 8j T i>, SD, Zr, a, 5, re- 
spectively, we have 

Now let E be the extremity of the rod, its shadow when 
the Sun is in nr , P the position of its shadow when the Sun is 
at 8^ and 8' on the meridian, ue. due south. Then if we draw 
ON horizontal, NP vertical in the plane of the wall, and join 
EO, EN, EPi OEN^ 8'D, NEP^ 8D, EPN^l - S, where 
/ =: latitude of the place. Call On, a?, NP, y, EO, d, 

_ {d' + a?)^Bm8D 
*" sin(?-S) ' 

T. /T \ J tani — tana 

, tana — cosoi tana . x r ^ 

= d : — 3 , smce cos© tanx/ = tana 

cosw + tan a 

, (1 — costtO tana /,. 

= d^ , i , (1); 

cosw + tan a 

and V = f^ + aj^)* . ^!f ^x = (c? + ir^)* -^-j — tk j 

^ ^ ' sm(i— o) ^ ' smtcoto — cose 

. 

= (d'+a^^ -r-i — : r-! — * since sina cotS=cot«...(2). 

^ ' smfcot©— costsma 

We have now to eliminate a between (1) and (2). 
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From (2) 

sin I cot© , (rf* + aj")* 

— : cos^ = ^ , 

sma y 

or sina = sin? cot® t«^ — stx- 



(d* + iB^)* + ycoBr 
From (1) 

(cosa> cos'a + sin* a) x = rf(l — cos®) sina coso, 

or {cos® + (1 — cos®) sin* a}" a^ = e? (1 — cos®)' siD^a (1 - sin* a) ; 

.'. [cos® {(rf* + iB*)* + ycosQ* + (1 — cos®) sin*Zcot*®-y*]*a^ 

= (I — cos®)* cot*® sin*Z efy [{(cZ* + a?)* + y cosZ}* — sin*? cot?'®.^^, 

the equation to the required curve. 

2. Suppose that during the day of the equinox, a man walks 
in a horizontal plane towards the Sun at a uniform rate ; prove 
that the equation of the path described by him is 



flijr m* 



\asec? / 2 \ y' 

where x and y are the coordinates of his position at any time, 
measured along and at right angles to his meridian at noon; 
I is his latitude, and a is the space he walks over while the 
Earth revolves through an angle n. 

Deduce the particular cases of his being at the pole and at 
the equator. 

Let ® be the angular velocity of rotation of the Earth about 
its axis ; the angle apparently described by the Sun in the time 
t will be (otj since the Sun is in the equator, it being the day 
of the equinox. 

K a be the Sun's azimuth at time tj 

-T- = tana. 
ax 

Now I and ®^ are the sides of a right-angled triangle, sup- 
posing the man to start at noon, of which the angle opposite 
®f is a ; 
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tancof 
.'. tana = . -, , 

dy _ tan(P< ^ 
^ ^ tana)< 

dx Bml 



da (sin'i + tanVO*' 



a 



Also, « = -(»*, 
' n 

, n . n 

, tan-« fxm-rs 

ay a a 



fttn*Z+taii'-a) [emVcos'-^-fl- cos*-* J 

. n . n 

Bin— ^ sin-* 
a J a 

— sec6 



f 1 — cos"? co8"-5j fsec*i — cos"-*] 

/. y = -8ec?]Q0s"*[cQs -*CQ8?Wz|; •.• y=sO when *=:0, 

OPCOfl— j=8ecZco8[ — —j-^l] (1). 

a \asec6 / ^ ' 



• 7 •* 
- sine cos-* 

. . dx a 



ds 

sin 



in"M 1 — sin" -* j + sin* - *}■ 



8Ui2 cos-* 
a 



[»in*Z+coB*i sin"-*] 



n 
cos -* 

= tanZ — i^"— ^ 



rtan"Z + sin'-*j 
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Bm-«+ { tan^ + sm -5J 
.-. X = -taoZlog ^ f : v aj = when 5 = 0: 



tan"Z + Bm"-«| =tanZe*"^T 
a / 



.'. tan-s-ltm'l+sin'-s) = - tanZ e"«*"' , 
o V a J ' 

.-.. (tanV+sin'^aV = ^ ^e^^'+e"^^) , 
or (sec'^-cos*^*)* = ^ ^8^+«'===^) , 



the required equation to the path. 

We have in this solution considered { constant ; if, howeyer^ 
the man be at the pole, I will = ^tt, and sec/^ tan2 will be 
susceptible of great changes when I alters but very little : hence 
we must consider his motion as indefinitely small compared 

with that of the Sun, or - indefinitely small : hence the above 

equation leads ustoosaO, ^=>0; and the man merely stands 
at the pole looking towards the Sun. 

If he be on the equator, tanZ = 0, and therefore x^Oy or he 
walks along the equator. 

1851. 

The declination of the Sun at two observations S, £', and 
the Sun's motion in right ascension and longitude in the in- 
terval between the observations, are equal: shew that if «> be 
the obliquity, and a, I the Sun's right ascension and longitude 
at the first observation, cosoi = cosS cosS*; tana = sinS cotS*; 
cotZ = sins' cotS. 

Let P, K (fig. 119) be the poles of the equator and ecliptic; 
8j 8' the two positions of the Sun : then, since the differences 
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of the Sim^s longitude and right ascension at 8 and 8' are 
equal, 88'=^8P8\ Let the angle P8K^il>; draw KB, an 
arc of a great circle, to meet 8F produced at right angles: 
then, in the triangle SP8\ 

mix88' fanP88' « an 8' P fin 8P8\ 
or cos^ =s COBS'; .*. ^ = S', 
and KIt^4>^i^: 
also PB = S, ^P=«, 
iKPR = 90-0, zPEB = I 

Hence, by Napier^s rules, 

cos«o a cosS cosS* (1), 

sinS s tana tanS*, 

or tana » sinS cotS' (2)^ 

unS* sc cotZ tanS, 

or cot{ a sins' cotS (3), 

and (1), (2), (3), are the formula required to be proved. 
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DISTURBED MOTION. 

1848. 

Two bodies, P, P (fig. 120), describe round a central body 8 
circular orbits lying in one plane, the orbit of P being within 
that of P; prove that the disturbing force of P' on P, when 
wholly central and additions, will be equal to the disturbing 
force when P, P' are on opposite sides of B^ provided BP be 
a mean proportional between fiP and ^P+ BP. 

Let Pj be the position of P when the disturbing force (J^) 
on P. is whoUy central and additions ; 

. P--i!L. ^ 

(where ^ is the absolute force of attraction of P). 

Under the condition that the force of attraction of P on 
B and P^, perpendicular to i8Pj, is the same, t.e. that BPP^ is 
an equilateral triangle, 

/. PP, = PB, 
or F =i ^- ' 

> BP' ' 
Let F^ be the disturbing force when P is in opposition to P 



atP,, 



.-. P. = 



and P, = P, 

..J 1 _ 8P^ 

BP" {BP^ + BPy fiF»' 



or, dropping the suflkes, because BP^ = fiP,, 

(/8P+ spy - 5P* = ^ (s^p^ ;ap')'?, 
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or SR8F + 28I^= 8P'-\-28P.8F* + 8I^y 
or 81^^ 8P{8P^8F\ 
or if 8P be a mean proportional between 8P sni 8P+ 8P. 

1849. 

K, in addition to the force of tbe Sun on a planet, there be 
a small force tending towards the Sun, and varying inversely as 
the rnf^ power of the distance of the planet from the Sun, prove 
that the perihelion of the orbit will have a progressive or re- 
gressive motion, according as m is greater or less than 2. 

Can you explain this result by reasoning similar to that used 
in "Airy's GfravitcUion*^? 

If P be the whole central force on the planet we shall have 

where ft is very small. The equation of motion is 

rfV P _ 

or ^ + ^-^»-"^^=^- 
For a first approximation, 

which will be very approximately satisfied by 

u = a{l+6cos(c5 — a)}, 

if c be very near unity, and a = ^ ; 

.-. |i w*-* =^ ^ a*^ {1 + (w - 2) e cos[c0 - a)}, 

omitting higher powers of e. 

Hence, for a second approximation, 

j2^ + w - a - ^ a"*-' - ^ a^^im - 2) e cosfciJ- a) = 0, 
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which b satiafied by 



u =a a{l+ — a*^ + «coB(cd — a)}, 



if ae(l-c") cos(cd-a) - — a"^{w-2) 6C0B(c^-a) = 0, 

henoe c b < or > 1 according as 9»i b > or < 2. 

NoWy the argument {c0 — a) may be put in the form 

whence it appears that the above eqaation between u and 
b the equation to an ellipse, the longitude of whose apse b 
a + (1 - c) 0; its apse will therefore progress or regress accord- 
ing as c b < or > 1, t.e. according as m is > or < 2. 

Thb result may be explained in a manner similar to that 
used in Aiiy's Oravitation^ Art. 98. 

Let P| jl be perihelion and aphelion. 

The dbturbing force b towards 8 both at P and A ; it will 
therefore progress about P and regress about A, To consider 
which of these effects will be the greater. If the dbturbing 
force at P^ A and the other points of the orbit were propor- 
tional to the inverse square of the dbtance, its only effect would 
be to alter the magnitude of the central force in a certain ratio 
without altering its law ; it would therefore have no effect npoB 
the position of the apsides, or its effects about P and A would 
be equal. But if the dbturbing force vary inversely as the 
(dbtance)**, where m b > 2, the ratio of its intenuty at P to 
its intensity at A will be greater than the ratio of the intensities 
of the central force at those points; hence its effect will be 
greater at P than at A^ or the progression at P will be greater 
than the regression at A ; t.6. on tiie whole the perihelion will 
progress. Similarly, it may be shewn that if m be < 2, the 
perihelion will regress. 
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ATT1UCTI0N8. 

1848. 

1. A sphere is composed of an immense number of free 
parddes, equally distributed, which gravitate to each other 
without interfering: supposing the particles to have no initial 
velocity, prove that the mean density about a given particle 
wiU vary inyersely as the cube of its distance fi«m the centre. 

The attraction upon any particle will be the same as if the 
matter nearer than itself to the centre were collected there, and 
attracted with a force varying inversely as the square of the 
distance. This attracting mass will remain the same for the 
same particle throughout the motion. Let Xj x+Sx be the 
distances from the centre at the time tj of two particles situated 
in the same radius, whose original distances from the centre 
were a, a-\-Sa] 

d*x _ fi 

, /dx\^ /I 1\ a — x 

But /i depends upon the mass originally contained within the 
sphere radius a; 

.*. /tt QC a' = Ccf suppose ; 
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•••'-(aCFlT + i-" ('-t) + («-?)- 

In order to find the relation between So; at the time t and 
5a, we must differentiate this equation, considering x and a 
variable, and t constant; 

or Sic = - 8a. 
a 

Hence the volume of the shell originally contained between 

the spheres of radii a^ a^ 8a, %.e. of volmne 47ra*Sa, is now of 

a?' 
volume 47raj*Sa; = 4w — Sa a a;*. Hence the density of the 

matter in this shell, which varies inversely as the volume, varies 
inversely as its (radius)* : hence the proposition is true. 

2. Prove geometrically, or otherwise, that if ^ be the attrac- 
tion which a particle m exerts on a point in a closed surface 8^ 
the angle between the direction of g and the normal, dm 
an element of 8^ 

JJg COB 6 d(a = 47rw, or = 0, 

according as m is within or without 8^ the attraction of m at the 

distance r being -^ . 

Extend this result to the case of a finite mass cut by S^ and 
thence prove by taking for 8 an elementary parallelopiped, that 
if Fbe the potential of any mass for an internal particle, 

d'V d'V d'V 

-d^^l^'^l^^''^'^P' 
About the particle m as centre describe a sphere of radius 
unity ; and let a cone having m in in its vertex, and circum- 
scribing the element c2a) of the surface 8^ include a portion dm 
of the surface of this sphere: then the relation between dm 

and dm* will be 

dm co&O = 7^. dm'. 
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Also, let g* be the ftttraction which m exerts on a point 
at distance unity; 

• /7 = ^ • 

• • y - ^• 

hence g cos Qdto = gdto\ 
and ^jgGO^ddoa =^ go> 

= the whole attraction of m on «', 

where q»' is the whole projection of 8 on the surface of the 
sphere: hence, if m be external to /9 we see, by taking the 
projection of each element with its proper sign, that co'^O; 
but if m be within S, ©' = 49r ; and, by the question, g ^m\ 

,\ fjg cosBdm = 49rm, or = 0, 
according as m is within 8 or without it. 

This equation expresses the value of the sum of the attrac- 
tiona of a particle m on the different points of a closed surface, 
each resolved in the normal to the surface at the point. 

Now, suppose the surface 8 to cut from a finite mass the 
mass if, the above equation holds for every element of this mass, 
and therefore for the whole, if the symbols involved be properly 
modified : we shall, therefore, still have the sum of the attrac- 
tions on each point of 8^ resolved in the normal at that point, 
= 47rif. 

Again, suppose /8^ to be an elementary parallelopiped so 
small that the density (p) may be supposed uniform throughout 
it: let V be the potential of a mass for an internal particle 
whose coordinates are a;, y, z. Let P (fig. 121) be the point 
Xj tfy Zj and the comer of a parallelopiped whose edges Bxj hy^ Bzj 
are parallel to the coordinate axes. 

The above considerations shew that the sum of the attrac- 
tions on the faces, each resolved in a direction perpendicular to 
the face, will be due to the matter contained in tlie parallelo- 
piped: now 

dV fff p{x^S)didnd^ 



-lllwr- 



dx - }jj {{X - f )» + (.y - 17)" +{z- ?)«}» ' 
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ibe integration extending throoghout the parallelepiped ; hence 

dV 
at P| -7- will be positiye, since { is always greater than x\ at 

P it will be negative, since { is always less than a; + &c 
Hence the absolute magnitude of the attractions parallel to the 
axis of a; at P and p will be, respectively^ 

dV , dV d^V^ 
oa? dx oOj 

Now we may consider the surfaces MP^ mp so small, that 
the attraction on every point of each of them is the same : hence 
the whole attractions on MP^ mp parallel to the axis of x 

dV ^ ^ r dV d'V 



dx 



8j,& + (-^-;^)to)%«. 



(- 



The whole expression for ffg cos dd(o is in this way^ found 
to be 

d^V d^V cPV\ ^ ^ ^ 

^ " "^ "" &^ j ^^ ^ ^"^^ "^^"^ - = ^'^^ 

d'V (PV (PV 

3. Supposing a mass of homogeneous fluid, which attracts 

every particle of matter with a force varying as , ,. ., , to be 

.{/T/djtiJL enclosed within a thin spherieal shell, find the path described by 

a heavy body let fall from any point of the surface of the fluid, 
the resistance varying as the velocity. Prove also that the body 
will reach the axis and equator of the spheroid after the same 
intervals respectively, from whatever points of the surface it 
begins to fall. 

The attractions of the spheroid on any particle within it 
perpendicular to the axis and equator, vary respectively as the 
distances (a;, y) of the particle from that line and plane, ^ fjtXj fux 
suppose. 
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Also, hj the question, the resistance on the particle in motion 
=ikv =i k -^ri hence the resolved parts of it are 

k^ — k^ ^ or k— k^y 

Hence the equations of motion are 

d^x . dx 

de ^ dt^^^" 
Let a, /9 be the roots of the equation 

«* + fcs + /A = 0, 
and a', /S' those of 

«* + A»+/*'=0: 
the above eqtiations give 

y = A't'^' + 5'8^, 

Ay By A\ B^y being arbitrary constants to be detenmned by the 

circumstance that the body falls from rest from a given position. 

The circumstance that it falls from rest gives us the condition 

that ^ = 0, ^ = 0, when e= 0; 

.-. = ^a + BPy 

and O^Ad + B'P'y 

A B ^ 
.'. -s- = =0 suppose, 

-57 = = C suppose ; 

P a 

.-. aj = (7(/8e'*-a8/»), 

the equations for the determination of the relation between 
X and y by the elimination of t 

Hence, if f , ^' be times of falling to the axis and equator 
respectively, 

BB 
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.*. log^ + fltf = loga -h fit'y 

. , _ logg - log^ 

• • c — —————— . 

a — p ' 



so 



logotj-Jog^^ 



whence it appears that ^ ^' are independent of the particle's 
original position. 

1849. 

1. Each particle of two indefinite straight lines, lying in the 
same plane, attracts with a force which varies inversely as the 
distance. Determine the motion of a body projected in any 
direction along the plane. 

We must first find the attraction of either of the lines AB 
(fig., 122) upon the particle in any position P. From P draw 
PDy the perpendicular on ABj and join PQ^ Q being a point 
at the distance x firom D. Let BA be the attraction of an 
element Sx of the line about Q resolved in PB: 

.-. 8^ = ^ cosQPB 
_ fjuzdx 



• 


.*. A = a tan"^ - 

a 


firom a? = — CO 1 

to 0? = + 00 J 


= flW. 



Hence P will be attracted by two constant attractions in 
constant directions, whidi are therefore equivalent to a constant 
attraction in a constant direction, viz. 2/i7rsina (2a the angle 
between the lines), parallel to tiie internal bisector of the lines. 
Hence tiie case is die common case of projectiles, and the path 
will be parabolic. 

2. The attraction of a uniform filament of matter, in the 
form of a plane curve, upon a particle is replaced by that of 
a circular filament having the particle for its centre : find the 
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law of density of the circalar filament in order that this may 
be done. 

Liet the carve be referred to the particle as pole, and let a 
be the radius of the circle, /a the density of the filament in the 
form of the ciure, p that of the circular filament at the point (0); 

pa SO ^Ss 



^ fui da 

^"V de 



dr\^^ 






if p be the perpendicular from the particle on the tangent at the 

point (r, 0) ; 

1 

-*. p QC — . 
P 

1850. 

A uniform rod is placed with its middle point against a rough 
circle, in whose centre resides a force attracting inversely as the 
square of the distance : if the rod be slightly disturbed firom the 
position of equilibrimn, find the time of a small oscillation. 

Let be the inclination of the rod to the horizon at the 
time ^; f the distance of its middle point from the point of 
contact with the circle. Since the motion is small, we may take 
the equations of motion about the instantaneous axis of rotation: 
hence we have 

where k is the radius of gyration of the rod about its middle 
point, and L the moment of the attractions on the rod about 
the point of contact. 

BB2 
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To find Xw In fig. 120 the moment about D of the attrac- 
tion on an element at Q (P bemg the centre of the circle), 

8Z = ^^co8i2P2>.g2>, 

if /t be the absolute force of the attraction, p the mass of a unit 
of length of the rod, 



•••^ = ^^^{^-(?T^*}' 



_ 7-L ^ M ^' being the length of the rod, 

"(a'+z")»r^a*+z- r ?+i*yr 

omittmg ^ and higher powers of f , 

2upal ^ iupcfl . 

to the same degree of approximation: and the equation of 
motion becomes 

or, since M= ilp^ 

Hence the lime of a amall osclllalion 

r=27r ^ ; ^ . 

1851. 

1. Two unif(Min straight rods ABj CD (fig. 123), mutually 
attracting each other wilh forces varying as the distance, are 
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omstraaned to move in two grooves ABO^ CDO at right angles 
to each other ; determine the time at which the extremity of one 
of the rods reaches the point of intersection of the grooves. 

The attraction towards of each element p'Si; of CD npon 
any element ph^ of ABj at a distance f firom 0^ will be the 
same, viz. fuphtiph^.^i hence, if .^18=: 2a, <7i> = 2ft, the whole 
attraction towards of CD on AB will 



= 2wp'jJ*^frff: 



if a; be the distance from of the middle point of AB^ 

ss Afipp'bax. 

The equation of motion of AB is therefore 

cTx 
2pa -j^ = — Afipp'baXj 

or -13^ + n^x = 0, if n" = 2/ip'J ; 

.'. a; = -4 coB(n< + 5) 
= x^ cosnty 

i£ t^O at the beginning of motion, and x^ is the original 
value of X. 

Hence, if ^ be the interval before A arrives at 0, we have 

a^ x^ cosn^, 

1 -la 

^r t = 7T — jjTi cos — . 
{2fip by x^ 

2. If a portion of a thin spherical shell, whose projections 
upon the three coordinate planes through the centre are A^ B^ (7, 
attract a particle at the centre with a force varying as any 
function of the distance, shew that the particle will begin to 
move in the direction of a straight line whose equations are 

^ — y — ^ 

A^B'C' 

Let be tiie angle which the radius drawn to the element 
h8 of the shell makes with the axis of x ; then, if r = radius 
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of sphere, and <f>{r) be the law of attraction^ the attraction 
of S8 on the particle parallel to the axis of x will be 

<f>{r) S 8 cobO^ 

and the whole attraction on it {X) parallel to the axis of x^ 

X^ <f>[r) ^.BSqo&Oj since r is constant, 

= <l,{r)A. 

So r=^(r)5, 

And the eqaations to the direction of the resultant attraction, 

which ia the db:ection in which the particle will begin to more, 

are 

a? _ y _ « 

a: _ y « 
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PHYSICAL OPTICS. 

1848. 

A spherical wave of light is inddent directly on a lens : find 
approximately the retardation of the several portions of the 

wave, and prove in this way the common equation = -ts. 

Soppose the lens to be a positive concavo-convex whose 
thickness at the middle point b indefinitely smaQ: take this 
middle point as origin of coordinates and the axis of the lens 
for axia of x. The retardation of any part or ray of the wave 
will =s (fb — 1) X length of the patii in glass » (/x ~ 1) p supposeJI 

Let Xj y he the coordinates of tiie point of incidence of this 
ray, the inclination to the axis of the part of the ray within 
the lens. 

The equation to the two surfaces will be 

^' = 2rf (1), 

and 17* = 25f (2), 

very nearly ; since | is very small for all rays near the axis. 

Now (2) is satisfied by the coordinates a? — p co80, y - p sinO, 
or, as is very small as well as p, by 2; — p and y ; 

.-. f = 2«(aj-p) = ^y* - 2«p; 

•••'-C-ijf 

therefore the retardation of this portion of the wave 

.(.-.)G-i)f 

Hence, if u be tiie distance from the ori^ of the centre 
of the incident wave, the equivalent lengtii in air of the ray 
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we are considering from the centre of the wave to the point 
of emeigence, 



= (»-^){^+2(;^}+^'» 



= w — x 



Consequently this ray upon emergence is in the same phase b3 
the ray incident directly when, it has travelled a distance 

f 1 1^/1 l\\ f ^ 

•J h/il 1~- after emergence. 

Now the geometrical focus upon emergence is the centre of 
curvature at the vertex of the surface of revolution, which is the 
locus of all parts of the wave which, after traxuanission, are in 
the same phase of vibration. 

Let V be the radius of this sphere when only the parts of 
the wave indefinitely near the axis have emerged : the sphere 
will then pass through the points 

{^-P,y) or g,y) and [_ |1 -1 +^,(1-1)}^, o], 
y being indefinitely small; 



or 



V u f ^ f \r 8j 



But evidently v is the distance from the lens of the geome- 
trical focus upon emergence ; hence this is the usual formula. 



1850.] PHYSICAL OPTICS. 377 

1850. 

A and B being two fixed points, and P such that AP= fuJBPj 
the locos of P is a circle* Shew from this property how to 
constract a lens of common glass, such that a direct pencil 
incident from a determinate point will be refracted without 
aberration. 

The property enunciated will be found in Prob. 8, p. 157. 

Let Aj B (fig. 124) be the points from which llie pencil is 
to diverge before and after passing through the lens without 
aberration. Draw the circular arc HCH* such, that if Q be 
any point in it, BQ = fiA,Q. 

With ceaatre A describe any circular arc SaET intersecting 
HCH' in H^ H': HGH'c is the section by the plane of tibe 
paper of such a lens as is required. For a ray incident upon 
the lens from A will suffer no deviation ; and 

BQ - ijjL.QP+AF) ^ii.AQ^ {fi.QP+AP) 

==(/*-!) AP is constant : 

and therefore, by reasoning similar to that in Airy's Tracts^ 
p. 276, it appears that the pencil diverging from A will, afler 
emergence^ diverge from B. 

1851. 

If {ff) be the angle which one of the planes of polarization 
makes with the plane passing through the normal to the front of 
the wave and either optic axis of a biaxal crystal, and t?,, v^ be 
the two velocities of transmission of the wave, shew that 

(v,cosfl)"+ (t;,8in^* = y. 

Since the planes of polarization respectively bisect the acute 
and obtuse angles between the two planes through the normal to 
the front and the optic axes (Griffin's Bauble Befractiony Art. 21, 
p. 12), it follows that the angle between these two planes = 2&. 

Now, in accordance with the usual notation, the equations to 
normal to the plane front are 

U^ = '- .(1). 

I m n 
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Those to the optic axes are 

y = ®' (?3j«f» ± (jrr^ = <> W- 

If therefore the eqaations to the above planes are 

Ax + By +Cz =0, 

A'x + B'y+ C'z = 0, 
we must have 

Al + Bm + Ci* = 0, 

A B C 

•'• m{V-c^* ~ n(a*-J')*- ;(*•-<?•)* ~ " to (o"- J*)* " ** ""PP'^ 

Similarly 

A' ff C , 

Al o/i AAl + BB + GC 

^^ *^^^ = (^' + B* + C™)i (A-" + 5-* + C"^^ 

AA' + BB'+CC 

~ {{AA'+BB+CCY+{BG'-CBy+{CA'-ACr)'+{AB'-BAy]i ' 

Now 
AA'+BB'+OC'={nf{V-<f)+P{b'-<^-n'{<f-b')-m'(i^-V)]rr' 

= {{P + »»')(J» - c») - («i» + n'){(f - h*)\ rr' 
= {{P+m') V-{l-n')<^- (1- P) 0"+ (m'+n*)*'} rr' 

= _ (o» _ J» + c« _ (J-a" + mV + n'if)} rr' 
= - ( U— 2 J*) rr' suppose, 
{BC -CB'Y +(CA'-A Cy + [AB' - BA'f 

= 4 (m'P 4 m* + ^'n") (o» - J*)(i» - c") t^r" 
= 4m*(a*-J»)(6'-c')rV'» 
= 4 PVr** suppose ; 



1851.] PHTSICAL OPTICS. 379 



,*. cos2d = 



w- u 



= (l-n»-m*)iV+ mVo* + (1 - P - m») a**" 
= ?6V + mVaP + nV6» 
= Wanppose; 

.-. co82d = jjpzr^T^^ ' 
Now V,*, V* are ihe roots of the equation 



conndeied as a quadratic in v* ; 

.-. V+ V = ? (J» + c*) + TO» (<? + «') + n" (a* + J») 

= (l-ra''-n»)(J»+c')+(l-n''-i^(c'+a»)+(l-P-«» )(a"'+i») 
= «» + i* + c» - (Pa» + «iW + nV) 
= 17, 

and », V = PiV + mVo* + nV6' 






.-. «,* (1 + C082d) + r," (1 - 0082^) = 2b% 
and (t), cos fl)' + (», sin ^)' = i*. 



( 380 ) 



CALCULUS OF VARIATIONS. 

1848. 

A and B are two given points in tbe generating line of 
a surface of revolution whose axis is vertical : suppoung a body 
acted on by gravity, to descend along the surface fix>m A to By 
find its form when the whole pressure upon it between the two 
given points is the least possible* 

Find also the form of the surface when the length of the 
generating line between the point A and B is also given, and 
point out the difference between the two results. 

Let y be the depth of any point of AB below A^ x its dis- 
tance from the axis ; the pressure at this point will be 

V being the velocityi and p the radius of curvature at the point : 
hence we must have 

jPds = Mg if 1 +-^ . tt) da?, a minimum. 

Here r=I + ^^ 

p ax 

= 1 _ %y- . 



dV 2q 



dy 1 +y  
q^^ 2y . 



dq_ 1 +y 
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the equation between Ny P, Q, is 



dx da? 
dx~ i+y + (n.y)»» 



or J = 0, 

shewing that the line required is the stnught line joining the 
points Af B. 

If the length of the line be given, we have 

a being an arbitrary constant to be determined. 

^and Q remain of the same value as before; Pbecomes 

(1 +i>T ^ (1 +!>•)* ^ 

Hence we shall find, as before, that ; =« 0, or the required 
enrve is a straight line: in this case, however, it must be a 
broken line, the different parts of which are equally inclined to 
the vertical, and the inclination so chosen as to ^ve the line of 
the reqniied length. The particle is of course supposed to turn 
the abrupt angles of the line without impulsive pressure or 
change of velocity. 



382 SOLUTIONS OF S£KATE-HOUSB PROBLEMS. [1851. 

1851. 

A uniform straight rod AB is constrained to move in a 
vertical plane with its middle point in a horizontal groove, and 
its upper extremity against a smooth curve : find the nature of 
the curve when the rod descends from one given position to 
another in the least time possible, the initial angular velocity 
being given. 

Let GB (fig. 125) be the required curve, OQ the horizontal 
groove ; take the point in it for origin of coordinates : at time t 
let AB be the position of the rod, draw BT the tangent at P; 
ON^x^ NB^y^ 0Q = (, lOQB^O, QB^a. 

The equation of ms mva is 

(^) '*"^('s) =" ^^**^^ = ^* 8^PP^>8e (1). 

Also the motion of B perpendicular to BT is zero, 

.-. ^^smBTN+a^cosQBT^O, 

or, if BTN^4>, ^sin0 + a~ cos(^-.fl) = (2); 

abo (J^ + xf + y* = a« (3). 

From (1) and (2) 

r'^a»cos»(0-^)J \dt) "^^ 
or, since 8in5=^, tan^ = -^=^. 

Also, from (3) 
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. ^_ (a'-y-)«+jy . 
" das~ (a'-y*)* ' 

= - 37?r7)} [{(«?-y*)♦+i>y^+*!p^♦&'. 

Here Fcontaina only ^ and 27, 

■•• (<>"-»T((<'-y)'+wi+7(""-y)'[(K-jv+w)'+iyit-oi 

C 

or {Ck^y)p = (a«-3^S C = {l - (^)'p 



the required equation to the curve : the constants G\ C" are to 
be determined by the two given positions of the rod which ^ve 
two points through which the curve must pass. The curve is 
independent of the angular velocity of projection. 
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The following problem in Astronomy was set in 1848. 

1£ a rectangular comt be enclosed within a wall of given 
height, and one of its sides be inclined at an angle of 30"* to the 
meridian, determine the breadths of the shadows of the walls on 
a given day at noon, and the portions of the courts and wallfl 
which will be enveloped in the shadow, the latitude being 
52"* 30^ north, and the Sun's declination on the given day 
7' 30' north. 

By referring to the problem on p. 64, we see that here 
= 30'' and = latitude — Sun's declination = 45"", 

.'• a = -Jw, J = — A. 

Let Zj, l^ be the lengths of the walls, whose shadows are 
respectively of the breadth a, i, the area of the courts enveloped 
in shade will be Ifi 4- {l^ — a) fc, or l^a •{• IJk •- ab] and the 
shaded parts of the walls the whole of the two walls, and two 
triangles ^Aa, ^hb of the other two. 

The following solution of the problem on p. 148, is due to 
Mr. Gaskin. 

Let 7!P, TQ (fig. 126) be the two given tangents, take the 
line AB as axis of a?, and let OFQ^ be the chord of contact of 
any conic touchmg TP, TQ, and passing through A^ B. Take 
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O as origin, and let 



be the equations to TPj TQ respectively ; also let OA = a, 
OB = /8. Let the equation to OPQ be y = mx^ then that to 
the conic will be 

Hence, putting y = 0, we get 



1 /I 1\ 1 / 1 «i»\ ^ 



the roots of which equation are - > p ; whence we see that 

I. 1_ 1 1^ 

a^ fi^ a'^ d' 

or the line OPQ is divided harmonically in A^ B^ whence is 
one of the foci of involution of the system of points P, Q^ A^ B^ 
so that the chords of contact of all conies touching TP^ TQ and 
passing through A^ B^ cut AB in one of the points 0, (7, if O' 
be the other focus of involution. 

Now, in order that (1) may represent a rectangular hyperbola, 
the sum of the coefficients of a? and y must = ; hence 

But by (2), 

Combining these equations, we get 

giving two values for m, equal and of opposite signs, so that 
there can be constructed two pair of rectangular hyperbolae 

cc 
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whose chords of contact meet in one of the foci of involntton, 
and are equallj inclined to AB. 

The relation between the four lines Ox^ Oy^ Op^ Oq^ in the 
problem on p. 158, may be expressed thus: Ox and Oy each 
bisect the lines between Opy Oq parallel to the other. 

For let the equations to Op^ Oq^ referred to Ox^ Oy as axes, 
be y = mxj y = m'x. Then if Oa = a, Ob = J, Od = a, Ob' = ft', 
the equations to oft, ab' are 

-+^ =1 

a' ^ b' ' 
whence, if (xy) be the point Q of intersection of these lines, 

(? " p) * = <" " "■)' 

But Q lies on the line Oq^ or y ^ mx^ 

a a \ft ft/ 

The condition that the point of intersection of this line lies 
on ()p or y = m'x^ is derived from this equation by interchangmg 
a, a', and writing W for m, 



1 1 ^./l 1\ ^ 



Hence wi' = - w, which expresses the above relation between 
Oic, Oy, Op, Oj. 

The same thing may be proved geometrically by makmg 
any one of tiie points a, J, a^ or 6', remove to an infinite 
distance. 



J 
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The following statical Problems set in 1850 have been 
omitted. 

1. A heavy rod, whose weight is Wj rests upon a fulcrmn 
at its middle point, when loaded at one end with a weight Wy 
the density at any point of the rod at the distance x from a 

certain point in it varies as sin — , a being the length of the 

rod : find the ratio of TT to W\ and determine at which point 
the density is zero when this ratio is the greatest possible. 

Let c be the distance from the centre of the rod of the point 
where the density is zero, p the density at the point x ^ {a. 
The conditions of the problem ^ve 

rp sin — dx + I p sin — dx = W. 



or 



?{—(?-?)+'— (f-?))-"'' 



p = 2'i: (1)- 



Also taking moments about the frilcrum which is at the 
middle point of the rod, 

r** VCR t^ trx 

(a? — c) sin — dx ^ p j (c - a;) sin — dx 

r"* trX €L 

{c + x) sm — <£» + PT'-, 



or 



p\ asm — cto-pcM sm — dic+l sm — dxx^W -. 

^T f . TTX y CUD irX a* . JTX ^ 

Now lojsm — cto = cos 1- -^sm he: 

J a TT a TT a ^ 

r*^ . nx J a . -TTC fa , /a \) 



a . TTC 

= — sm — , 
IT a 
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sin — &? + I sin — &? = — , as shewn in (1); 
a J^ a IT 

cP . irc 2 oca -rn A 
.-. p - sin ^^— = W -^ 

'^ TT a IT 2 ' 

or from (1) ~ — — sin ) = >r - ; 

^ ' 2 a \7r a w J 2 ' 

TT a 



a sin 2c 

a 



This ratio = oo when c = ; it has a maximum value when 



nrc 



a sin 2c is a minimum y 



a 



or, differentiating with respect to c, 



nrc 
IT cos 2 = 0, 

a ^ 



cos — = — , 



w;c_ 2 
a TT 

which determines the value of c. 



2. Portions are cut from an ellipsoid by planes which are 
parallel and equidistant from the centre; if «r be the length 
of a perpendicular from the centre upon either plane, and 
{, m, n, the cosines of the angles which it makes with the axes, 
shew that the remainder will rest when placed with a section 
on a horizontal plane, if 

«* ^ ®' ^ a* "*■ i" ■*■ c* ' 

a, &, c, being the axes of the ellipsoid; and express the con- 
dition that p such solids, when placed on each other with their 
sections coincident, and their centres in a line inclined to the 
vertical, shall not fall over. 

The one portion will rest with a section upon a horizontal 
plane if the vertical line drawn through its centre of gravity, 
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which is the centre of the ellipBoid, fall within the section; 
i.e. if «r be equal or less than the radius vector (r) of the 
ellipsoid drawn in the same direction, or since 

pf^ w V n V ^ 

When there are p such solids placed on each other as above 
described, the height of the centre of gravity above the plane 
will be jptj • and, if p' be the distance of the foot of the per- 
pendicular drawn from the centre of gravity on the horizontal 
plane from the centre of the section, p the same distance when 
there is but one solid, we have p' ^^pp' the condition that the 
p solids shall not fall over is, that pp shall be equal to or 
less than the radius vector of the section through the foot 
of the said perpendicular. 

The equation to the cutting plane is 

Ix + fny H- wjB = « (1); 

and if a, /8, 7, be the coordinates of the centre of the section, 
a, )9, 7, are subject to the conditions (see Gregory's Solid 
Oeometry^ Art. 121) 

fat H- mp + rj7 = «r. 

The coordinates of the foot of the perpendicular on (1) are 
2i7, m«r, nv\ hence the equations to the radius vector of the 
section through this foot are 

; — ;;=d^ — 1^ = ;iir~^ * z*^ snppose (3), 

(/a ^ OL mm — p nm — 7 

where r is the distance of the point [xyz] from (0^7). 

If we substitute these values of a;, y, «, in the equation to 
the ellipsoid 

o" + i" ^ c* ' 
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we shall find the length of the radius vector r of the section 
through the foot of the perpendicular, 

{(fa-a)/itr+a}' {{mm ^ fi) fJLr + 13}* . {(nw - 7) /ir + 7}' _ 

? + ? + ? ^» 

the roots of this equation are equal ; 

liow, firom equations (2), 

la mB wi V 

-3 + TT+-r = 



c?^ b* ^ <? oT + ftW + c»n» ' 



, a" iS" </ 

»nd -J + ^ + T = 



a" ' ft'  c" aT + ftW + <?n* ' 
and from equations (8), 

— = {Ut-a)* + (»n«r-/S)* + (n«r- 7)' 

= W-2<T» + o' + /9« + 7» 
= a* + /S' + V-W 

Hence equation (4) becomes 

^i + J, + ^ - oT+ ftW+ <;•«•; p" ~ o'-i" + b*m* + c'n" * 
Now the equation of equilibrium is 

hence the required condition is 



{ 



w" 



«» 



= or < -, (aV» + Vm* + c^n' - «*), 

or ^f (5 + ^* + J) («'^' + *'»»• + cW) - (p« - 1)1 W 

= or < aV + ftV + cV. 
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3. K a plane area, bounded bj a parabola and its double 
ordinate, be supported by an axis through the focus and a 
vertical force acting along the ordinate, find what portion may 
be cut off by a line through the focus without affecting the 
vertical force ; and the least area for which this is possible. 

Let P8Q (fig. 127) be the line cuttuig off the portion PQB : 

tie centre of gravity of PQB must lie in the vertical through Sy 

or if we draw BVtiie diameter of PQj and 8G vertical meeting 

it in Oy G must be the centre of gravity of PQB, Hence 

GV=iBV. Let A8=ly /lPSB=0', 

.'. tane = -^; 

.-. GV:^SGco\0^2lco^0. 

Also SP=-— ^L-^; 

1 — COS&' 

r. PV= 8P- 8V= iSP- 8G cosec^ 

^Vl-cos^ fon'e) ^ 

21 
"sin'^' 

But pr' = -.^.iZF= -4^. 5icot«e: 

sm u sm tf 

or -s-TTi = 4Z.5Z cot*5: 
sm a ' 

.•. cos' 5 = i, 

which determines the position of the line P8Q. 

If the bounding ordinate have its extremity C nearer the 
vertex than the point P just determined, let Q8P be the po- 
sition of the cutting line, the centre of gravity of Q CP must 
lie in the vertical through 8\ draw Qu vertical : let AB' = a ; 

r{2Z* (a? + Q* - 0? tan^} a? eic 
= j'*^'{2l^l-x)^ + xtaJie]xdx + 2j ^ 2{lx)^xdx. 
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This equation, when reduced, will determine the value of 
in termB of a. 

The least area for which this is possible will evidently be 
such, that the part cut off will be the half, and the cutting line 
A8B: in this case S is the centre of gravity of the whole area, 
and AB = fZ. 

The first part of the Prob. 5, on p. 212, may be proved by 
referring to the values of the angles contained between any 
two adjacent sides of a regular polyhedron (see Hall's Spherical 
Triffonometryj Art 59): it appears that this angle is a sub- 
multiple of 2rr only in the case of the cube* 



THE END. 
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Right Rer. JOHN WILLIAM COLENSO, D.D. BUhop of Natal, yrUh ft 
Map and lUuttimtions. Fcap. 8to. doth. Be, 

COLENSO." An Ordination and Three Missionary Sermons. 

By the Right Rer. JOHN WILLIAM COLENSO, D.D. Bishop of Natal. 
llmo. Is. 

COLENSO.— Village Sermons. By the Right Bev. JOHN WIL- 

UAM COLENSO, D.D. Bishop of Natal. Second B4ltKm. Fcap. 8to. 
eloth, is, 6d. 

COLENSO.— The Communion Service, from the Book of 

Common-Prayer, with Select Raadlnga firom the writings of the Rev. F. D. 
MAURICE, M.A. Edited by the Right Bmr. JOHN WILUAM COLENSO, 
D.D., Bishop of Natal. Fine Edition, rubrioated and bound in moroeeot 
antique style, 6<.; or in cloth, 2$. 6d. Comnton Paper, lymp cloth, U. 

COOFEB.— A Oeometrical Treatise on Conic Sections. By 

the Rot. J. B. COOPER, UJk. late FeUow of St. John's CoUego, Cambiidgo. 

{Preparimt* 

COTTON.— Sermons : chiefly connected with Pablic Events 

of 18«4. By 6. E. LYNCH COTTON, M.A. Master of Marlboroagh CoUege, 
ibrmerly Fellow of Trinity CoUege, Cambridge. Fcap. Sto. cloth, Ss. 

BAVIES.— St Paul and Modem Thongfat : 

Remarks on some of the Views advanced in Professor Jowett's Commentary 
on St Panl. By Rev. J. LL. DAVI B8, M.A. Fellow of Trinity CoUege, Gam- 
bridge, and Inenmbent of St. Mark's, Wliitaohap^ 8to. I«. M. 

DEMOSTHENES.— Demosthenes de Corona. 

The Greek Text, with EngUsh Notes. By BERNARD DRAKE, M.A. 
Fellow of King's CoU. Cambridge, Editor and Translator of Iho '* Eumerides . 
of Aschylus." Crown 8to. cloth. Be, 

AS 
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DEMOSTHENES. —Traaslation of Demosthenes en the 

Crown. By J. P. NORRIS, M.A. Fellow of Trinity CoUege, Cunbridye, and 
one of Her Mi^esty's Inspectors of School*. Crown 8to. cloth, 8«. 

DBASE.— Notes Explanatoiy and Critical on the Books of 

Joaah and Hotea. By WILLIAM DRAKE, M.A. late Fellow of St. John's 
Colleger Canlhiidge. 8?o. doth* 9«. 

EVANS.--Sonnet8 on the Death of the Doke of Wellington, 

by SEBASTIAN EVANS. 8vo. sewed, U, 

F£BBAR.~^Iii7es of Nicholas Ferrar, Fellow of Clare Han* 

By his BROTHER JOHN, and Dr. JEBB. Now first Edited, with lUns- 
trationt, by J. E. B. MATOR, M.A., Fellow and AasUtaat Totoc of St.. 
John's College, Cambridge. Fcap. Svo. cloth, 7s, 6d. 

FLOWERS OF THE FOREST.— A War Ballad for Jannaiy 

1855. By M. A. H. Crown 8to. 6d. 

FROST.— The First Three Sections of Newton's Principia. 

With Notes and Problems in illustration of the snbiect. By PSRCIVAL 
FROST, ICA. late Fellow of St. John's College, Cambridge, and Mathe- 
maflcal Leetnrer of Jesnt College. Crown 8yo. cloth, lOf . M, 

FROST.— Thncydides, Book YI. The Greek Text, and English 

Notes : with a Map of Syracuse. By PERCIYAL FROST, Jan. M.A. late 
Fellow of St. John's College, Cambridge. 8to. cloth, 7s. 6d. 

GODFRAT.— An Elementary Treatise on the Lnnar Theory. 

With a brief Sketch of the History of the Problem up to the time of Newton. 
By HUGH OODFRAY, B.A. of St. John's College, Cambridge. 9TO.clotb» 
is, 6tf. 

GOODWIN.— How Christ's Promises are fdlfilled. 

A Farewell Sermon preached on the occasion of the departure of the Bishop^ 
of Natal, and the other members of the Natal Mission. By HARTET 
GOODWIN, M. A., Minister of St. Edward's, and Hulsean Lecturer In the 
UniTenlty of Cambridge, tvo, tewed. U, 

GRANT.— Plane Astronomy. 

Including Explanations of Celestial Phenomena, and Descriptions of Astrono^ 
mlMl InatnUnwU. By A. R. GRANT, M.A., one of Her Majetty't In- 
apeetort of Schools, late Fellow of Trinity College, Cambiidgo. 8to. beards, 6s, 

HALLIFAX.— Bishop Hallifax's Analysis of the Civil Law. In 

which a comparison la occasionally made between the Roman Laws and those 
of England. A new Edition, with alterations and additions, being the heads 
of a Coune of Lectuiea publicly delivered in the University of Cambridge, by 
J. W. GELDART, LL.D. 8to. bds. 8s. M.; interleaved, lOt. 6d. ; doul^ in- 
terleaved, lis. M. 

HARE,— Charges to the Clergy of the Archdeaconry of Lewes, 

delivered at the Ordinary Visitations fhnn the Year 1840 to 1854. With Notes 
on the Principal Events affecting the Church during that period. By JULIUS 
CHARLES HARE, M.A. Archdeacon. With an Introduction, explanatory' 
of his position In the Church with reference to the parties which divide it. 
S vols. 8vo. cloth, W. Il«. M. 
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HABE.— Charges to the Clergy of the Archdeaconry of Lowes, 

delivered at the Ordiiury VititAtlonf In the Years IMS, 1845, 1846. By 
JULIUS CHARLES HARE, M.A. Archdeacon. Never beftyre puhlished. 
With an Introduction, explanatory of hie position in the Chnrch with 
Kferenoe to the parties wliich divide it. fit. 9d. 

HABE.—MiscellaneoQfl Pamphlets on some of the Leading 

Qnestions agitated is the Church during the last Ten Yean. 8vo. oloth, 1 2s. 
*«* Aa only a very small Edition of the Colloeted Pamphlato has bean made 
up, an eariy application la lequested. 

HABE.— The Viotory of Faith. 

McoBd Bdltlon. 8vo. cloth, 5f . 

HABE.— The Mission of the Comforter. 

••eond BditUm. With Notes. 8vo. cloth, lis. 

HABE.— Vindication of Lather firom his English Assailants. 

. . ■•eoii4 Vditlon. 8vo. cloth, 7s. 

HABE.— The Contest with Bome. 

WHh Notes espeeiaUy in answer to Dr. Nenrman'a nemi Leotuns. gtfOmfl 
Bdltloiki 8vo. cloth, 10s. 9d, 

HABE.— Parish Sermons. 

Second Series. 8vo. cloth, 12s. 

HABE.^-Portions of the Psalms in English Verse. 

Selected for Public Worship. ISmo. doth» 2s. 6d, 

HABDWICK— Christ and other Masters. 

An Historical Inqnlxy Into some of the chief Paiallelfaffls and Contrasts 
between Chxlstianity and the Religions Syatems of the Ancient World. WKh 
special relSsrence to prevailing Diflieulties and Ol^eetiona. By CHARLES 
HARDWICK, U.A., Fellow of 8t. Catherine's Hall, Divinity Lectnrer at 
King's College, and Christian Advocate in the University of Cambridge. 
Pt. I. 8vo cloth, 7f. 6d, 

HABDWICK— A History of the Christian Chnrch, during the 

Middle Ages. By CHARLES HARDWICK, li.A. FftllDW of St. Catha- 
rine's Hall, Divinity Lecturer hi King's College, and Christian Advocate In 
the University of Cambridge. Author of *' A History of the XXXIX. 
Artldes." With Four Maps constructed for this Work by A. KEITH 
J0HN8T0K. Crown 8vo. cloth, lOf. 6(f. 

HABDWICK.— A History of the Christian Chnrch dnring the 

Beformation. By CHARLES HARDWICK, M.A. Crewn 8vo. eloth, 

10s. «4i. 

' V* These two Books are part of a Seriea of Theological Hanuala 

now in progress. 

HABDWICK.— Twenty Sermons for Town Congregations. By 

CHARLES HARDWICK, M.A. Crown 8vo. doih, Cs. M. 
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HABB.— Two SermoiiB preached ia Hentmonceu Chirdi, 

on Scptiufetbna Sunday, February 4, 18S5, being tbe Sunday tfter the 
Fnnenl of tbe Yeoerable Archdeacon Hare. By the Kev. H. VENN ELLIOTT, 
Perpetual Ciumte of St. Mary'a, Brighton, late Fellow of Trinity College, 
Cambridge, and tbe Rev. J. N. 8IMPKXN80N, Rector of Bxingtoo, North- 
amptoB, formerly Cnrate of Herstmoncenx. 8to. U, €d. 

HBMIIINO.— An Elementaiy Treatise on the Difiereotial 

and Integral Calenliu. For the Uee of CoBegee and S^boola. By O. W. 
HBmCINO, M.A. Fellow of St. Jotan'e CoUege, Cambiidgo. Seeoad 
Bditten, with CometloM and AddMotta. ftro. cloth, 9s. 

HERVET.— The Genealogies of our Loid and Sofionr Jesos 

Christ, aa contained in the Ootpela of St. Matthew and 84. Luke, leeondled 
with each other and with the Genealogy of the House of Darid, from Adam to 
the dose of the Canon of the Old Testament, and shown to be in harmony with 
tbe true Chronology of the Times. By Lert ARTHUR HERYEY, M.A. 
Rector of Ickworth with Horringer. 8 vo. cloth, lOt. M. 

HEEVET.— The Inspiration of Holy Scripture. 

FiTo Sermons preached before the University of Cambridge, in the month of 
December 1855. 8to. doth, Zt. 94. 

HOWARD.— The Book of Genesis, according to the Yendon 

of the LXX. Translated into English, with Notices of its Ombrfoas and In- 
aertions, and with Notee on the Passages in which it diflers from our Authoriaed 
Version. By the Hon. HENRY S. J. HOWARD, D.D. Deaa of Lichlleld. 
Crown 8yo. cloth, U. 6d. 

HOWES.—A History of the Christian Chnrch during the First 

Six Centuries. By J. O. HOWES, M.A. Fellow of St. Peter's CoU. Camb. 
*•* This ia part of a Series of Theological Manuals now In progress. 

HTTLBEBT.—The Gospel Bevealed to Job: or Patriarchal 

Faith aud Praetiee illustrated. By C. A. HULBERT, M.A. 8?o. doth, 1S«. 

HUMPHRETB.— Exerdtationes^Iambicae; or, FrogressiYe 

Exercises in Oreeh Iambic Terse. To^ which are prefixed^ the Rules of Greek 
Prosody, with copious Notes and Illustrations of the Exercises. By E. R. 
HUMPHREYS, LL.D. Head Master of tbe Chdtenham Orammar Schod. 
8«cand B41tl«ii. Feap. doth, it. M. 

JEBEMIE-— Two Sermons Preached before the UniTerdty 

of Cambridge, on April S6, 1854, and March 21, 1855, being the Days 
appointed for General Humiliation and Prayer. By J. A. JBREMIR, D.D. 
Regius Professor of Dif tnity. 8to. it, 

JEEEMIE.-^rmon preached before the Univenrity of Cam- 
bridge, on July Ist, 1855, on the occasion of the Death of PnoFXsaon Blvvt. 
By J. A. JEREMIB, D.D. 8to. sewed, U, 

JEWELL.— An Apology of the Chnrch of England, and an 

* Epiitle to Sdgnior Sciplo concerning the Coundl of Trent, translated fhnn the 
original Latin, and illustrated with Notes, chiefly drawn fkom the Author's 
*' Defmce of the Apology." By A. T. RUSSELL. Fcp. 8to. bds. 5«. 
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JUSTIN MABTTB.-S. Juttni FhilOMpbi et Harlgnit 

Apelogto Piiau. E4ited, with a coneetod Ttxt, and EDgUth Introduction 
and explMMtory Notes, by W. XaOLLOPE, If .A. PMnbroko CoU«go, Cam- 
biidga. 8to. bdi. 7«. 6d, 

jnVEKAL--JtiTenal : chiefly from the Text of Jahn. 

with EngUth Notet for tbe Use of Schools. By J. E. B. MAYOR, M.A. 
Fellow and Classical Lecturer of St. John's College, Cambridge, Crown 8vo, 
cloth, lot. Bd, 

XENNEDT.— The Inflnence of Christianity upon Inter* 

national Law. The Rulsean Prise Essay in the UnlTerdty of Cambridge for 
the year 1854. Crown 8to. cloth, 4t. 

KINOSLET.— " Westward Ho !" or, the Voyages and Ad^en- 

tnres of Sir Amyas Leigh, Knight, of Burrough, in the County of Devon, in 
the Reign of Her Host Olorlons Mj)|esty Queen Elisabeth. By CHARLES 
KINeSLEY. g^C— d Bditloa. 8 ToU. crown 8ve. li. lU. 64. 



EING8LE7.— The Heroes: or, Oreek Fairy Tales for my 

Children. With Bight Illustiations after Drawings l>y the Author. In 8to. 
beautifnlly printed on ttnted paper, and elegant^ bound in cloth, with gilt 
leaTcs, 7«. 6d. 

" If the public aooept our recommendation, Mr. Klngsley's little book will run 
through many editions."— Geardian, March 12, 1856. 

KINOSIiET.-^laucns ; or, the Wonders of the Obore. 

8«0OiMi Bditlon* With a Frontispiece. Fc^p. 8to. eloth, 8«. 6d, 

EINOSLET.— Alexandria and Her Schools: being Fonr Lec- 
tures delirexed at the Philosophical InstitntioQ, Edinbugb. With a Picftice. 
Crown 8to. cloth, 6t, 

QNGSLET.— Phaethon ; mr Loose Thoughts for Loose 

Thinkers. Second Bditlon. Crown 8to. boards, U, 

LATHAM.— Geometrical Problems in the Properties of Conic 

Sections. By H. LATHAM, M.A. Fellow and Tutor of Trinity Hall. 8vo. 
sewed, Zi.Sd. 

LECTUBES to Ladies on Practical Subjects. 

DeliTered In London during the month of July, 1855, by the Her. F. D. 
MAURICE, Piofeesor TRENCH. Archdeaeon ALLEN, J. 8. BREWER, 
J, LL. DAYIES, CHARLES KINGSLEY, Dr. CHAMBERS, 
Dr. SIEVEKINO, Dr. JOHNSON, TOM TAYLOR, Esq., and 
F. J. STEPHEN, Esq. BMOnd Bditlon. Crown 8vo. eloth, 7«. 8rf. 

LETTEBS from Italy and Vienna. 

Small 8to. eloth, is,6d. 
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LUHD.— A Short and Sasy Coune of Algebra. 

Chiefly designed for the use of the Junior Claetee in Schoolf, vttli tnQmeroae 
coUeetion of (Mglnal euy Exeroiaes. By THOMAS LUND, B.D. late Fellow 
of St. John's College, Camhridge. Beeond Bditlon. 12mo. cloth, U. M. 

LUSHINOTON.— La Nation Boutiqnidre : and other Poems, 

. . chiefly PollticaL With a Preface. By the late HENR7 LUSHINOTON, 
Chief Secretary to the OoTemor of Malta. Points Of War. By 
FRANKLIN LU8HINOTON, Jtkdge in the Snpxeme Courts of the Ionian 
Isles. In I vol. foap. 8to. doth, 9t, 

1IACS:ENZIE.--The Christian Cletgy of the first Ten Cen- 
turies : their Influence on European Ciyilisatlon. By HBNRT MACKENZIE. 
B.A. formerly Scholar of Trinity College, Cambridge. Crown 8to. cloth, 6s. 64. 

MANSFIELD.— Letters from Brazil, Buenos Ayres, and 

Paragnay. With a Map. Edited Drom the Author's MSS. With • Sketcii 
of hia Life. By the Rev. CHARLES KINGSLEY. [/tul rea^sf. 

MANSFIELD.— On the Constitution of Salts. 

Edited fkom th« Author's MS. by K. H. 8. MASKELYNE, M.A. Wadham 
College, and Reader in Mineralogy in the Uniyersity of Oxford. [In the Press. 
tfCOT. — ^Preparing for Publication; to be completed in about Fire Parts, 
price 5s, each, fanning One Volume 8to. of about 500 pages, with nearly 1,006 
illustrations in the tejct, drawn and engniTed by the Authort 

A Manual of the Genera of British Fossils. 

Comprising Systematic Descriptions of all the Classes, Orders, Families, and 
Genera of Fossil Animals found in the Strata of the British Isles ; with 
figuies of all the Oenerio Types. By FREDERICK M*COY, F.G.8., Hon. 
F.C.P.S., Profossor of Natural History in the UniTcrsity of Melbourne, Author 
of ** Characters of the Carboniferous Limestone Fossils of IreUnd," " Synopsis 
of the Silurian Fossils of Ireland," one of the Authors of " Sedgwick and 
M<Coy's British Palseoioic Rooks and Fossils," fro. 
If 'COY. — ^PrepaiiDg for Publication, in One Volume, crown Bto. with numerous 
Illustrations, 

An Elemental Introduction to. i|a Study of Paksontology. 

With numerous Figures illustraaTO of Rmetural Details. 
•»• This little Work is intended to supply all that elementary information on the 
Structure -of Fossil Animals, with reference to the most nearly allied existlnr 
types, illustrated explanation of technical terms, ftc. which the beginner may 
require, but which would be out of place in the Author's systematic Tolume 
on the Genera. 

M'COT.— Contributions to British Falffiontology; or, First Be- 

' soriptionsof soToral hundred Fossil Radiata, Articulata, Mollnsca,and Pisces, 
ttom the Tertiary, Cretaceous, Oolitic, and Palssoioic Stmta of Great Britain. 
With numerous Woodcuts. 8to. cloth, 9s. 
*»" This forms a complete Series of the Author's Papers f^om the '* Annals of 
Natural HUtoiy.'* 

MASSON.— Essays, Biographical and Critical; chiefly on the 

English Poets. By DAVID MASSON, M.A. Professor of EngUsh 
Literature in Unlrersily College, London. 8to. cloth, ISs. 6tf. 
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MAURICE.— A Photograph Portrait of Bev. F. D. Kaorice. 

4to. priee 8«. 

MAURICE.— Lectures on the Ecclediastlcal History of the 

First and SecoBd CenturiM. By FREDERICK DSKI80N MAURICE* 
M. A. CTiaplatn «f Uncoln't Inn. 8to. dofh, 10«. 6tf. 

MAURICE— The Uni^ of the New Testament, heing a 

Synopsis of, and Commentary on, the first three Goq>els, and the Epistles of 
St. James, St. Jade, St. Peter, and St. PaoU Svo. oloth, 14«« 

MAURICE.— Patriarchs and Lawgivers of the Old Testament 

Second Bdltlon. With new Prefsoe. Crown 8yo. cloth, Bt. 

Maurice.— The Prophets and Kings of the Old Testament. 

Crown 8yo. cloth, Beoond Bditfoa* Ito. 6d. 

MAURICE.— Theoli^^ Essays. 

Second Bditton^ with a new Prelhce and other additions. Crown 8to. 
oloth, 10«. M. 

MAURICE.— The Doctrine of Sacrifice deduced from the 

Scriptures. With a Dedicatory Letter to the Yoang Men's Christian Associa- 
tion. Crown 8^0. eloth, 7s. 64. 

MAURICE.— Christmas Day, and other Sermons.' 

8to. doth, lOt.tfil. 

MAURICE.— Hie Religions of the Worid, and thebr relatione 

to Christianity. Third Bdltion. Fcap. 8to. cloth, 5». 

MAURICE.— The Prayer-Book considered, especial^ in re« 

fwance to the Romish System. Sooond Bditlon. Foap. 8to. doth, ff«. 6d. 

MAURICE.— The Chnrch a Family. Twelve Sermons on the 

Occasional Services of the Prayer-Book. Fcap. 8to. doth, 4«. 64. 

MAURICE.— On the Lord's Prayer. 

Third Bditlon. Fcap. 8to. oloth, U. M, 

MAURICE.— On the Sabbath Day: the Character of the 

Warrior; and on the Interpretation of History. Foap. 8yo. doth, U. 6d, 

MAURICE.— Learning and Working.— Six Lectures delivered 

in Willis's Rooms, London, In June and July, 1854. ThO RoUclOn Of 
Rone, and its Inflnoneo on Modem OlTiliBation.— Four Leo- 
tuiM delivered in the Philosophical InstitaUon of Bdlnlnirgh, in December 
1854. In One Volume, Crown 8vo. cloth. 5«. 

MAURICE.— An Essay on Eternal Life and Eternal Death, 

and the Prefab to the new Edition of ** Theological Essays.'* Crown 8yo. 
sewed. Is. 6d. 

*,* Published separately for the purchasers of the first edition. 

MAURICE.— Death and Life. A Sermon Preached in the 

Chapel of LInooin's Inn, BCarch 25, 1855. Jn ||ttn8rtllll «. B. JR. 8vo. 
sewed, 1«. 



MATTBICE.— Han of ft Femato College for tbe He^ of the 

Ricb and of tbe Poor. A Lecture delirered at the WorUag Men's College, 
London, to a Claas of Ladies. Ato. 6d. 

MAUBIGE.—AdminiBtratiTe Refonn. 

A Lecture delWered at the Working Hen's College, Loadon. Cttnm. 8to. Sd. 

MAnBIGE.~The Word '^ Eternal/' and the Poniehmeiit of 

the Wicked. A Letter to the Rot. Dr. Jelf, Ptindpal of King's College. 
London. Filth Tli<m*aad. 8to. U, 

MAURICE.— The Name "Protestant:" the Seemingly Donhh 

Character of tbe English Church: and the English Bishopric at Jerusalem. 
Tbiee Letters to the lUv, Wm. Palmer, Fellow and Tutor of Magdnlen 
College, Oxford. BMond Bditton. 8vo. Ss. 

MAURICE.— On Right and Wrong Methods of Supporting 

Protestantism. A Letter to Lord Asblej. 8to. 1«. 

MAURICE.— Thoughts on the Bnty of a Protestant, in the 

Oxford Election of 1847. 8to. U, 

MAURICE.— The Case of Queen's College, London. 

A Letter to the Lord Bishop of London, in reply to the '* Qnarterly ReTiew.* 
8to. It. 9d. 

MAURICIi.— Leetures on Modem Histoiy and English 

Literature. iPrtparing. 

MAURICE.— Law's Remarks on the Fahle of the Bees, with 

an Introduction of Eighty Pages toy FREDERICK DENISON MAURICE. 
M.A. Chaplain of Lincoln's Inn. Fep. 8yo. cloth, 4f. 64. 
■*Thlf introduetion dlMuian tlie Religloiu, PolUlcsI, Social, and Bihieal Tbtories of ear 
day, and tiMws lb* apvelal worth of Law*i rnt t hod, and how far It la applieable to mn cir- 
cumaUDcef.'* 

MINUCIUS FELIX.~The Octavius of Minucius Felix. 

Trtnslated Into English by LORD HAILE8. Fcp. 8yo. cloth, 8s. ddL 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh lUview and of the Sncffclopadia Britanniea, Post 8to. 
cloth, 7t. 6d. 

NIND.— Sonnets of Camhridge Life. By Rev. W. NIND, M Jk. 

FeUow of St. Peter's College. Post 8to. boaids, U, 

NIND.— The German Lsrrist; or, Metrical Versions from the 

principal German Lyric Poets. By Rev. W. NIND, FeUow of St. Peter's 
College. Crown Svo. cloth, S«. 

NORRIS.— Ten School-Room Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of Her 
MiS}esty 's Inspectors of Schools. 1 8mo. sewed, 8^ 
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PABEIN80K.— A TieatiBO on BlemeiKtaiy Meduuiics. 

For the Um of tho Junior CUuiet at the Ukil-wrtliy, and the Higher ClMses in 
8cho<de. With a CoUeetion of Examples. By 8. PARKINSON, M.A. Fellow 
and AMbtaat Tutor of St. John's CoUeg e, Cambndge. down 8to. doth, 9t. M, 

PABMIKTEB.— Materials for a Oraiiiiiiar of the Modem 

Snglish Language. Designed as a Text-book of Classical Onunmar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Paiishet of 88. John and Geoige, Exeter. Fcap. 8to. cloth, Ss. 6^ 

PAYN.— Poems. 

By JAMES PATH. Fop. 8?o. cloth, 5«. 

PEACE IN WAB. gn »$tmiam %. U. 

Crown 8to. sewed, U, 

PEABSON.— Elements of the Galcidiis of Finite Difibrenees, 

treated on the Method of the Separatioa of Symbols. By J. PEARSOM, M.A. 
Rector of St. Edmund's, Norwich, Mathematical Master of Norwich Grammar 
School, and formerly Soholar of Trinity College, Cambridge. 86C<md 
Sditlon, enlarged. 8to. 6*. 

PESOWNE.-" Al-A4inmdleh." 

An Elementary Arabic Grammar, with a Trandation. By J. J. 8. PEROWNE, 
M.A. Fellow of Corpus Chiisti College, Cambridge, and Lecturer tn Hebrew 
In King's College, London. 8to. eloth* 5«. 

PERBT.— Five Sennons Preached before the University of 

Cambridge, In NoTember 1855. By the Right Rev. CHARLES PERRT, 
Lord Bishop of Melbourne, fbrmerly FeUow and Tutor of Trinity College, 
Cambridge. Crown 8to. doth, 8*. 

PHEAR.--Elementary Mechanics. 

Aeeompanied by numerous Examples self ed OeometrieaUy. By J. B. 
PHEAR, M. A., Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 
8to. cloth, 10«. 6d, 

PHEAR.— Elementary Hydrostatics. 

Aooompanied by nnmorous Examples. Ciown Sro. doth, S«. 64. 

PLATO.—The Bepublic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (j;. LI. Davlas M.A., and D. J. Vaughan, M.A.) Crown 8to. 
doth, 7«. M. 

POWELL.— The Scriptural Doctrine of the Inflnence of the 

Holy Ghost, as Illustrated by the Analogy of Nature. The Bumoy Prise Esssy 
for the year 1858. 8vo. sewed, U. 6d. 



If HAcmiiLiif & (X).*8 publications: 

PBATf .--The Mathemattcal PifocipleB of Heciuuikal 

Philosoplix. B7 J. H. PRATT, M.A., FeUow of Cains College. 
•«* Tkt aba90 work i$ now out of FHnt: hut the Part en STATICS kae heen r«- 
«ltt«rf bf Mr, Todhunter, with nuwurout alterations and additiont: the Part en 
DYNAMICS, frf Meeen. Tait and Steele, i* JuH publiehed. The other parte will be 
publUhed in aepante ftmat, tmproTed and altetad u may teem needfUL 

PBINCIPLE8 of ETHICS according to the MEW TESTA- 

M£NT. Crown Svo. ie. 

PROCTER— A History of the Book of Common Prayer: with 

a Rationale of itt Offioes. By FRANCIS PROCTER, M, A., Viev of Wlttoa, 
Norfolk, and late Fellow of St. Catharine Hall. Crown 8to. cloth, 10«. M. 

*»* Thii is part of a series of Theological Manuals, now in progress. 

PUCELE.~An Elementary Treatise on Conic Sections and 

Algebraic Oeometry. With a numerous collection of Easy Examples pro- 
gressively sxxanged, especially designed for the use of Schools and Beginners. 
By O. HALE PUCKLE, M.A., St. John's College, Cambridge; Principal of 
Windermere College. Crown 8to. eloth, 7e. 6A 

PURTON.— The Acts of the Apostles. 

With a Paraphrsse and Exegetical Commentary. By JOHN SMTTB 
PURTON, M. A. Fellow and Tuto» of St. Calheiine's HaU, Cambridge, gvoo 

iPreparing. 

RAMSAT.— The Cateohiser'B Manual; or, the Ghnrch Cate- 
chism illustrated and explained, Ibr the use of Clergymmi, Schoolmasters, 
and Teachers. . By ARTHUR RAMSAY, M.A. of Trinity CoUege, 
Cambridge* ISno. «loth, g«. 6«r. 

.REICHEL.->The Lord's Prayer and other Sermons. 

By C. P. REICH EL, B.D., Professor of Latin in the Queen's UntTersity; 
Chaplain to his Excellency the Lord Lieutoiant of Ireland; and late Don- 
nellan Lecturer in the UniYcrsity of Dublin. Crown 8vo. doth* 7«. W* 

ROBINSON.— lOssions nrged upon the State on grounds 

both of Duty and Policy. An Essay which obtidned the Maitland Prise in 
the year ISfiS. By C. K. ROBINSON, M.A., FeUow and AssUtant Tutor of 
St. Catharine's Hall, Cambridge. Fcp. 6yo. cloth, S<. 

ROSE (Henry John).— An Exposition of the Articles of the 

Church of England. By HENRY JOHN ROSE, B.D. laU FeUow of St. 
John's College, and Hulsean Lecturer in the Uniyersity of Cambridge. 

[Preparing, 
*»* This is part of a Series of Theological Manuals now In progress. 

SALLUST.-Sallust. 

The Latin Text, with English Notes. By CHARLES MERIYALB, B.D.. 
late Fellow and Tutor of St. John's College, Cambridge, Ike., Author of a 
" History of Rome," &c. Crown 8to. cloth, fo. 



MACmUiAN k OO.'S PUBUCATIONS.' M 

SEDGWICK AMD ICCOTS Biitish Palaeozoic Fossils. 

Part I. 4to. tewed, ItU. 

  ' f i' Part II. 4to. sewed, 10«. 

  Part III. oomplettng the 

work, i6«. just ready. 

*»* Tbb wrolb bowd xy Two Vols., Ho. eloll, £3 U, 

8ELWTN.— The Work of Chrifit in the World. Four Sermons, 

preached before the Uniyersity of Cambridge, od the four Sundays preceding 
Advent in the year of our Lord 1864. By the Right Her. GEORGE 
AUGUSTUS SELWYN, D.D. Bishop of New Zealand, fonnerly Fellow of 
St. John's CoUege. Third Bditlon. Crown 8to. U. 

SELWTK.—A Verbal Analysis of fhe Holy Bible. 

Intended to AusilUate the translation of the Holy Scriptures into Foreign 
Languages. Compiled by THE BISHOP OF NEW ZEALAND, for the use 
of the Melanesian Mission. Small folio, cloth, 14«, 

SIMPSON.— An Epitome of the History of the Christian 

Church during the ilrst Three Centuries and during the Time of the Refor- 
mation, adapted for the use of Students in the Universities and in Schools. 
By WILLIAM SIMPSON, M.A. With Examination Queationa. Second 
Bditlon, Improved. Pep. Svo. cloth, 8», 

SlilTH.— Arithmetio and Algebra, in their Principles and- 

Application: with numerous systematically arranged Examples, taken firom 
the Cambridge Examination Papers. With especial reference to the ordinary 
Examination for B.A. Degree. By BARNARD SMITH, M. A., Fallow of St. 
Peter's College, Cambridge. Tiilrd Bdltlon^ enlarged and revised 
tikronghout. Crown Svo. cloth, 10«. 6d, 

SlilTH.— Arithmetic for the nse of Schools. By BARNABD 

SMITH, M.A. Fellow of St. Peter's College. Third ThOOJMttldy with 
Addltlooa. Crown Svo. cloth, is. M. 

*«* This has been published in accordance with very numerans requests ftmn 
Schoolmasters and Inspectors of Schools. It oomprisea a complete reprint of the 
Arlthmetk from Mr. Smith's larger work, with such altexatUms as were neoessary 
in separating it fh>m the Algebra, and references throughout to the DteiwuU S^t§m 
e/ Coinag$. 

SMITH.— A Key to Mr. Smith's Arithmetic for Schools. 

Crown Svo. cloth, 8s. 6d. 

SMITH.— Mechanics and Hydrostatics, in their Principles 

and Application : with numerous systematically arranged Examples, taken 
from the Cambridge Examination Papers. With a special reference to the 
Ordinary Examination for B.A. Degree. By BARNARD SMITH, M.A. 
Fellow of St. Petei's College, Cambridge. IPrtparing. 

SNOWBALL.—The Elements of Plane and Spherical 

Trigonometry. Oreatily improved and enlarged. By J. C. SNOWBALL, M.A. 
Fellow of St. John's CoUege, Cambridge. Blchth BdlttOtt, with Additions 
and Improvements. Crown Svo. cloth, 7«. M. 
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8WAIN80N.— A Hand Book to Butler's Analogy. 

with a few Notes. By C. A. 8WAINB0N, M.A. Priiiol|taa of the Chkhetter 
Theological CoUega, formerly FeUow and Tjytor of Chriatft CoUage, Cam- 
hridge, and Preacher at Whitehall. Crown 8to. U, 6d. 

TAIT and STEELE.— A Treatise on Dynamics, with nnme- 

roue Examples. By P. G. TAIT, FeUow of St. Peter's College, and Professor 
of Mathematics in Queen's College, Belfut, and W. J. 8TEKLE, Fellow of 
St. Peter's College. Crown 8to. eloth, lOt. 6A {Jiut rmdjf. 

This is a new Edition of that part of Pratt's Mechanical Pfailotophy which 
treats of Dynamics, with large additions and improtements. 

TAYLOR.— The Restoration of Beliefl 

By ISAAC TAYLOR. Crown 8to. cloth, 8*. 6d. 

CoMTXiTTS. I.— Christianity in relation to its Ancient and Modem Anta- 
gonists. II. — On the Supernatural Element contained in the Epistles, 
and its bearing on the argument. III. — The Miracles of the Gospels con* 
sidered in thiir relation to the prinel^ features of the Cfatiatian SohanM. 

THEOCRITUS.— Theocritos. 

The Greek Text, with English notes, Critical an Explanatory, ftir the use of 
Colleges and Schools. By E. H. PE&OWNE, M.A., Fellow of Corpus 
Christi College. Crown 8to. [PrqwHiif • 

THEOLOGICAL Manuals. 

Just published :— 
CHURCH HISTORY : THE MIDDLE AGES. By CHARLES HARD- 

WICK. With Four Maps. Crown 8to. cloth, price \0t. 9d. 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Crown 8yo. cloth, 10«. 6d. 
A HISTORY OF THE CANON OF THE NEW TESTABfENT. By 

B. F. WESTCOTT. Crown 8f o. doth, 12«. 6^ 
CHURCH HISTORY : THE REFORMATION. By CHARLES HARD- 

WICK. Crown 8vo. cloth, lOf. 6<i. 

The following wHI shortly appear:— 
INTRODUCTION TO THE STUDY OF THE OLD TESTAMENT. 
NOTES ON ISAIAH. 
INTRODUCTION TO THE STUDY OF THE GOSPELS. 

  EPISTLES. 

NOTES ON THE GOSPELS AND ACTS. 

EPISTLES AND APOCALYPSE. 

CHURCH HISTORY, THE FIRST SIX CENTURIES. 

17tk century to THE PRESENT TIME. 

THE THREE CREEDS. 

THE THIRTY-NINE ARTICLES. 

*«* Others are in progress, and will be announeed in due time. 

THRING.— A Constmhig Book. 

Compiled by the Rer. EDWARD THRING, M.A. late FeUow of King's 
College, Camhildgo, and Head Master of Uppingham School. Fcap. 8to. 
cloth, it, Qd. 
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THBINO.— The Elements of araminar taught in Eni^sh. 

By EDWAED THRIN6, M.A. Head Master of the Royal Grammar 
School, Uppingham; late Fellow of King't College, Cambridge. BmcWkd 
Edition. 18mo. bound in cloth, 2t, 

THBING.—The Child's Grammar. 

Being the tubstanee of the above, with Examples for Practice, Adapted for 
Junior Classes. A Nevr Bdition. 18mo. lymp cloth. Is. 

THRUPP.— Psahns and Hymns for Pnblic Worship. Selected 

and Edited by JOSEPH FRANCIS THRUPP, M.A. Viear of Baningtoa,Utt 
Fellow of Trinity College. 18mo. cloth, 2«. Second paper in lymp cloth, UAd, 

THRUPP.'-Antient Jemsalem : a New Investigation into the 

History, T<90girii»hy, and Plan of the City, Eniinms, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Yicaxof Barrington, 
Cambridge, late Fellow of Trinity College. 8vo. cloth, 16«. 

TODHUNTER.— A Treatise on the Differential Galcnlos ; and 

the Elements of the Integral Calculus. With numerous Examples. By 
I. TODHUNTER, M.A., Fellow and Tutor of St. John's College, Cambridge. 
8«cond Edition. Crown 8vo. cloth, 10«. 0<f. 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Crown 8vo. cloth, 1(M. M. 

TODHUNTER.— A Treatise on Conic Sections. With 

numerous Examples. For the Use of Colleges and Schools. Crown 8vo. 
cloth, \0s,6d, 

TODHUNTER.— A Treatise on Algebra, for the Use of 

students in the Universities, and of the Higher Classes in Schools. , IPrep, 

Also bp the same Author, 

An Elementary Work on the same subject, for the use of 

Beginners. 

TRENCH.— Synonyms of the New Testament 

By RICHARD CHENEVIX TRENCH, B.D., Vicar of Itchenstoke, Hants, 
Professor of Divinity, King's CoU^e, London, and Examining Chaplin to 
the Bishop of Oxford. Third Edition, revised. Pep. 8vo. doth, 5«.. 

TRENCH.— Hnlsean Lectures for 1845—46. 

CoKTBVTS. ].— The Fitness ef Holy Scriptnre for unfolding the Spixitnal Life 
of Man. 2.-^hrist the Desire of all Nations ; or the Unconseions Fr»- 
Idiecies of Heathendom. Third BditlOB. VooUcap 8vo. cloth, 5s. 

For VERIFnN€h DATES. 

A perpetual Almanac for determining Dates past, present, and future; with 
a Lunar Kalendar and Tables of the more important Periods, Mom, Festivals, 
and Anniversaries. Price 6d. 
«,* This is so printed, that if the margin he cut off it may be carried in a pocket-book. 

WATERS OF COMFORT.— A Small Volume of Devotional 

Poetry of a Practleal Character. By the Author of •* Yisltbg my Relations/' 
Fcap. 8vo. eloth, is. 



16 MlCimiAN & CO.*S PUBLICATIONS 

WE8TG0TT.— A general View of the BOstory of the Canon of 

the New Testament during the Fint Fonr Centuxiet. By BROOKE FOS8 
WBSTCOTT, M.A., Assietant MMter of Harrow School; late Fellow of 
Trinity College, Cambridge. Crown 8to. cloth, 12#. 6d. 

WE8TG0TT.— An Introduction to the Stn^ of the Gospels; 

Ineluding a new and Improved Edition of ** The IQementt of the Goepel 
Harmony.** With a Catena on Inepiiation, ftom the Wxitingi of the Ante- 
Nloene FMhen, Crown 8to. {Ptepmrimg^ 

WE8TC0TT.— An Introdnetion to the Study of the Canonical 

Epiatlei; including an attempt to determine their teparate puipotet and 

mutual relatione. By BROOKE FOBS WE8TCOTT, M.A. iPrtpmtim^* 

*«* These three books are part of a series of Theologloal Mawiali now In pmigrees. 

WILSON.— A Treatise on Dynamics. 

By W. P. WILSON, M.A., FeUow of St. John's, Cambridge, and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9*, 6tf. 

WBIGHT.— Hellenica; or, a History of Qreece in Greel^ 

beginning with the Invasion of Xerxes; as related by Diodorus and Thney- 
dides. With Explanatory Notes, Critical and Historical, for the use of 
Schools. By J. WRIQHT, M.A., of Trinity College, Cambridge, and Head- 
Master of Sutton Coldlleld Qrammar School. ISmo. cloth, 9#. $d. 
*«* This book is already in use in Rugby and other Schools. 

WBIOHT.— A Help to Latin Grammar; 

or, the Form and Use of Words in Latin. With Progressive Bzerdsee. By 
J. WRIGHT, M.A. Crown 8vo. doth, 4«. 6A 

WBIGHT.— The Seven S3ng8 of Rome: 

An easy Narrative, abridged from the Tint Book of Ltvy by the omission of 
dlfllcult passages, so as to make a First Construing Book for Banners of 
Latin. With Giammatieal Notes. By J. WRIGHT, M.A. [Nearlg reaJ^, 
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JTo. rill.MJmu IBSe, is. 

T^. I. for 1854, and Vol. II. for 1855, are now ready, cloth lettered, I2«. 6d. each. 
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•«* Three Numbers published annually, at is. each. 
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